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Abstract: The problem of fully developed free convection flow of electrically conducting fluid in an inclined microchannel 

in the presence of transverse magnetic field and internal heat generation is investigated. The analytical solution for velocity 

profile and temperature profile have been obtained, considering the velocity slip and temperature jump conditions at the wall of 

the microchannel. The effect of different parameters involved in the problem on the velocity and temperature profile along 

with the skin friction parameter and Nusselt number has been discussed graphically. 

Keywords: Magnetohydrodynamic (MHD), Free Convection, Heat Generation, Microchannel, Velocity Slip,  

Temperature Jump 

 

1. Introduction 

The study of micro-electro-mechanical system (MEMS) 

and nano-electrical-mechanical systems (NEMS) has 

attracted much attention to design micro-devices such as 

micro-motors, micro-sensors, micro-mechanical gyroscopes, 

micro-pumps, micro valves, micro-rockets, micro-gas-

turbines, micro-heat-exchangers, biological and chemical 

devices etc. Microchannels are used to transport biological 

material such as protein, DNA, cells and embryos or to 

transport chemical samples and analytes. Advantage of 

microchannels is due to their high surface to volume ratio 

and their small volume. The large surface to volume ratio 

increases the rate of heat and mass transfer that makes micro 

devices excellent tools. Flow in heat transfer and chemical 

reactor devices are usually faster than, those in biological 

devices and chemical analysis microdevices. These 

applications have motivated scholars to understand the flow 

behaviors in these small systems to enhance the performance 

during the design process. 

Fluid flow through micro channel is modeled using either 

the continuum or the molecular approach depending on the 

Knudsen number, ��. It is defined as the ratio between the 

fluid’s mean free path to the channel gap (�� = �/�). The 

magnitude of the Knudsen number determines the 

appropriate gas dynamic regime. If the Knudsen number, 

is greater than 10�� [2, 3], nonequilibrium effect may start 

to occur. Modified slip boundary condition can be used in 

continuum models for Knudsen numbers between 10� 
and 10�� [3]. The continuum assumptions and fluid theory 

are not applicable when the Knudsen number continues to 

increase. 

In recent years several investigations have been 

conducted in the microchannels and microtubes. Arkilic et 

al [1] have been studied the gaseous slip flow in a long 

microchannels. Later Chen and Weng [4] investigated the 

fully developed natural convection in an open ended 

vertical parallel plate microchannel with asymmetric wall 

temperature distribution. Weng and Chen [5, 6] studied the 

role of variable physical properties and thermal creep in 

fully developed convection flow at microscale. The 

transient hydrodynamics and thermal behaviors of fluid 

flow in an open ended vertical parallel plate microchannel 

under the hyperbolic heat conduction model, were 

investigated by A. F. Khadrawi et al [14]. Natural 

convection slip flow in a vertical microchannel heated at 

uniform heat flux had been studied by B. Buonomo and O. 

Manca [7]. 

Magnetohydrodynamic (MHD) flow and heat transfer of 
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electrically conducting and heat generating fluids through 

channel or pipe flow attracted many scholars due to its 

used in many applications such as Magnetohydrodynamic 

(MHD) generators, pumps, accelerators and flow meter. 

The MHD channel flow was first investigated by 

Hartmann [17]. Osterle and Young [19] later investigated 

the natural convection between heated vertical plates with 

magnetic field. Seigal [18], Perlmutter and Siegel [20], 

Romig [21], Affiliated with Department of Mathematics, 

Indian Institute of Technology Chamkha [11], Umavathi 

[22] and Naseem Ahmad et al [23]. have presented 

detailed analysis of free and forced convection heat 

transfer to in the presence of magnetic field for the 

vertical channel. Recently Chamkha et al. [12, 13] studied 

the MHD free convection flow of a nanofluid past a 

vertical Plate in the presence of heat generation or 

absorption effects. B. K. Jha et al [10], investigated the 

MHD natural convection in a vertical parallel plate 

microchannel considering velocity slip and temperature 

jump conditions at the fluid- wall interface. Hasan Nihal 

Zaidi and Naseem Ahmad had been discussed MHD 

convection flow of two immiscible fluids in an inclined 

channel with heat generation or absorption [15]. Chi 

Chuan Wang et al [16] experimentally investigated the 

effect of inclination on the convective boiling 

performance of a microchannel heat sink. They found that 

the heat transfer coefficient for 45� upward considerably 

exceeds other configurations. 

In this paper, we discussed an analytic study of steady 

MHD free convective flow of an incompressible 

electrically conducting fluid through an inclined 

microchannel taking into account heat generation and 

influence of a uniform magnetic field ��. 

2. Mathematical Formulation 

Considering fully developed laminar flow of electrically 

conducting incompressible viscous fluid through an inclined 

microchannel formed by two parallel plates extending in the 

�  and �  directions, making an angle �	with the horizontal. 

The plates of the channel are placed at a distance ℎ	apart and 

maintained at different temperatures �  and ��  (�� > �). A 

constant magnetic field of strength �� is applied transverse to 

the flow field. 

The governing equation of motion and energy in the 

dimensionless form in the presence of velocity slip and 

temperature jump under Boussinesq’s approximation are: 

���
��� − 

�	!	 + 	#$ %&� � ' = 0               (1) 

��(
��� + ). ' = 0                        (2) 

Here, in the equations (1) and (2), the magnetic Reynolds 

number is assumed to be small so that the induced magnetic 

field is neglected. In addition the viscous dissipation and 

material derivative of the pressure are also be neglected. 

Introducing the following dimensionless quantities: 

*∗ = �
,, ' =

-�-.
-/�-.

, !∗ = �
�.

,  � = 01.�,�
2 , 3 = 4,�
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          (3) 

The dimensionless boundary conditions for velocity slip 

and temperature jump are: 
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;1) = −=>�� ?����@�A           (4) 

';0) = C + =>��	D� ?�(��@�A�,	';1) = 1 − =>��	D� ?�(��@�A                                                      (5) 
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Here ��, 	NO, 	PQ , PF , 	=O, =F , 6$ and D� are Knudsen number, the ratio of specific heats, tangential momentum coefficient, 

thermal accommodation coefficient, Prandtl number and fluid wall interaction parameter, respectively. 

The solutions of equations (1) and (2) for the heat generating fluids (+3 > 0) is obtained by using the conditions (4) and (5) 

are: 

' = R cosVW)	*	X + R�	sin	;W)	*)                                                                       (6) 

! = R�e\] + R^e�\] + _�	{R cosVW)	*	X + R� sinVW)	*X}                                                 (7) 

The Rate of heat transfer over the microchannel walls is described by the Nusselt number, define on the both walls as: 

b! = c,
;-/�-.)	5

= �(
��d�A� = 	R�W3                                                               (8) 

b!� = c,
;-/�-.)	5

= �(
��d�A = W3. [−R sinVW3X + R� cosVW3X]                                      (9) 

Once the velocity distribution is known, the skin friction ;g) on the walls of microchannel can be calculated as follows: 

g = ��
��d�A� =  . R� − . R^ + _�R�Wϕ                                                  (10) 
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g� = ��
��d�A =  R�e

\ − R^e�\ + _�	W3	{−R sinVW3X + R� cosVW3X}                                         (11) 

where, 

R = i/J	j.ik
ik�i/il

, R� = �j	il
ik�i/il

, R� = iminopq�iris
it

, R^ = imis	�irinoq
it

 

_� = =<��	W3, _ = =<��	D�	W3, _� = uL	Ov�w
xJy�  

_� = Rz%VW3X − _%&�;W3), _^ = %&�VW3X + _Rz%;W3) 

_{ = 1 − 	=<��, _| = 1 + 	=< 	�� 

_} = _�;_�	R� − R), _~ = _�[R{_�%&�VW3X − cosVW3X}−R�{_�	Rz%VW3X + sinVW3	X}] 

_� = _{���y − _|��y 

3. Result and Discussion 

The analytical solution for the problem of natural 

convection in an inclined microchannel can be obtained in 

the presence of transverse magnetic field. The effects of 

different parameters on the velocity profile, temperature 

profile, rate of heat transfer and skin friction are discussed 

with the aid of the graphs. The present analysis is performed 

over the ranges 0 ≤ �� ≤ 0.1, 0 ≤ D� ≤ 3 and 1 ≤  ≤ 2. 

For simplicity, the values =< and =F are assumed equal to 1.0. 

The values of ��	and D� for the analysis are 0.05 and 1.667 

respectively as presented by Chen and Weng [4]. 

Figure 1 is the graph of velocity profile for different values 

of C  and Kundsen number (Kn). It is observed that as the 

value of �� increases, the slip velocity at the walls increases 

which reduces the retarding effect of the wall. This produces 

an increase in the gas velocity near the wall. It is also clear 

from the graph that as the temperature difference ratio C 

increases the effect of ��	on the velocity profile becomes 

significant. 

The effect of the temperature difference ratio ;C)  and 

Hartmann number (M) is shown in the figure 2. It is found 

that the increase in the Hartmann number suppresses the 

velocity field. This effect of Hartmann number on velocity 

profile becomes evident with the increase of C. 

From figure 3, it is found that the velocity slip increases on 

microchannel wall with the increase of fluid wall interaction 

parameter (D�). Figure 4 shows the effect of the angle of 

inclination on the velocity profile, which depicts that velocity 

increases as the inclination angle increases. This is due to the 

increase of buoyancy effect with the inclination angle. 

Figure 5 shows the variation of velocity profile for 

different values of heat generating coefficient ;3). It is clear 

from the graph that as the value of 3 increases, the velocity 

of the fluid particles decreases at the hot plates. This has the 

tendency to decrease the buoyancy effects close to the hot 

plates and it produces a reduction in the fluid velocity. 

Figure 6 displays the temperature distribution for various 

values of Knudsen number ;��). It should be noted that as 

the value of ��  increases, the temperature increases.. It is 

also clear from the graph that as the temperature difference 

ratio C increases, the effect of ��	on the temperature profile 

becomes significant. 

Figure 7 depicts the temperature distribution for different 

values of fluid wall interaction parameter (D�). It is evident 

from figure 7 that the temperature increases with the increase 

of fluid wall interaction parameter ;D�) and the temperature 

difference ratio C. Figure 8 shows the temperature profile for 

different values of heat generation coefficient (3). It is clear 

from the graph that as the value of 3  increases, the 

temperature increases. 

The variation of rate of heat transfer is revealed in figure 9 

and figure 10 with respect to fluid wall interaction parameter 

;D�) and the Knudsen number (��) for different values of 

wall ambient temperature difference ratio ;C) at the walls of 

microchannel at * = 0  and * = 1 , respectively. Figure 9 

shows that as the value of D� increases the value of Nuselt 

number increases. Figure 10 shows that as the value of D� 

increases, the value of Nusselt number decreases. 

The skin friction variation for different values of fluid wall 

interaction parameter ;D�)  at the microchannel plate * = 0 

and * = 1 is shown in the figures 11 and 12 respectively. It is 

evident from the graphs that as the value of fluid wall 

interaction parameter ;D�) increases, the magnitude of skin 

friction increases.	It is also found that the effect of fluid wall 

interaction parameter ;D�) is significant for C = 1. 
Figure 13 and 14 show the effect of Hartmann number 

; )  for different values of wall ambient temperature 

difference ratio ;C) at the walls of microchannel * = 0	 and 

* = 1 , respectively. It is clear from the graphs that the 

magnitude of skin friction decreases with the increase of the 

value of Hartmann Number ; ). It is also evident from the 

graph that the magnitude of skin friction is higher in case of 

C = 1. 

4. Conclusions 

The problem of steady, laminar flow of a viscous, 

incompressible, electrically conducting and heat generating 

fluid along an inclined microchannel in the presence of 

transverse magnetic field is solved analytically. A parametric 

study of the Knudsen number, Hartmann Number, Fluid wall 
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interaction parameter, heat generation coefficient and angle 

of inclination is performed to illustrate their influence on the 

solutions. It is found that velocity of fluid particle increases 

with the increase of Knudsen number ;��),  fluid wall 

interaction parameter ;D�)  and heat generating coefficient 

while it decreases with the increase of Hartmann number. In 

Addition, it is observed that the rate of heat transfer increases 

at cooler plate but it decrease at hot plate with the increase of 

fluid wall interaction parameter. It is also interesting to note 

that magnitude of skin friction increases with the increase of 

fluid wall interaction parameter while it is decreases with the 

increase of Hartmann Number ; ). 

 
Figure 1. Effect of �� and C on velocity profile for D� = 1.667,  = 2.0, � = 45�, 3 = 5. 

 
Figure 2. Effect of M and C on velocity profile for D� = 1.667, �� = 0.05, � = 45�, 3 = 5. 

 
Figure 3. Effect of D� and C on velocity profile for = 0.05, D� = 1.667, � = 45�, 3 = 5. 



 American Journal of Applied Mathematics 2017; 5(5): 124-131 128 

 

 
Figure 4. Effect of angle of inclination (�) on velocity profile for �� = 0.05, D� = 1.667,  = 2.0, C = 1, 3 = 5. 

 
Figure 5. Effect of heat generating coefficient ;3) on velocity profile for �� = 0.05,	D� = 1.667,  = 2.0, C = 1, 3 = 5 and � = 45�. 

 

Figure 6. Effect of �� and C on temperature profile for = 1.667, Gr = 1 and 3 = 5. 

 
Figure 7. Effect of D� and C on temperature profile for = 0.05, #$ = 1, � = 45�and 3 = 5. 
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Figure 8. Effect of 3 on temperature profile for = 0.05, C = 1, #$ = 1,	and D� = 1.677. 

 
Figure 9. Rate of heat transfer ;b!1)	verses �� for the different values of D�. 

 
Figure 10. Rate of heat transfer ;b!2)	verses �� for the different values of D�. 

 
Figure 11. Skin friction ;g) for different values of D�. 
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Figure 12. Skin friction ;g�) for different values of D�. 

 
Figure 13. Skin friction ;g) for different values of M. 

 
Figure 14. Skin friction ;g�) for different values of  . 

Nomenclature 

ℎ  Width of channel Greek letters  

��  Induced Magnetic field =  Coefficient of thermal expansion 

�  Acceleration due to gravity �  Angle of inclination 
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��, �Q  Specific heat of fluid at constant pressure 

and volume respectively 
�  Viscosity of the fluid 

D�  Fluid wall interaction parameter =F , =<  Dimensionless variables 

   Hartmman Number 3  Dimensionless internal heat generation coefficient 

6$  Prandtl Number ��  Knudsen Number 

�  Fluid Temperature �  Mean free path of molecules 

��  Temperature at a reference point NO  Specific heats ratio 

�  
Dimensional internal heat generation or 

absorption 
P< , PF  Tangential and thermal momentum 

accommodation coefficients respectively 

!�  Average velocity P  Fluid electrical conductivity 

!  � component of velocity C  Wall ambient temperature difference ratio. 

�, 	��  Temperature of the plates at * =	0 and 

* = 1 respectively 
g, g�  Skin friction at * = 0 and * = 1 respectively 

b!  Nusselt number   
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