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Abstract: We extend the work of Mafa Takisa and Maharaj (2013) by considering Van der Waals modified equation of 
state with polytropic exponent for anisotropic matter distribution in the study of a compact relativistic objects. New exact 
solutions for Einstein-Maxwell equations are generated in terms of elementary functions. The behaviour of physical 
variables as energy density, charge density and radial pressure is consistent with seminal treatments which suggest 
relevance in the description of relativistic compact stars. 
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1. Introduction 

One of the fundamental problems in the general theory 
of relativity is finding exact solutions of the Einstein field 
equations [1, 2]. The resolution of Einstein's field equations 
has allowed to obtain exact solutions for relativistic stars 
and find mathematical appropriate models which allow to 
explain the nature of a neutron stars and the quasars [3]. 
The exact solutions of the system of Einstein-Maxwell's 
equations for gravitational fields with spherical symmetry 
are necessary to describe the physical properties of charged 
spheres and generated a great quantity of applications in 
stellar systems [4, 5]. 

In the production of the first theoretical models for 
relativistic stars are important the works of Schwarzschild 
[6], Tolman [7], Oppenheimer and Volkoff [8]. 
Schwarzschild [6] found analytical solutions that allowed 
to describe a star with uniform density, Tolman [7] 
developed a method to find solutions of static spheres of 
fluid and Oppenheimer and Volkoff [8] used Tolman's 
solutions to study the gravitational balance of neutron stars. 
It is important to mention Chandrasekhar's contributions [9] 
in the model production of white dwarfs in presence of 
relativistic effects and the works of Baade and Zwicky [10] 
who propose the concept of neutron stars and identify a 
astronomic dense objects known as supernovas. 

Many researchers have used a great variety of 
mathematical techniques to try to obtain exact solutions for 
relativistic stars, since it has been demonstrated by 

Komathiraj and Maharaj [4], Sharma et al. [5], Patel and 
Koppar [11], Tikekar and Singh [12], Feroze and Siddiqui 
[13], Malaver [14] and Mafa Takisa and Maharaj [15]. 
These analyses indicate that the system of equations 
Einstein-Maxwell is important in the description of 
astronomic dense objects. 

Komathiraj and Maharaj [16], Malaver [17], Bombaci 
[18], Thirukkanesh and Maharaj [19], Dey et al [20] and 
Usov [21] assume linear equation of state for quark stars. 
Feroze and Siddiqui [13] consider a quadratic equation of 
state for the matter distribution and specify particular forms 
for the gravitational potential and electric field intensity. 
Mafa Takisa and Maharaj [15] obtained new exact 
solutions to the Einstein-Maxwell system of equations with 
a polytropic equation of state. Thirukkanesh and Ragel [22] 
have recently obtained particular models by specifying the 
polytropic index which are consistent with observations. 

Considering the supposition of spherical symmetry and 
the existence of a conformal Killing vector, Mak and Harko 
[23] found a relativistic model of strange quark star. 
Esculpi and Alomá [24] for anisotropic relativistic charged 
matter by assuming the existence of a conformal Killing 
vector in static spherically symmetric spacetime. 

In this paper we extend the work of Mafa Takisa and 
Maharaj [15] by considering of Van der Waals modified 
(VDWM) equation of state with polytropic index for the 
matter distribution where the gravitational potential and the 
electrical depend on adjustable parameters. The charge 
density is regular throughout the sphere and finite at the 
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centre. Our objective is to find exact solutions to the 
Einstein-Maxwell system and propose a mathematical 
generalization of the results given in [14] in the study of 
compact relativistic objects. We have obtained new classes 
of spherical models of relativistic stars with polytropic 
index and all the results given in [14, 15] can also 
recovered as a particular case of our work. 

This article is organized as follows, in Section 2, we 
present Einstein´s field equations. In Section 3, there is 
chosen the form of the gravitational potential and the 
electrical field intensity that allows to solve the field 

equations as an equivalent set of differential equations 
using a transformations due to Durgapal and Bannerji. In 
Section 4, the physical features of the model are examined. 
Finally in Section 5, we conclude. 

2. The Field Equations 

Consider a spherically symmetric four dimensional 
spacetime whose line element is given in Schwarzschild 
coordinates by 

2 2 ( ) 2 2 ( ) 2 2 2 2 2( sin )r r
ds e dt e dr r d d

ν λ θ θ ϕ= − + + +                                     (1) 

where )(rν  and )(rλ  are  the two arbitrary functions. 
For charged perfect fluids the Einstein-Maxwell system of 
field equations are obtained as 

( ) 222

2 2

12
1

1
Ee

r
e

r
+=

′
+− −− ρλ λλ             (2) 

( ) 222

2 2

12
1

1
Epe

r
e

r
−=

′
+−− −− λλ ν

               (3) 

222

2

1
Ep

rr
e +=







 ′
−′′−

′
+′+′′− λλννννλ

    (4) 

( )′= − Ere
r

2

2

1 λσ                              (5) 

Using the transformations 
2x cr= , 

2 ( )( ) rz x e λ−= and 
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ν= where A and c are arbitrary constants, 

the Einstein-Maxwell system has the equivalent form 
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Epp tr ,,, ρ  and σ  are radial pressure, tangential 

pressure, energy density, electric field intensity and charge 
density, respectively  and dots denote differentiation with 
respect to x.  In this paper, we assume the following Van 
der Waals modified equation of state 
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where βα ,  and γ  are arbitrary constants and Γ = 1 + 

1/η , η is the polytropic index. 

3. Polytropic Models with VDWM 

Equation of State 

Motivated by Mafa Takisa and Maharaj [15], Feroze and 
Siddiqui [13] and Thirukkanesh and Maharaj [19], we have 
chosen the form of the gravitational potential z, which is 
well behaved and regular at the origin and the electric field 
intensity E is continuous, reaches a maximum and then it 
diminishes in the surface of the sphere. We make the 
specific choices 
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On substituting (11) and (12) in (6) we obtain 
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replacing (13) in (10) , we have for the radial pressure 
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On substituting (11), (12) and (14) in (7) we obtain 
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what is a linear equation in y. 
Now, using (12) in (9), the expression for the charge density is 
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The tangential pressure can be obtained from (8) with the help of (11), (12) and (15) and can be written as 
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The mass within a radius r of the star is 
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The mass function is given for 
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The following figures represent the graphs of rp , 
2E , 

ρ , σ , M and radial speed of sound 
2

srv with Van der 

Waals modified equation of state with polytropic index for 

some values of α , β  and γ  . In figures 1, 2, 3, 4, 5, 6 

and 7 we  generated the  plots for the radial pressure, radial 

speed of sound, radial pressure vs energy density,  electric 
field intensity , energy density,  charge density and mass 

with 4 /15α =  and 1 / 10β γ= = . We consider three 

cases of polytropic index η = 1, 2, 3. For this model, the 
metric this given for 
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When η =1, the equation of state (10) becomes 
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If  0=β  implies that E=0 and we find the uncharged polytropic model with η =1. Integrating (15) we obtain  
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The corresponding line element is given by  
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The equation (24) is a new solution to the Einstein-Maxwell with polytropic index η =1.  
For the uncharged model when η =2 , the metric takes the form 
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In Fig.1, the radial pressure is finite and decreasing for 

all the studied cases. In Fig.2, the condition 10 2 ≤≤ srv  is 
maintained inside the stellar interior. In Fig. 3, the radial 
pressure is an increasing function with the energy density 
for each polytropic index. The electric field intensity 
reaches a maximum and then decreases, as it shows in Fig. 
4. In Fig. 5 and 6, that represents energy density and charge 
density, respectively, we observe that are finite and 
monotonically decreasing functions. In Fig.7, the mass 
function is increasing function, continuos and finite. 

 

Fig 1. Radial pressure 

 

Fig 2. Radial speed of sound 

 

Fig 3. Radial pressure Pr vs energy density  ρ 

 

Fig 4. Electric field intensity 

 

Fig 5. Energy density 
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Fig 6. Charge density 

 

Fig 7. Mass 

4. Conclusion 

In this paper we have generated new exact solutions to 
the Einstein-Maxwell system considering Van der Waals 
modified equation of state with polytropic exponent. The 
new models presented in this paper may be used to model 
relativistic charged compact objects in astrophysics as 
strange and quark stars. Note that when the index η → ∞, it 
recovered original Van der Waals modified equation of 

state that is 
2

1
rp

βραρ
γρ

= +
+

 that corresponds to an 

isothermal sphere. For β = 0, we found uncharged model 
with η = 1, 2 and some known solutions may be recovered 
for specific values of adjustable parameters. Note that the 
behaviour of radial pressures with and without polytropic 
index is essentially similar. However, an increase in 
polytropic term results in an growth of the values of the 
pressure in the new model. 

Website: http://umc.academia.edu/ManuelMalaver 
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