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Abstract: In this paper, we study a class of elliptic equations on a bounded domain with nonlinear boundary conditions of
type graph and measure - data. First of all, give some spaces and basic assumptions. Next, we apply the classical variational
approach. So, we need an essentially bounded estimate on the solution, which is not evident to obtain directly in our problem.
The obstacles which we encounter is that we cannot get rid of the non-linear term evaluated as a zero gradient and it appear at
the boundary, for the part of the measure-data, a term which cannot vanish, when one uses the integration by parts formula. To
overcome this difficulties, we first redefine and extend the function which appears in the third Leray-Lions-type conditions and
we add a penalization term on the boundary. Secondly, we consider a smooth domain in order to work with the Sobolev spaces
that are the closure of indefinitely differentiable and null functions on the bounary, and to going back later to the classical
Sobolev space. Then, we assume that the domain is extensible. Next, we obtain a priori estimates and convergence results in the
approach problem, which allow us to delete the penalization term. To finish, we introduce a notion of entropy solution for our
main problem and prove that it is the limit of the solution obtained in the variational case.
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satisfying  the classical

conditions:
(H;) —Monotonicity in & € RV:

(a(r,&) —a(r,m).(E-n)=0vVreRVvEneRY
(1) (H,) —Coerciveness: 31, > 0 such that

following Leray-Lions-type

1. Introduction

Consider the nonlinear elliptic equation

u—diva (u,Du) =v inQ

—<a (u,l]u),/]) OB(x,u) onoQ

(a(r,§) —a(r,0)).§ = 4¢P vr e R, v§ €RY

where Q is a smooth bounded domain in R with Lipschitz
boundary 0Q and 1 <p <N,

1 is the unit outward normal vector on 0€, v is a diffuse
measure such thatv=v |Q.

For a. e. x00Q, B(x,r)=0j(x,r) is the subdifferential

of a function ;:0Qx R - [0, w] which is convex lower

(H3) — Growth restriction: there exists a continuous
function A: Rt — R* such that

la(r, I < A(rDA + EP~H Vr € R VE € RY
(H,) —There exists C: R Xx R — R* continuous such that
la(r,§) —a(r, O < Cr,)|r —sI(L+ P Vr,s
€ R,V €RY

semicontinuous (l. s. c. for short) in r € R for o-a. e.
x € 0Q, measurable with respect to the (N —1) -dimensionnal
Hausdorff measure ¢ on 0Q and such that j(.,,0)=0. The

vector-valued function a:RXRN — R is A typical example of a function a satisfying theses

hypotheses is a(r,&) = |£|P~2& + F(r), where F: R — RY

continuous
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is a locally Lipschitz function.

Many results are known for elliptic problems in the
variational setting for Dirichlet or Dirichlet-Neumann
problems [1, 11, 16, 21-22, 24]. In the L' — setting, for
elliptic and parabolic equations in divergence form, the new
equivalent notions of entropy and renormalized solutions
have been introduced. [2, 3, 9, 12]. Sbihi and Wittbold [22]
used and extended the methods introduced by Andreu et al [3]
to study the problem

u—diva (u,l]u) =f in Q
—<a (u, Du),l7> OB(x,u) on 0Q

where a is a divergentiel operator depending of u and S
depending also on the space variable x, and f € L*(Q).

In the present paper, we use and extend the methods
introduced by Andreu et a/ [3] and by Sbihi and Wittbold
[22], to study the problem

u—diva (u,Du) =v inQ
—<a (u, Du),l7> OB(x,u) onoQ,

where v is a diffuse measure such that v = v |Q.

We prove the existence of an entropy solution via the
approximation method. The uniqueness of the solution is
obtained by using the comparison principle. The main
difficulty is that, when one uses the integration by parts
formula in the variational approach (see section 3 below), it
appear at the boundary, for the part of the measure-data v
which is in WP (Q), a term which cannot vanish. In order to
treat this difficulty, we consider a smooth domain Q in
order to work with the space VI/pr (Q)) and to going back
later to the space WP (). More precisely, Q is assumed
to be a bounded domain in RY with a boundary 0Q of class
C'.Then, Q isan extension domain (see [15]), so we can fix
an open bounded subset U, of RY such that O < Ug, and
there exists a bounded linear operator

E:W'P(Q) — W, (Ug)
for which
E(w) =u a.e.in Q foreach u € WP(Q)

”E(u)”wol"’(un) < cllullyirqy, where ¢ is a constant

depending only on Q .
We define

M (Q) = {v € M} (Uq): v is concentrated on 0}

This definition is independent of the open set Ug,. Note
that for u € WP(Q) N L”(Q) and v € M} (Q), we have

v, E(w)) =L2u dv

On the other hand, as v is diffuse (see [12]), there exists
f e L'(Uy) and F € (IP'(Ug))" such that v = f — div (F)

in D'(Ug). Therefore, we can also write

v E@w) = [

Uq

fE(u)dx+f

Ug

F.VE(u)dx

The rest of the paper is organized as follows. In the next
section we make precise the notations which will be used in
the sequel and recall some facts on measures and capacities.
In section 3, we study the problem (1) by variational methods.
We introduce an accretive operator Ag related to problem (1)
and show that R(I + ads) D L*(Q) for all a >0. In
section 4, we introduce the notion of entropy solution and
prove the existence and uniqueness of this solution. In order
to do this, we characterize A, the limit of the operator A5 in
M (Ug).

2. Preliminaries

In this section, we introduce some notations and
definitions used in this paper. We denote |.| and do the
N —dimensional Lebesgue measure in RM and the (N —
1) —dimensional Hausdorff measure of 0Q , respectively.
The norm in LP (Q) is denoted by ||. ||, 1 < p < 0. W™P(Q)
denotes the classicals sobolev space endowed with the usual
norm denoted |[|. ||, . It is wellknown that if u € WP(Q),
it is possible to define the trace of u on 0Q, where the
continuous  linear  trace  operator T:WP(Q) —

1
wp? (89) is surjective [19, 20]. For 0 < q < o0, M(Q) is
the Marcinkiewicz space defined as the set of measurable
functions g: @ — R such that

Hx € Q:|g(x)| > k}| < ck™,¢c < oo (cf.[8])

As usual, for k > 0, we denote by Ty, the truncation
function at height k > 0 defined by

—kifu < -k
uif|lul <k
kifu> k.

T (w) = min{k, max{u, —k} } =

Let y be be a maximal monotone operator defined on R.
We recall the definition of the main section y, of y:

Yo(s)

the element of minimal absolute value of y(s) if y(s) # @
= tooif[s,+0)NDy) =0
—if (—oo,s] N D(y) = 0.

We denote by u the average of u, i.e. u = ﬁfnu(x) dx.
We note

{S € CY(R):5(0) =0,0 < S’}
P = g
< 1,supp(S’) is compact

Let B be a multi-valued operator in L*(Q). Recall that B
is said to be accretive in L'(Q) if

llu —ally < llu =@+ a(v =), for any (w,v), (&, 7)

EB;a>0
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B is called T-accretive if

[(u—)*;, < ”(u —ti+alv— 17))+||1 for any (u,v), (&i,7) EB;a >0

Finally, B is called m —accretive (resp. m — T —accretive)

in L'(Q) if B is accretive (T —accretive) and moreover,
R(I + aB) = L*(Q) for any a@ > 0 (for more details about
accretive operators and nonlinear semigroups, cf. [5, 6, 10]).

Now, let us introduce some notations and recall some facts
about capacities and measures usued throughout this paper
[13, 14, 18]. Let G be an arbitrary fixed bounded open
subset of RV with Q c G. Given a compact subset K € G,
we define the p — capacity of K by:

C1p(K) = inf{|l@llyp; @ € C2(G), ¢ = xx}

The p —capacity of an arbitrary subset E S G is defined
by

C,,(E) = inf{C, ,(0); 0 open,E € 0 }

As usual, a property will be said to hold cap-quasi
everywhere (q. e. for short) if it holds everywhere except on
a set of zero capacity.

Let My (Q) (resp. Mp(0Q)) be the space of all Radon
measures on () (resp. d0) with bounded total variation. For
U € M,(0Q), denote by u*,u” and |u| the positive part,
negative part and the total variation of the measure u,
respectively, and denote by u=p,.do+u; the
Radon-Nikodym decomposition of u relatively to the
(N — 1) —dimensional Hausdorff measure do. We denote by
M} (Q) (resp. M, (9Q)) the set of Radon measures ¢ which
satisfy u(B) = 0 for every Borel set B € Q (resp. B € 0Q)
such that C; ,(B) = 0, i.e. the Radon measures which do not
charge sets of 0 —capacity. We denote J,(9Q) = {j;j: 0Q x
R — [0, +o0], such that j(.,r) is 6 — measurable Vr €
R and j(x,.) is convex, L. s. c. satisfying j(x,.) =
0 fora.e.x € dQ}. Fora.e. x € dQ we define

1
JwrP(0) nL®0Q) — [0, 0]

u — j(,uw)do.
a0

Note that J naturally extends to a functional J on
W,"P(6) N L*(G) as follows: J(u) = J3qJC T(@))do for
any u € Wol'p(G). We recall that the closure of D(j) in

Vl/bl'p (G) is a convex bilateral set, so according to
Andreianov and Bouhssis [4], there exist unique (in the sense

g. e.) functions y,,y_ which are cap-quasi-l. s. c¢. and
Il 2

cap-quasi-u. s. c. respectively, such that D(J) ?" =

{u € Wﬁp 0Q);v-(x) <1(x) <y,(x)g.e.on (')Q}.

Moreover
y_(x) = inf,, @i, (x) = lim, inf; <<, U (x) g.€.x € 0Q
(respectively the corresponding analogue for y,) for any
[l 11+ . dense sequence (uy), in D(J). We define the
pl

subdifferential operator:

aJ c (Wﬁ"’(ag) n L°°(69)>

x (W;—fl'p’(am + (17 00)’)
by
p€9J(uw)

1 -1
o { wewr™”(00) n L2 (00),u € W' () + (L°(09))"
1
and Jw) = J() + (w,w —u) vw € WP (0Q) n L (09),
where, here as in the following, if note explicitly stated

1
otherwise, (.,.) denotes the duality between we?(9Q) n
L*(0Q) and its dual.

3. Variational Approach

Let © be a bounded domain in RM with Lipschitz
boundary, 1<p<N,a:QxRN—>RN a  mapping
satisfying the assumptions (H;) — (H,) and B is such that
B(x,.) = dj(x,.) a.e.on dQ, where j € J,(0Q).

To apply the classical variational approach, we need an
L® — estimate on u, which is not evident to obtain directly
in our problem. The obstacle which we encounter is that we
can not get rid of term with a(u,0). To overcome this
difficulty, following Sbihi and Wittbold [22], we first
redefine and extend the function A which appears in
hypothesis (H3), on an odd monotone function ¥ on R

(k,0)
h that |2
suc a ")

setting  A(r) = sup, <Y (I2]), |z|la(z,0)|} for r=0 .
Secondly, we add a penalization term &y(u) on the
boundary for a fixed §. This allows us to compensate the
term with a(u,0) by choosing k sufficient large such that
a(k,0)

Y(k) ’

In the next section, we tend & to zero and the penalization
term disappears. Consequently we obtain the entropy solution
of our initial problem (1).

Now, we define the operator A as follows:

— 0 as k — oo. This will be possible by

(u,v) € Ag ifand only ifu € WP (Q) n L*(Q);
v e M (Q)
and there exists a measure p € M} (9Q) with
e (x) € 3j(x,ulx)) + Oy, o) m(x)) a.e.x € 00

such that for all ¢ € WP(Q) n L®(Q)

f a(u,Vu).V(u — ¢)dx
Q
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As v is diffuse, there exists f € L'(Uy) and F €
(Lp’(UQ))N such that v = f — div (F) in D'(Ug). Let u,v
such that

+5 | p-gdos [ @-pav- [ (@-Fn

=y, ut —aeonoQ,i=y_u; —a.e.ondq, )

where for given interval [a, b] C R, I denotes the convex Vi =f —div(Fy) € u+Asuandv, = g —div(F,) € v + Asv. (3)

1. s. c. functional on R defined by 0 on [a,b],+ We must show that

otherwise.
Our first main result is the following. Jou—v)*tdx < [ (f — g)*dx. “4)
Theorem 1. The operator A satisfies the following

properties: Taking ¢y =u—-Ti(w—v)* and ¢, = v+ Te(u—

i) Ad is T —accretive in L1 (Q),

i) Loo () € R (I + 0 Ad) for any o > 0,
iii) D (Ad) is dense in L1 (Q).

Proof.

v)* as test functions in (3) respectively, we get after adding
inequalities

%f{(u_v)+<k}[a(u, Vu) —a(v, VWw)].V(u — v)*dx + %6 Joo @) = p@)T(u — v)*do
= %fn(v —W(u—v)*dx + %J‘Q T (u—v)*dvy — %fn Te(u—v)*dv, (5)
~ 2y Tl = ) dpty — [ Tie (@ — 9)*dpsz).

Denote by I1 respectively 12 the first, respectively the second integral in the left hand side of (5). Using hypothesis (H1),
(H4) and the Lebesgue dominated convergence theorem, we obtain

11 = %f[(u—v)+<k}[a(u‘ VV) - a(U, V'U)] V(u — ‘l])+dx
= —%f{(u_,,)+<k} C(u,v)(w—v)* (1 + |Vo|P")|V(u — v)*|dx ©6)
_Gk ol s
2 2 ity <ig (L + 1P0P DIV (w — v)* |dx

> —C f 1+ |v|PH|IV(u - v)+|)({(u_v)+<k} dx — 0ask — 0.
Q

Note that the properties of the measures pl and p2 ensure that the second term in the brackets in the right hand side of (5)
is nonnegative. Indeed, these integrals can be written as

f T (@ — D)t (e — Hr2) +f T (s — 9)d(ps1) "
an a0

—f Te(=y, + Wd(us2)" —f T (v — 9)d(s1) —f T (—y- + Wd(s2)
an a0 a0

which are, cleary, nonnegative by properties of pq, 4, and y,,_. Thanks to the monotonicity of 1, we have
12 =o. ™
We can write for the second term in the right hand side of (5),
%fQTk(u—v)devl = an(%Tk(u—v)Jf) dv,
= (v, B (2T - )%)) (8)
fnf%Tk(u —v)tdx + fun F,.VE ()(Q%Tk(u - v)+) dx

As )(Q%Tk (u-— v)+| <1 for all k > 0, then we use the  Lhen
i lit 1
PR VE (a7 Te(u = )*) = 0in (2P (U))"
“E(U)“Wol,p(yn) < C”U“WLIJ(Q),VU € Wl’p(.Q)
Finally, we get for the second term in the right hand side of
to conclude that the sequence (E (% T (u — v)+)) is ()

k>0
uniformly bounded in W,"P(Uy) . We also have limyo fy, F1.VE (Xn%Tk(u - U)+) dx=0 (9)

1 o - .
E (XQ Pl ) ) —signg a. e in Ug as k—0. By the same manage, we get
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1
—ka(u —v)tdv, =
kg

o % L, R (o)) (10

and
; 1 + —
limy o J,,_ Fy.VE (xaxTew=-v)*)dx =0 (11)
Combining (6)-(11) and wusing Lebesgue dominated

convergence theorem, we can
pass to the limit in (5) with k — 0 to get

1
: _ — — +
}cl—r»r(l)kfn(u V)T (u —v)*dx

1
< lim— — — )t
_}cl—r»r(l)kfﬂ(f DT (u —v)tdx,
which implies
f(u—v)erx < f (f —g)*dx.
Q Q

Consequently (4) holds.
ii) It will be no restriction to assume that o = 1. In order to

118

prove that L*(Q) € R(I + Ag), we regularize v as follows:
VA > 0,Vx € Uy we define

f1() = Ti(f () xa(x)

Let (F3);»1 € C5°(Ug) be a sequence such that Fy - F
strongly in (Lp'(UQ))N . For any 1>1 we set F) =
XoFy and vy =f) — div(ﬁl). For any n>1, one has
v, € sm;,’ (Q),vy = vinM,(Ugy) and v; € L*(Q). Therefore,
we approximate the problem (1.1) by equations of the form

{Tz (up) + AT, ()P 7>Ty(wy) — div a(Ty(uy), Vuy) = vy in Q,
—a(T;(wp), Vup).n = Ba(x, Ti(wp)) + 8T, (Y (wy)) on 00

Where k = ||vylleo + 1 satisfies |%| <& , with
[ > max{k,p(k)}.
Here for every A€N*f;(x,.) is the Yosida

approximation of fS(x,.), i.e.

Bi(x,.) = A (1 - (1 + %ﬁ(x,.))>_1

Consider the

defined by:

operator A1 WHP(Q) — WP ()]

(At ) = f T,(u) b + A f 1T, () [P~2T, () bl + f a(T, (w), Vuuy). Vbl
Q Q Q

+[ Bl m)pdo+5 [ 1,(ww))gdo,
a0 719}

for all ¢ € WLP(Q). Here, (.,.) denotes the duality pairing
between WP (Q) and [W1P(Q)]*. We have the following
results.

Lemma 1. (see [22], Lemma 3.1) The operator Ags; is
bounded, coercive and verifies the (M)-property.

Lemma 2. (cf. [23]) Let X be a reflexive Banach space and
A: X — X’ an operator such that

(1) A is bounded,

(i1) A is coercive,

(iii) A is of the type (M),

then A is surjective.

By Lemma 2, the operator Ag, is surjective. So, for all
v, € [WYP(Q)]* there exists u; € WP (Q) such that for all

_ 1
Jo Ti)pd (wy — k)dx + A [ |ua [P ~2wy pf (uy — k)dox + ;f{k<ul<k+g}a(Tl(u,1), 0).Vu,dx

¢ €W (Q)
(Ag_lull — VU — ¢) <0

(12)

Taking ¢ = u; — pf (u;) as a test function in (12), where
p(.) is an approximation of signd(.) defined as follow

1 if r>e¢
1

pr(r) = o7 if 0<r<e
0 if r<o,

and using hypothesis (H2), we obtain

(13)

< Jopd(uy — K)dvy = 6 [, Ty (¥ () pd (uy — K)do — [, Ba(-, Ti(wp))pd (uy — K)do.

Note that, since [ > k and by Green formula, we have

1
liminf—f a(T;(wy), 0).Vuydx = —la(k, 0)| do
€20 & Jipcu,<kte} aan{uy>k}
T, u
> —la(k,0)| Mda
aanusiy Ti(W(K)
—la(k, 0)]
> — Tl(l,b(u,l))da
Ty(¥(K)) Jaanguy>ky
>

-8 f T(¥(uy))do.
aanfuy>k}



119 Arouna Ouedraogo:

Existence and Uniqueness of Entropy Solution for an Elliptic Problem with Nonlinear

Boundary Conditions and Measure-data

We also have

Jopd (uz = K)dvy = [ E(pf (uy — K))dv,

= (vi, E(pF (wy — k)))

(14)

= [oiOpi (up — k)dx + [, F. VE(xap (uy — k))dx

By the Lebesgue dominated convergence theorem, we
have for the first term of the right hand side of (14),

limgo [, A(fpd (wy — k)dx = f{upk} fadx (15)

As |xopd(uy — k)| <1 for all € >0, then we use the
inequality

”E(v)”WOlp(UQ) < C”v”WLP(Q),VU € Wl,p(Q)

to conclude that the sequence (E (pF (uy — k))) is
£>0
uniformly bounded in VI/pr (Uq). We also have E(pf(u; —
k)) — Xu>k} & €. in Ug as € — 0. We also have
VE(ps (uy —k)) = 0 in (LP(Ug))N. Finally, we get for
the second term in the right hand side of (14),
lim Sy B VE(xapd (wp — k))dx = 0 (16)

Passing to the limit in (13) with ¢ — 0, taking account
(15)-(16) and have in mind that B;(.,T;(w;)) and
|uz|P~2u, are nonnegative in {u; > k}, we get

f T, (uy)dx < f frdx+ 6 T; (lp(u,l))da
{uy>k} {uy>k} 0Qn{uy>k}

) Tl(lp(u,l))da

0Qn{uy>k}

< f f,ldx.
{ux>k}

Then

| e -nw)axs|  (h-nw)d
{ua>k} {

uy>k}

As 1>k then T;(k) =k. Thus, as k = ||fillo +1 we
have

[ (-nw)ax=[ Gi-wars<o
{ua>k} {uy>k}

From inequality above, we get
f (Ty(wp) — Tl(k))+dx <0VvIi>k
{ua>k}

and then T;(uy) <k a.e.in {u; > k}. We conclude that
u; <ka.e.inQ.
Similarly, we prove that
u, = —kaeinQ.
Consequently,
luallo < C,

a7

where C is a constant depending on v.
Taking ¢ = 0 as a test function in (12), we get after
using (H2)

Jo Tiwuadx + A [l Pdx + Ao [, |V [Pdx + [ a(T,(wy), 0). Vuydx

+ 50 Ba(., Ti(wp) )uzdo + 68 Joa T,(¥(w))urdo

(18)

< fﬂ 'l.,l.)LdV)L .

By Gauss-Green formula, the hypothesis (H3) and (17),
we deduce that

IS, a(Ti(wy), 0). V| < C.

As b,BA and Tl o1 are nondecreasing then, according
to Young inequality, we get from (18):

Ao JoIVua|Pdx < |fna(Tl(u,1),0).Vu,1dx| + Jywadv,
< C+Cv, Wlluallo

From (17) and (19), it follows that (u;); is uniformly
bounded in W% (Q). Hence, there exists a subsequence still
denoted (up)z , such that
u; — uweakly in WP (Q) as A — +o0 . By
Rellich-Kondrachov ~ theorem, wu; — winL?(Q) and
(uy) — t(w) in LP(0Q) as A — +o. Then Tl(lp(u,l)) —

(19)

Y(u) on 9Q. We may also assume that u; — ua. e. in Q.
Therefore, by (17),

lullw < C(v, )
We have |ﬁ,1(.,Tl(u,1))| < B, D, s0

JoolBa(, Ty () |do < €

Thus, passing to a subsequence if necessary, we have
Bi(., Ti(wp)) = 1 weakly in M, (0Q) as A — +oo.

Note that for all A >v >0, we have for a. e. x €
09, B, )| = |B,(x,7)|,vr R . Thus from (20),

fm|,8v(.,Tl(u,1))| < C. Passing to the limit with A — +o0,
we get fm|,8v(.,Tl(u))| <C. As v — 4+, we obtain
fan|,8°(.,Tl(u))| < C. Here B°(.,r) is the main section of

(20)



American Journal of Applied Mathematics 2019; 7(4): 114-126 120

B(,7).
Next, thanks to (17), (19) and hypothesis (Hs), we have

Jolauy, Vu))|P'dx < € 21

From (21), it follows that (a(u, Vu,l))/1 is uniformly

bounded in (Lp’(ﬂ))N. After passing to a suize subsequence,
we can assume that a(uy,Vuy) =y weakly in

(Lp’(ﬂ))N. asd— 4+oo . The aim is to show, via a
pseudo-monotonicity argument that div (a(u, Vu)) = div y.
To this end, we must show that

lim sup) e [y @a(up, V). V(uy —u) =0 (22)

Taking ¢ = u; — (uy —u)? as a test function in (12), we
get

Joaup, Vup). V(i —w* < [,y —w)*dvy — [ua(uy —w)*dx

=2 foluaP2up (uy — wrdx — [y B u) (wy —w)tdo

(23)

=68 [, Ti(¥ () (uy — w)* do.
We have B(,wy) = B, uy™) + B, —uy ) and B, w3 ) (uy — w)*™ = 0. Then, from inequality (23) we deduce

Joaup, Vup). Vi, —w* < [ (wy —w*dvy — [y —w)*dx

=2 ol P 2w (uy — wrdx — [y B, —w)(wy —wtdo

24

=8 [, T (Y(w))w —wtdo.

Having in mind that (u;); is uniformly bounded in
L (08), we have ||(uy —u)t||lo < C and (w3 —u)* — 0
a.e,as 1 — +oo,

Next, observe that  B(.,—u;7) = B(,—u") =
B°(C,—u)onf{u, =u}. As [B°(.,—u")| €L'(89), by
Lebesgue dominated convergence theorem, it follows that
Joq Bl =3 ™) (uy —u)* — 0,as — +oo. Moreover

Jou —wtdvy = [ E((uy —w)H)dv,
= (i E((wa —w)™M)
= [, iy —w)rdx + fUﬂ Fp.VE (xa(up —w)*)dx

By the Lebesgue dominated convergence theorem, we
have for the first term of the right hand side of (25),

lim; 10 fg T, () —u) dx =0

As |xq(uy —w)t| < C(v,Q) for all A > 0, then we use
the inequality

(26)

||E(v)”W01'p(UQ) < C”U”WLP(Q),VU € Wl.p(ﬂ)

to conclude that the sequence (E(u; — u)*);5o is uniformly
bounded in Wol‘p (Ugy). We also have E(uy —u)* — 0 a.e.
in Uy, as A—+c . Then, VE(u;—u)*—=0 in
(LP W)™

Finally, we get for the second term in the right hand side of
(25),

lim; 40 fUﬂ F.VE(ra(uy —w))dx =0 (27)

The inequality

limsup | a(uy, Vuy).V(—(uy —u)™) <0
Q

A—+o0

follows similarly. Hence

limsup | a(uy, Vuy).V(u, —u) <0

A—+0o Jqo

(25)

and (22) follows from the monotonicity of a.

Now, let ¢ € C,(R") and a € R*. Using the hypothesis
(H1), the Lebesgue dominated convergence theorem and the
relation (22), we get

A—+o0

a lim f [a(u,l, Vu,) — a(u,V(u - aq,’)))]. Vodx
Q

> lim sup a(u,V(u - aqb)). V(u; —u)dx
Q

A—+o0

=0.

Dividing the quantity alim;_,, fn[a(u,l, Vuy) —
a(u,V(u—aq’)))].Vd)dx by a>0 and by a<0

successively, and passing to limit with ¢ — 0, we get

lim fa(u,l,Vu,l).V¢dx = limfa(u,V(u—a¢)).V¢dx
A—+00 Q a—0 Jq

f a(u, Vu).Vedx,
Q

ie. aluy, Vuy) — a(u,Vu) weakly in (L”’(Q))N. Hence
div (a(u, Vu)) = div y.

Up to now, we have shown that for all ¢ € C.(RV),
passing to the limit in (12) with A — 400, we get

fa(u,Vu).V(u—q,’))dx+6 Yyw)(u — ¢p)do
Q aa

< | (u—p)dv— —p)dx— | (- )du
< | =@y [ uu-g)ar— | (@-fan

By density, the last inequality remains true for all ¢ €
WP(Q) n L®(Q). Then, we can conclude that

Joa, V). Vodx + 6 [, pWgpdo = [, pdv —
fgu¢dx - faﬂ (ﬁd.u (28)

for all ¢ € WIP(Q) N L®(Q).
Finally, as Sbihi and Wittbold [22], we characterize the
measure W by proving that
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J@) =2 @) + (& —u),vé € C(0Q)
Since u € M} (9Q), one can say that the inequality (29)
1

holds for & € Wr'?(9Q) N L®(89) and thus we deduce that
€ 9] (w).

To conclude the proof of ii), we prove, using the fact that
1 € 0J(u) and same technics used by Bouchitté ([13],
Proposition 20) that the measure p satisfies

(29)

uy(x) € 6j(x,u(x)) + 0l1y_oy, (X)) a.e.x € 9Q
U=y, ut —a.e.ondQ, it =y_u; —a.e.ondq,

iii) We show that D(As) is dense in L'(Q) i.e.
D(A5)||'||1 = L'(Q).

We have D(4s) © L*(Q) c L}(Q) (since Q is bounded).
Therefore D(Ag)Mt c L1(Q). Conversly, let's show that
L'(Q) ¢ D(As)M1 . To this end, it suffices to prove that
L2(Q) € D(A5)MI (since L*(Q) is dense in L'(Q)). Let
a>0. Given veM Q) NL(Q), if we set u, =

(I + adAg) v, then (ua,é(v - ua)) € As.  So,

taking
¢ = 0 as a test function in the definition of the operator Ag,
we get

Jo alug, Vug). Vugdx + 68 [, Y(ug)uqdo
1 1 2 - (30)
< Zfﬂuadv - ;fnlual dx = [, la Al

Using assumption (H2), we deduce from inequality (30)
that
ollVuelly < 7 fouadv = 6 foo Y(ug)uedo

- (1)
— [5q Ballle — [, alug, 0). Vugdx.

Using the hypothesis (H3), the monotonicity of ¥,
properties of p and the Loo—estimate on, we get from (31)

1.
LollVugllh <=C'+ ¢ (32)

Using the assumption (H3), Holder inequality and (32), we
get

lim af |la(ug,, Vuy)| =0
a—-0 Q

On the other hand, if ¢ € D(Q), taking ua + ¢ and
ua — ¢ as test functions in the definition of the operator Ag,
we get after adding both inequalities

a fn a(ug, Vuy).Vodx + ad fmlp(ua)qbda = fn pdv —
Jo uapdx —a [, pdpu, (33)

Passing to the limitas ¢ — 0 in inequality (33), we get

‘lxi_rg Jouapdx = [, pdv,v¢ € D(Q) (34)

Since (ug), is bounded in L*(Q) there exists a
subsequence (uan)n such that u, — u weakly in LP(Q).
Therefore, using (34), we get u = v. As (u,), is bounded in

L”(Q), we have |lua|? <C. By Lebesgue dominated
convergence theorem, u, — v in LP(£). As a consequence,
v € D(Ag)M11. This achieves the proof of Theorem 1.

4. Entropy Solution

Before introducing the notion of entropy solutions for the
problem (1), we define the following spaces similar to that
introduced in [3, 7]. We note

TIP(Q) = {u: Q — R measurable; Ty (u)}

e WP(Q) forallk >0
Bénilan et al [7] proved that for u € TP (Q) there exists

a unique measurable function
w: Q — R such that DTy (u) = Wy <k3Vk > 0. This

function w will be denoted by Du. Denote by Tt}’p(ﬂ)
the subset of T71P(Q) consisting of the function that can be
approximated by functions of W1P(Q) in the following

sense: a function u € T1?(Q) belongs to T;'p (Q2) if there
exists a sequence (us)s € WP (Q) such that:

us — ua.e.in Q;
DT, (us) = DT, (u) weakly in L*(Q) for any k > 0;
There exists a measurable function v: Q) — R such that

(T(u5))5 converges a. e. in dQ to v. The function v is

called the trace of u, denoted 7(u) or wu.
Following Sbihi and Wittbold [22], we define an entropy
solution of (1) as follows.

Definition 1. For v € ‘Jﬁf (Q), a function u € T,27(Q) is
an entropy solution for problem (1) if u € L'(Q) and there
exists a measure p € M, (0Q) with

ur(x) € (')j(x,u(x)) + 0ly_(oy, 1)) a.e.x € 90 (35)
such that for all ¢ € WP(Q) n L°(Q)

Joaw, Vu). VT, (u — p)dx < — [, uTy (u — ¢p)dx +
Jo TeCw — ¢)dv — [ Tie(@ = @)dpu @t = v, 3 —
a.e.on 00,1 =y_ u; —a.e.on 0L (36)
We define an operator A by the rule:
(u,v—u)
Vv E Emf(ﬂ) and

€ A if and only if {
u is an entropy solution of problem (1).

In the following, we use the notation A, (resp. Y, ,)
instead of As (resp. 8y ), where Y, ,(u) = %w(uﬂ -
%w(u‘),m,n € N*.

Theorem 2. The operator A is m —accretive with dense
domaine in L'(Q) and

A =lim inf 4,,,

m,n—-+oo
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where lim inf ,, ;1o Ay, 18 the operator defined by

(x,y) € lim inf A,

m,n-+o

Vm; n > 0: (xm,n' ym,n) € Am,n and
< (x,y) = lim inf (xmn,ymn) inX x X,
mmn—+oo ! !

where X denotes a Banach space.

Proof. We divide the proof into six steps.

Step 1: A priori estimates

Let v € M) (Q). Since v is diffuse, recall that v = f —
div (F) in D' (Ug) with f € L'(Uy) and F € (LP'(Ug))"
where (Ug) is the open bounded subset of R which
extend ( via the operator E. We approximate f by
fon = (f AmM)V (—n) € L°(Q) nondecreasing in m ,
nonincreasing in n. Note that | fnll L S Ifllh. Let
(Fm‘n)m 151 © Co"(Ug) be a sequence such that Fp, = F

strongly in (LP' (Ug))", as m,n — +o. For any m,n > 1

we set Fnn = xaFnn and Vi, = finn — div (). For
any mnz=1 , one has
Vin € ME(Q), Vi = v in M, (Ug) and vy, ,, € L*(Q)
Furthermore, for any k > 0 and any & € T2?(Q)

<kC(v,Q)

L T() Vi

By Theorem 1, v, € R(I + Am‘n) and there exists
U € WP (Q) N L7(Q) and a measure py,, € M} (0Q)
satisfying

(), () € 9 (%, ()

+61[y_(x),1,+(x)](umrn(x)) a.e.x € 00,

such that for all ¢ € WP(Q) N L*(Q),

fﬂ a(um,n' Vum,n)- V(um,n - ¢)dx + fgn lpm,n(um,n) (um,n - ¢)d0

< fg(um,n - ¢)dv‘m,n - fﬂ um,n(um,n - ¢)dx - fgg(ﬁm,n - (]3) d.um,n

€0

and @, = y4 (,um,n)si a.e.on 9.

In the following, let k > 0 be fixed. Using ¢ = u,, , — Ty, (um_n) as a test function in (37) and applying hypothesis (H,),

we obtain

AO fQ|VTk (um,n) |pdx + ifag Tk (um,n)lp(u;z,n)da - %fgg Tk (um,n)lp(u;un)da

= fQ T} (um,n)dvm,n - fg Ty (um,n)um,n dx
Jq a(Umns 0)- VT (e ) dx.

- faﬂ Tk (ﬁm,n)d”m,n -
By Gauss-Green Formula and hypothesis (H;), we have
Un a(Umns 0)- VT (tpn ) dx| < €

where C is a constant depending on k. Then, from inequality
(38), according to the monotonicity of 1, we conclude

(39)

Ao VT ()| dx < C (40)

Thus (Tk(um‘n)) is a bounded subset of W1P(Q).
mn

Hence, after passing to a suitable subsequence if necessary,
(Tk (um,n))

Ti(Umn) = v in LP(Q) as m,n—>oo. We may also

is weakly convergent in WP(Q). Then,
mn

assume that Ty, (Umn) = g in (LP (Q))N as m,n — oo,

Now, we must prove the convergence almost everywhere of
Umn- As Ay, is T —accretive in L'(Q), we have for all
m=m,

f (um',n - um,n)+dx < f (fm',n - fm,n)+dx-
Q Q

As (fm,n) is nondecreasing in m and nonincreasing in n,

(3%)

we deduce that (um‘n)m is nondecreasing and (umrn)n is
nonincreasing. Since (umrn)mn is uniformly bounded then

we deduce that
Upn TUu, whenm — +ooandu, l uasn — +oo.

By applying Lebesgue dominated convergence theorem,
we get

Unn Tm U by WU, by Uy Ty win L1(Q)

(41)

Therefore, from (41) we get the convergence of (um,n)mn

to u in L*'(Q) and also the convergence almost everywhere
on (. Then, we conclude that vk = Tk (u) and =
VTk (u). Therefore, Tk (u) € W 1,p () for all k> 0.
Consequently, u € TP (Q).

Finally, we show exactly as Andreu et al [3], that (T (um,
n)) m, n converge a. e. on dQ and then u € T;'p Q).

Step 2: Existence of the measure u

It remains to show the existence of a measure u €
M}P(0Q) such that pp,, — p strongly in M} (0Q). Let
u},, be a solution of the problem
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Jq a(up n, Vud ). Vodx + ifan ll)(u,’}l"tl)q)da - %fan ll)(u,’}l';)qoda
= f (pdv‘m,n - f u1/111,n ¢dx - f ﬁl(-'u‘fn,n)ﬁada-
Q Q 20

for all @ € W¥P(Q) N L*(Q).
We know from Theorem 1 that ||ﬁ/1(-:u7/‘1n,n)||1 is

uniformly bounded by a constant C independent of A, thus
Ba(. o upn) = Hmn in M (0Q) as 2 — 0. Therefore

Wl oy < il )l oy < €

and we deduce, after extracting a subsequence if necessary
that pi,, , = ¢ weakly in M (0Q) as m,n — oo. In order to
prove the strong convergence of ,, ,, we use the following
comparison result.

Lemma 3. (see [22], Lemma 4.1) Assume that m >
MmA=n and Vi Via € L2(Q). Let uf,uk, be the
weak solutions which satisfy (42). Then
< u,’}l_n < ufﬁ‘n a.e.in

i
um,ﬁ

and

B ut i) < B ubn) < B uk,) a.e.indq

Jo @ Qs V). Vopidx +— [ (i )odo =~ [ 9 (um ) pdo

(42)

Note that the result of Lemma 3 remains true for the
positive and negative parts, i.e.

i[ﬁ(-,ufh,ﬁ)i < iﬁl(-:u;}mn)i < iﬁl(-'ufﬁ.n)i

Thus, by the previous result of convergence, we have

< tpk, < tu
which is equivalent to say that the regular and the singular
parts verify this comparison result. From this, we deduce that

1 T wiF in M, (00) as m — +oo

Note that we get the same results for the negative parts and
this concludes the proof of Step 2.

Step 3: The pseudo-monotonicity argument.

We recall that u,,, satisfies, for all @ € WP (Q)n
L*(Q)

(43)

= fQ (pdvm,n - fg Umn (pdx - fan ﬁ/l( , um,n)(pda-

Since (Tk (um,n))m . is bounded in WP (Q) then, thanks

to the growth assumption (Hs), there exists a vector fields
, N
X € (LP'(Q))" such that a (Tk (mn), VT (um‘n)) - Xk

weakly in (Lp’(Q))N as m,n - +oo, for all k € N*. We
prove as Sbihi and Wittbold ([22], Theorem 4.1), via a
pseudo-monotonicity argument, that

div x; = div a(Ty (w), VT;(w)) in D'(Q)

Step 4: Passage to the limit in Equation (43).

Taking ¢ = S (um‘n - (p) as a test function in (42), where
SeP=
{peC'(R);p(0)=0,0<p'<
1, supp(p’)is compact}, ¢ € WP(Q) n L*(Q) and define

By the Lebesgue dominated convergence theorem, we
have for the first term of the right hand side of (46),

l = ||¢llo + max{|z|,z € supp(S)}

As Sbihi and Wittbold ([22], Theorem 4.1), we have for the
first integral in (42)

1My, oo J a(Umn Vit n)- VS (W — @) dx =
Joa, V). VS(u — ¢p)dx (44)

By Lebesgue dominated convergence theorem, we get

lim [, U nS(Umn — P)dx = JouSu — ¢)dx (45)
m,n—oo
Now we note that
fgs(um,n - ¢)dvm,n = IQE (S(um,n - ¢)) AVinn
= <Vm,nv E (S(um,n - ¢))> (46)
= fﬂfm,ns(um,n - ¢)dx + fUn Fm,n-VE (Xﬂs(um,n - ¢)) dx
to conclude that the sequence (E (5 (Umn — d)))) is
mnz1

uniformly bounded in Wbl’p (Ugp) . We also have

lim fﬂfmrnS(um‘n —¢)dx = Jo fSu— ¢)dx

m,n—oo

(47

As |)(95(um,n - ¢)| < C for all m,n > 1, then we use
the inequality

”E(v)”w(}"’(uﬂ) < cllvllyir), Yv € WHP(Q)

E()(QS(umln - qb)) — S(u—¢) a. e. in Uy as m,n —
+oo . Then, VE (xoS(umn—@))=VSu—¢) in

(LP (U™,
Finally, we get for the second term in the right hand side of
(46),
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lim fuﬂ Fpn- VE ()(QS(um_n — q,’))) dx = fuﬂ F.VE(xoS(u — ¢))dx

m,n—oo

Using (47) and (48), we get from (46),

lim | S(umn— @)dvim, =
Q

m,n—oo
fU

Q

= fun E(xoSu — ¢))dv
= Jo S —@)av

We also note that

(48)
LfS(u —¢)dx + f F. VE()(QS(u — d)))dx
FE(xaSu — ¢))dx + f F.VE(xoS(u — ¢))dx
Ua
(v E(xaSu — ¢)))
(49)

| Y (tm)3 it = $)d
Q

= f [lpm,n(um,n) - l:bm,n(47)]5(1’1711,11 - ¢)d0 + f lpm,n (¢)S(um,n - ¢)d0
a0 ]9}

1
= f [lpm,n(um,n) - lpm,n(q’))]s(um,n - ¢)d0 + Ef lp(¢+)5(um,n - ¢)d0
a0 a0

1o
) 9@~ #)do

As the functions Ym,n and S are nondecreasing, we get

f [lpm,n (um.n) - lpm,n (¢)]S(um,n - ¢)d0' > 0.
B
On the other hand, as ¥, um,n and S are bounded, then

1
lim — f Y(dHS(umn — ¢)do
Q0

mmn—-ooMm
1

= 0and ml‘}lrgoo; L Q¢(¢—)s(um,n —¢)do = 0.

Therefore,

im [ Yinn (Uinn)S (Umn — $)do 2 0

m,n—oo

(50)

To complete the proof, it remains to show that p verifies
tr € 0j(,u) + 0lp,_y, (W) a.c. on
0Q, it = y, uf a.e.on dQ, 1 = y_ us a.e.on dQ and

lim faﬂs(am,n - (ﬁ)d:um,n = faQS(ﬁ - (ﬁ)d#

m,n—oo

€Y

We know from the proof of Theorem 1 (part ii)) that
Umn € afj(um,n)a thus

(), () € 0] (3, ()
+61[y_(x)_y+(x)] (um_n(x)) a.e.x € 0Q.

As up, — ua.e.ondQ and ” (um_n)r — Uy

IRIGID)] =
[l — ””Mb(an) — 0 as m,n — +oo, then

ur-(x) € (')j(x,u(x)) + 0ly_(oy, 1 (U(x)) ae. x € 0Q.

On the other hand, we have

~ + ~
Un = V4 (,um,n)s a.e.on 00,1y, , =

Y- (,um‘n)s_ a.e.on d(), which are equivalent to

f (y+ - fZm,n)d(,um,n):— =0
o0

and f (V— - ﬁm,n)d(”m,n)s_ =0
a0

As u is bounded on 9 and (#m,n)s — Ug strongly on

M, (0Q) as m,n — +oo then, by passing to the limit in the
last both integrals according to Lebesgue dominated
convergence theorem, we obtain

| - =0 and [ oo - s =0,
10) o0

which are equivalent to % =y, uf ae.on 9Q.
As Uy, —u ae on 90 and p,, — pu weakly in

M, (0Q) then, using Lebesgue dominated convergence
theorem, we get (51).

Finally, collecting together all the limits (44)-(45) and
(49)-(51), we conclude that:

f a(u,Vu).VS(u — ¢)dx + f S(i—¢)du
Q o0

SLS(u—d))dv—fﬂuS(u—d))dx,

forall ¢ € WP (Q) N L°(Q).
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Taking S as an approximation of T}, we get the desired
entropy inequality. Therefore, we have shown that, for all
v e M (Q) nL>WQ), (I + Am_n)_lv converges in L'(Q) to
an entropy solution of the problem (1), hence

liminfA,, , © A.

m,mn—oo
For the inverse inclusion we refer to the step below.
Step 5: The accretivity of A

To prove the accretivity of A, we show as Sbihi and
Wittbold ([22], Theorem 4.1) and as in Theorem 1 of section 3,

leW - vldx < lef - g|dx,

where f,g € L}(Q) provide from the decomposition of the
measures v; =f —div(F))Ew+Aw and v,=g—
div (F,) € v + Av.

Step 6: D(A) isdensein L1 (Q)

For this, we show that L®(Q) c D(A)IM1. Let ue
L*(Q). Consider uj,, and uy, a > 0 such that

(52)

Umn + AAmaufin duand u, + aAu, du - (53)
We know from Theorem 1 that D(Am‘n) is dense in
LY(Q), for all m,n € N*, we have

ug, — uin L*(Q) asa — 0.
As Sbihi and Wittbold ([22], Theorem 4.1), we show that
uf, — uinL'(Q) asm,n — +oo.

Then, we deduce u € D(A)HM1.

Corollary 1. Under the assumptions of Theorem 2, we have
the existence and uniqueness of entropy solution u for the
problem (1).

5. Conclusion

In this paper we proved existence and uniqueness of
entropy solution for nonlinear elliptic problem with nonlinear
boundary conditions of type graph and measure data. The
main difficulty is that, when one uses the integration by parts
formula in the variational approach, it appear at the boundary,
for the part of the measure-data v which is in WP (Q), a
term which cannot vanish. In order to treat this difficulty, we
consider a smooth domain Q in order to work with the
space Wbl‘p () and to going back later to the space
WP (Q). For uniqueness, we prove a comparison principle
for entropy solutions by using the approximation method.
Not that assumption (H,), used to prove uniqueness of
entropy solution is not optimal. In fact, it is sufficient to
assume that a satisfies some Holder type continuity and a
certain growth restriction in r instead (see [4]). In a
forthcoming paper, we will study the same problem with u
replaced by b(u) and with the same nonlinear boundary
conditions and measure data. The case where b is continuous
nondecreasing corresponds to the stationary problem
associated with the elliptic-parabolic evolution problem
arising as a model of fluid flow through porous media. In this

type of problems, from the view point of applications, it is
essential to study general nonlinear boundary conditions. The
more general case where b is a multivalued monotone graph
corresponds to a Stefan problem arising in applications in
presence of phase transitions.
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