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Abstract: In this paper, we have proved the existence and uniqueness results for an abstract measure delay integro-differential
equation by using Leray-Schauder nonlinear alternative under certain Caratheodory conditions. The various aspects of the
solutions of the abstract measure integro-differential equations have been studied in the literature using the various fixed point
techniques such as Schauder,s fixed point principle and Banach contraction mapping principal etc. In this paper we have proved

existence and uniqueness condition for Abstract Measure delay integro-differential equations.
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1. Introduction

The concept of stability has been widely used by many
scientists under various model formulations. Absolute
stability was originally formulated by Lur’e and Postnikov
and is connected between with engineering and mathematical
considerations. From a mathematical point of view, one
arrives at this concept from of continuity. In our study we shall
be concerned with a view of such physical phenomena.

Functional integro-differential equations with delay is a
hereditary system in which the rate of charge or the derivative
of the unknown function or set function depends upon the past
history. The functional integro—differential equations of
neutral type is a hereditary system in which the derivative of
the unknown function is determined by the values of a state
variable as well as the derivative of the state variable over
some past interval in the phase space. Although the general
theory and the basic result for integro-differential equations
have now been thoroughly investigated, the study of
functional integro-differential equations has not been
complete yet. In recent years, this has been an increasing
interest for such equations among the mathematicians all over
the word.

The study of abstract measure integro-differential equations
is initiated and developed at length in a series of papers by

Dhage [1,2,3]. The study of abstract measure delay differential
equations was initiated by Joshi [9,10], Shendge and Joshi [14]
and Bellale [4,5,6].

Using the approach of above mentioned papers, in this
paper, we prove the existence and stability results for a
abstract measure delay integro-differential equations.

2. Preliminaries

Let R denote the real line, R"an Euclidean space with
respect to the norm |[|]n defined by

|x|n = max{|x1|, ......... ,|xn |} 2.1)

Let X be a real Banach space with any convenient norm

|| Eﬂ For any two points %Y in X, the segments xy in X is
defined by

EZ{ZDX|z=x+r(y—x),OSrsl}.

Let x, and y, be two fixed points in X, such that

ﬁ u O_xO , where 0 is the zero vector of X. Let z be a point of
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X, such that O_xo 00z . For this z and x Dﬁ , define the

sets S, and S. as follows.

S ={rx:—00<r<1}

X

Sx={rx:—00<rsl}

For x,x, Dﬁ , we write X <x2(0rx2 >xl) if
YoX, O yyx, . Let the positive number ||)CO —y0|| be denoted
by @. For each x D@,z >x,, let x, denote that element

of y,z which
X, < x,"x —xw" -w.

Note that, x, and @x are not the same points unless
w=0andx=0.

Let M denote the 0O -algebra of all subsets of X so that (X,
M) becomes a measurable space. Let ca (X ,M ) by

. (X)

Where | p| is a total variation measure of p and is given by

Il =|» (22)

p 23)

(=2 ]n(E),

Forall £, 0X with X=U_E.ENE =6for iz j.1It
is known that ca(X,M) is a Banach space with respect to
the norm ||[n defined by (2.2). Let 4 be a O finite
measure on X and let p Dca(X,M) . We say p is absolutely
continuous with respect to the measure 4 if ,u(E ):O
implies p(E)=0 for all EO0M . In this case, we write

p<<U.

Forafixed x,0X, let M, bethe smallest o -algebraon
S:o, containing {x,} and the sets S_,x0y,x, . Let zOX
be such that z >x, and let M_ denote the 0O -algebra of all

sets containing M, and the sets of the form S forx Dﬁ.
We define the set B,, and C,, by

5, ={uO | < ).

and
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B, :{pDca(gz,Mz) "q"+C<H}’

Where H >0 is given (large enough) and C >0.
Finally let, Llﬂ (SZ,R) denote the space of all 4 integrable

nonnegative real valued functions h on §, with the norm
|0, . defined by

[l =1 [n(x)ldu

3. Statement of the Problem

Let 4 be a O finite real measure on X. Given a
p0AC(1(X,M)) with p<<pu consider the following

abstract measure delay integro differentiate equation

involving the delay w,

ap _ If(t,p(E,),J‘Eka(t,p(Ezw)dﬂ)d/l (3.1)

p(E):q(E) EOM,,

Where q is a given known vector measure, — is Radon —

du

Nikodym derivative of p with respect to 4 and the function
F:S XRXR - R is that

X - f(l‘,p(Et),Igt k(t,p(g,m))d,u) is 4 integrable for

each p0AC'(S_,M).

Definition 3.1 :-

Given an initial real measure q on M, , a vector
p0AC'(S.,M_)(z>x) issaid to be a solution of delay (1.1)
if

such

r(E)=4(E), EOM,

P<<HM on x,z
Remark 3.1 :- The delay integro-Differential equation (3.1)

is equivalent to the abstract measure delay integro-differential
equation.

p(E):{i(_{_“wf(t,p(gz),J‘Slwk(t,p(gzw))dﬂ)d,u; EOM,, EOxz ={q(E) ; EOM,

A solution p of delay integro-differential equation (3.1) on
Zz will be denoted by p(gxo,q)

We apply the Schauder’s fixed point theorem foe
formulating the main existence result for the delay

integro-differential equation (3.1). Before stating this result,
we recall definition.

Definition 3.2. :-

An operator Q on a Banach space X into it self is called
compact if for any bounded subset of S of X. Q (X) is a
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relatively compact subset of X. Q is called totally bounded if
Q (S) is a totally bounded subset of X for each bounded subset
S of X. If Q is continuous and totally bounded, then it is called
completely continuous on X.

Every compact operator is totally bounded, but the converse
may not be true however both notions coincide on bounded
subset of X.

Theorem 3.1 :-

Let S be a non-empty, closed convex and bounded subset of
the Banach space X and let O:S - S be a continuous and

compact operator. Then the operator equation OXx =X has a
solutions.

Now we shall prove the main existence theorem for the
delay (3.1) under suitable conditions of the function R.

4. Existence and Uniqueness Theorem

Definition 4.1:-

A function B:S xR"XR" - R"
conditions of Caratheodory or simply it is Caratheodory if
x - B(x,y,z) is H measurable for each (y,z)OR"*xR",

is said to satisfy

and (y,z ) - pB (x, y,z) is continuous for almost everywhere

M on xOx,z.
Definition 4.2:-
A Caratheodory function f'is called Llﬂ Caratheodory if

For each given real number p >0 there exists a function
h,0L,(S.,R) such that

|,6’(x,y,z)|n <h, (x) a.e.[,u] x D; ,

for all y,zOR with |y|n <p, |Z|n <p.

Definition 4.3 :-

A function S:S,xR"XR" ~ R" is called L,(R")
Caratheodory if there exists a function 20L,(S,,R) such
that.

|,8(x,y,z)| < h(x) a.e.[,u]x DE

n

forall y,zOR"

Consider the following set of assumptions.

(4,) u{{x})=0, (4) Forany &>x,,
the o -algebra M, is compact with respect to topology
generated by the pseudo-metric defined by

Ip
q(E),

We shall show that the operator T satisfies all the conditions
of theorem (3.1) on S.

Step I:- We show that + continuously maps S into itself.
First show that the operator T maps S into itself. Letp t S be

(E)= i(jsmf(t’p(gf),J.Slwk(t,p(gfw))d,ujd,u,if EOM_EQ x,z

if EOM,

d(E E,)=|y|, (EAE,), E E,OM,

(A2) g is continuous on M, with respect to the
pseudo-metric d defined in (31)

(4;) The function f(x,3.,z) is L, (R")—Caratheodory.

(A4) The function f is continuous and there exist

functions /,,,0 Ll,, (SZR+) such

|f(x,y,z)—f(x,y2,zz)|n < (x)|y _y2|n +1, (%)=, _22|n

forall y,,z v, z,0OR"

Theorem 4.1:- Suppose the assumption (Bl)—(B4) hold.
Then for a given initial measure ¢gOC, , the delay (3.1)

admits a solutions p(Sm,q) on x,x, forsome x, Ox,x, .

Proof:-Let {rn} ,(r,, > 1) be a decreasing sequence of real

numbers such that , -1 as n - o as

roxo i Xo %o

Then we have nhrll oopt({ 87, x, = Sx,}) =0

There fore, these exists a real number r and a point x, = rx,
such that

[wx)du<ti=lg|=la] £,m

Where m, = ,u(ﬂ) This is possible by virtue of (Al)
and the positiveness of (/.

How in the Banach space AC'(Sx,,Mn,) we define a
subset S by

s={p0ac'(s..m.)|p(E)=q(E) 4.2)
ifEOM, and ||p| <k}
Where, the constant k is given by
k=gl + [, m, (4.3)

From (4.2) and (4.3) it follows that ||p|| <H forall pOS.
Define an operator T from S into AC' (Sx,, Mx;) by

(4.4)

arbitrary and let there are sets

FUOM, and GUMx,,
Then

E 0 Mx, Then
GG ﬁ such that £ =FUG.
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Tp(E)|, <

for all E0OMx, .
AC'(8x,,Mx,), one has ”TP"5"‘1"+||hk"LL m =K.

From the definition of the norm in

This show that T maps S into itself. Now we show that T is
continuous on S. Let {p,} be a sequence of vector measures

I~ (5.1, 1o (5 )amm s p (525, 406

Therefore, fore any £ Mx,,
11p, (E)-Tp(E)| < j( I,
AR
/i
< ponfo <o

|, = p|| < J. This shows that T is a continuous operator on

S.
Step II:- Next, we show that T(S) is a uniformly bounded

I8, ()4, #ler(5. ) asau <lal+]
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Jo ) asslal+ Il apes 1o m
in S vector

converging to measure p, that is,

Aim w|p, = p| =0 Then for 7>0, by hypothesis (4,),

these existsa >0 such that

/i

<_
ml

t(l‘,pn (EX)’-[S,wk(t p,( ) )‘du F(t p(Sx),jg[mk(t p( d//‘duj

and setin AC'(Sx,, Mx, ). Now as in step I, it is proved that T

(S) is a subset of S and hence it is uniformly bounded set in
AC (le ,Mxl) . Now by the definition of the map T are has

0(E) = SL[if(r,p(&),j%k(t,p(Ew))dy)dy,ifE OM., EOxx

q(E) , ifEOM,
Further we show that T (S) is an equi - continuous set in
Ac' (Sx,, Mx,)
Let E,,E,00M_ then there are sets F,F,[0M, and

G,,G,0Mx, with G,,G,0 x,x,, and
FinGi=g, i=12.
We know that the set — identities

G =(G,-G,)0(G,nG)
G,=(G,-G)0(G,nG)

Therefore, we have

Tp(E)~Tp(E,) = q(F)~q(F)
la- GZU* ’(’ r(s).J; k(f,l?(gzw))d,u)d,u
S [ T N e O | P

Since f(x,y,z) is L, - Caratheodory, we have that

|Tp(E1)—TP(E2)|,, s |‘1(F1)_‘1(Fz)|n +

f(x, p(gx),ngm k(x, p.(5..) n
E)-a(m)l+],,. ([, A

1 C] 2| ..-GlAGz

d,u]d,u

d,u)d,u

rl
Ly

Assume that d (E,,E, ) :|/J|n (EAE,) - 0.

Then we have E, — E, and consequently F; — F, and
| ,u|n (GIAGz) — 0.From the continuity of on M, it follows
that

7p(E)-Tp(E,), <|a(F)-

IG,AGZ b, du -0

This show that T (S) is an equi-continuous set on
AC'(S.,M_), thus T (s) is uniformly bounded and equi-

q(F), +
as E - E,

rLI

continuous set in AC'(S _,M_)so it is compact in the norm

topology on AC' (Sx,,Myx,). Now an application of Arzela
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Ascoli Theorem yields that T (S) is a compact subset of
AC! (le,Mxl). As a result, T is a continuous and compact

operator on essences, an application of theorem 3.1 yields that
the operator equation p =7p has a solution is S. As a result,

the delay (3.1) has a solution on ﬁ This completes the
proof.

5. Extension of Stability

A solution of the delay (3.1) so obtained can be extended to
the larger segment, whenever ,u({ xl}) =0 . An existence

result in this condition is.
Theorem 5.1. Under the hypothesis of theorem (4.1) let

p(gxo,q) be solution of the delay (4.3.1) on ﬂ Then the

larger segment if ,u({ xl} ) =0

Proof :-

Definition 5.1:-

We consider the following assumptions.

(H,) The function f:S xB - R is p-integrable and

f(x,0)=0 forall xOS, for some z>x,.
(H,) Given d>0, there exists a 0> 0such that

|f(xayaz)_f(xayzazz) SJDJ}Z _Zl|+|y2 _Z2|]
Forall y,,y,,z,,z, OR with

|yl|D£ R |y2|S£,|zl|S£ s |22|S£

Tp
q(E); if EDM,

(E) = i(jsw’(“P(Ef)afslwk(f,p(grw)dﬂ)dﬂjdy ifEOM_,EOx,z

Theorem 5.2:-
Let the assumptions (Hl).(Hz) hold. Then for each

£>0 and a fixed number b D(O,l), there exists a unique
solution p(gxo,q) of the delay (3.1) satisfying |p|<e

whenever ||q|| <bhe.
1-b —
Proofi- Let 0= Pyt where m = ,u(xoz).

Then corresponding this O there is a number £>0 such
that

|f(st/1’Zl)_f(st’2azz)|SJDyl _Zl|+|y2 _Zz|] (5.1)

Forall y,,¥,,2,2, OR
With |y| <€, |z <6 |z|<ée |y <e

Define a subset

S(&) of AC'(S,.M,) by

S(e)={ppac'(s,.m,)|p|lsd 2
Let pDE(E). Using (H,) and (H,) we obtain
‘f(x,p(Ex),ka(t,p(E,m ))d,uj <25 (53)

Define an operator T from 3'(5) into AC'(S,,M,) by

(5.4)

Now if E UM _, then there are two disjoint sets F and G in M _ such that

E=FOG, FOM,, GOx,z.

Hence for EUOM _, from (5.2) and (5.3) it follows that

17p(E)| < |al (£) + j( I ‘ £(en(3)Jx (s p(g,w)d/./)‘d/./)dys"q"+2 j( jgmamdy)dys||q||+zm25,ssbg+(1-b)g=g

For all ng(a), where [g|<bé and 5=12_l;
m

Therefore||Tp|< & forall p DE(&) . This shows that T maps S (e) into itself. Next, we show that T is a contraction operator

on 5(8).Let pl,pzﬂg(é‘).Thenby (H,),

|Tp1 (£)~Tp, (E)| =

_!(Lw(t,pl (3), _[k(t,p(iw))dy)du)du —iUSwf(t,pz (3,),jk(t,p2 (Ew))du)du)du‘
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<1 5.5 50~ (554 5. )]
< L-Us cFUp1 (5)-p. (5. )‘ +Uk(t,p1 (5..))du=[k(t., (Etw))dyudy)dy < 2JEUSW 3|p, —p2||d/1jd/1

<2m*0|p, = p,| <(1-b)p, = p.| (5.5)
Forall EOM_, E O x,z . This further implies that. (5.6)
5 Tl < alp - 0570 p(s-)au
Where, @ =(1-b)<1. This shows that T is a contraction and
operator on S (8) with the contraction constants a .
Therefore, by an application of contraction mapping principle, » ( E) ~q (E) ED {0’ 1 } 5.7

there is a unique solution p(gx(o)q) of the delay (3.1)

tisfyi < h <be . Thi letes th
sa 1sfy1ng ||p " & whenever "q" be 18 compretes the Here w:% for 0< x <2, we observe that
proof.

Example 5.1:- Let X =Ry the Lebesgue measure on _
R, S =[0 = ~ p(S:)=p(0.4)=g([0.5]) =
, Sy = ,x]x>0 and q(E)=u(E).E D[O,Z] . Consider
the delay AMIGDE If xO[L2] then we have

2

6P(§71)ds dt =l+6Lx I z(s—%]ds dt
1) S '
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