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Abstract: Advertisement involves significant amount of money and remain as one of the major issues bothering companies
and other investment sectors. Advertising is a marketing strategy directed to the consumers through any media in order to
present and promote product, services and any other cause. Sale of products occurs with or without advertisement and may
increase or decrease depending on the market situation. The question is, is there a mathematical model that can surely confirm
the effects of advertising on sales of products? The aim of this paper is to develop a first order linear differential equation
model that seeks to justify the impacts of advertising on the sale of products in Ghanaian market. Two basic variables, the
advertisement and sales of product were considered for the model. A system of two differential equations from the two basic
variables were developed and converted to first order non-homogeneous linear differential equation. The geometrical method
was employed to obtain qualitative information about the solution of the first order non-homogeneous linear differential
equation. The MATLAB software package was used to plots the graphs to illustrate the behaviour of the sale of products with
respect to the time of advertisement. The findings revealed that differential equation model can be used to justify the
advertising impacts on the sale of products.
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1. Introduction
Though sales of products are influence by some variables
such as growth of population, price changes and retail
availability, it is believed that about eighty percent of the sales
of products are influence by Advertisement. Advertisement has
major influence on customers behaviour towards the
purchasing of products [6]. Majority of the customers in the
world purchasing behaviour are influenced by the numerous
advertisements shown on both electronic and print media and
Ghana is no exception. For instance, in Ghana, local products
have less demand as compared to the other foreign products
due to the increasing advertisement of foreign products in the
Ghanaian media. Advertisement seems to be a successful tool
of communication in the business sector but it involves huge
investments of money. It is a capital investment with no
certainty about the duration of benefits. The returns of
advertisement, in this case, the sales revenue is not generated
immediately in a lump sum, rather it trickles in pieces over

time. Though advertisement produces good revenue returns, its
major problem bothers on the quality and brand of the products.
Consumers are quality conscious and are also associated with
the brand, therefore, no matter the number of times the
advertisement is carried out, the brand and the quality of the
products will play meaningful role in the sales of the product.
The issue of making good or poor sales of products depends on
how well the advertisement is carried out. This indicates that
there exists an effect of advertisement on the sales of product.
Generally, one can establish the relationship between
advertisement and sales of product. However, the alarming rate
at which businesses and other investment sectors are
advertising their products in the media has made the effect of
advertisement on the sales of product so crucial that many
researchers have started working in that area. Many of these
research works were carried out in different fields of
mathematics. For instance, a research conducted in this area
using regression analysis techniques concluded that there
exists a significant relationship between advertisement and
profitability of companies [3]. Another researcher also used
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descriptive statistics method in his work and concluded that
advertisement has an impact on sales increase [1]. Furtherance
to this, was the thesis, which supported that good
advertisement promotes good sales and enabled business to
thrive but requires competent personnel and a number of
specialists [4]. The idea to consider the analytical approach in
this particular study was motivated by the works of [2].
Though their work was not featured on the sale of products
and advertisement, they were able show how analytical
solutions could be applied in different fields of study. Their
research work was carried on the graphs of analytical solutions
to fractional differential equations. At the end of their work
they were able to establish a reliable technique to handle
differential equations of fractional order. Another work
conducted by another researcher also approximates analytic
solution for seepage flow using fractional derivatives [7]. With
the exception of this research work which centered on
analytical solutions for different works, all the other research
works relied on available data to deduce the effects of
advertisement on the sales of product [7]. The major question
is, is there any model that can surely analyze how the
advertisement really impact on the sale of products? This is the
major focus of this paper. The paper focuses on analyzing the
effect of advertisement on the sales of product using
mathematical model. No statistical data was used in this
research and the result showed that advertisement has effects
on the sale of products. Surprisingly, not a single day passes in
Ghana without any advertisement shown on the television
programs. Advertisement has become so much that it is now
one of the prominent programs in all the media in Ghana. The
high preference of foreign products by Ghanaians to local
products has become too much as a result of the increasing
advertisement of foreign products. Directly or indirectly
advertisement has become part of the modern businesses and
therefore one cannot deal away with it. Indeed, it is one of the
prudent ways employed by companies and other investment
sectors to generate enough sales from their products. It doesn’t
matter the approach one choses to organize advertisement to
increase sales, there is the need to put in place well developed
strategy to win consumers admiration or purchasing behaviour.
Because, the survival of companies, investment sectors and
other businesses depend on the sales of its products. Indeed,
the operating costs and all other responsibilities of the
institutions are based on the outcome of the sales of the
products. Therefore, it behoves on the companies and other
businesses to devise a strategy to condition the mind of the
consumers to purchase more of their products. Though the
buying behavior of the consumer is influenced by some factors
like the brand image, income, life style, culture and so on, the
advertisement helps consumers to change their behavior
towards certain products. Advertisement provides good
strategy to influence consumers mind and has proven to be a
successful tool for communication. It also serves as means of
communication through media to consumers. Consumers’
acceptance of products from the advertisement is very high,
since advertisement continues to remind the consumers to use
the products. Indeed. the acceptance of the product by the
consumer from the advertisement influences his or her
purchase many times and thereby affects his or her franchise

very rapidly. The advertisement involves all activities in
presenting a non-personal and paid for message about a
product to audience [5]. The fact is, advertisement is a well
thought strategy for marketing products, however, its longterm effects is difficult to predict since it is a strategy that
induces other companies to react. Business sectors and other
organisations focus on advertising their products when they are
not making enough sales and continue to witness high
operating costs. Advertisement is a capital investment and has
a potential influence of consumers’ behaviour on the products.
Indeed, it has been defined in many ways in different fields. In
one of the research works it was defined as all activities that
involve in presenting to group, both personal and non-personal,
oral or visual messages regarding a product, service or idea
[10]. Advertisement had and continues to play a meaningful
role in the survival of business cycles as confirmed by other
research works [1]. The benefits of advertisement are
enormous that is why companies and other business
organizations are investing more funds in that area. The role of
advertisement in creating brand loyalty and consequently
increasing sales revenue and profits of the organization which
had great impact on the business cycle was confirmed by [1].
His research concluded on how various sectors were able run
effectively by covering their operating cost through enough
profits or revenues generated from the sale of products. A
research conducted by another researcher also revealed that
customers are attracted towards advertisements on media and
tend to buy the products they saw in advertisements [9].
Therefore, more companies are concentrating on
advertisements strategy to attract more customers to buy their
products [8]. Off course the advertisement provides proper
market strategy of communicating to consumers, the issue of
consumer’s behaviour towards the product is also very vital. In
the research works of some researchers it was observed that
both the advertisement and consumer’s behaviour toward the
product play crucial role in the sale of products [1], [10] and
[8]. Enough strides had been made by these researchers on the
study of the effects of advertisement on sales of products in the
field of statistics of which the results had been published in
several journals. This research is also interested in using
models to study the effects of advertisement on the sale of
product and so formulates a non-homogeneous first order
linear differential equation model to justify these effects. Since
the non-homogeneous first order linear differential equation
model developed in this research cannot be solved directly, a
new approach which leads to a qualitative understanding of the
behaviour of solutions is employed. This is done without
actually solving the equations. Indeed, in analyzing the
geometric solution of the equation, several different cases were
considered, depending on the nature of the solution. In each
case the behaviour of the trajectories of the solutions of the
equations were discussed and illustrated with graphs to provide
basic building blocks of the qualitative theory of differential
equation. The two basic variables associated with the models
with time t include: the sales of the product S (t ) , and the level
of advertisement of the product A(t ) . These basic variables
were assumed to be related by two first order coupled
differential equations. The two first order coupled differential
equations were merged to form the non-homogeneous first
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order linear differential equation which virtually relates the
advertisement of the product A (t ) to the sales of the product
S (t ) .

2. Formulation of Model That Relates
Advertisement and Sale of Products
Suppose the two basic variables, sales of product and
advertisement of product are denoted by S (t ) and A (t )
respectively with respect to time t . In constructing the model
of the relation between the basic variables, the following
assumptions were considered in the general business
environment.
i. in the absence of advertisement, thus
A = A(t ) = 0 the rate of sales tends to decrease

dS
= −λS
dt

S (t ) =

θA
+ e − α (t )C
α

The constant C is determined by setting t = 0 so that we
have

C = S (0 ) −
This implies that

S (t ) =

θA 
θA 
+  S ( 0) −  e−α( t )
α 
α

dS
 K −S 
= θA 
 − λS
dt
 K 

dS  θA

+  + λ  S = θA
dt  K


(2)

A . In solving Equation

 θA

+ λ = α
K


S ( t ) = Ce−λt

(5)

(6)

At t = T where no advertisement is made S (t ) = S (T ) ,
hence we have

C=

S (T
e

)

− λT

Therefore, the sales solution of Equation (5) that does not
depend on the advertisement at time t or for t ≥ T is:

S ( t ) = S (T ) e−λ(t −T )

(7)

The two analytical solutions provided by Equation (4) and
Equation (7) represent the sales that depend on the
advertisement and the sales that do not depend on
advertisement respectively. From Equation (1) the solution of
the differential equation that depends on advertisement is
provided by Equation (4). Therefore
Substituting into Equation (4)

Such that Equation (2) takes the form

We have

Using the concept of integrating factor, we have the
solution of Equation (3) at time t as:

= 0, so

therefore, the solution of Equation (5) is given as:

Let 

(3)

A = A(t )

dS
= −λS
dt

(1)

Where θ and λ are positive constants and K is the
saturation level of the product. Though this is a linear
differential equation with expected solution, the paper only
seeks to use this model to justify the effects of advertisement
on sales. From equation (1), we have

(4)

Equation (4) is the sales solution of Equation (1) that
depends on the advertisement at time t from 0 ≤ t < T . The
final time of advertisement occurs at t < T . However, at

K

of the product. A situation in which the customers who
want the products already have them.
iii. As a consequence of these assumptions, we are led to
the first order differential equation

dS
+ αS = θA
dt

θA
α

t ≥ T no advertisement was made, thus
that from assumption (i) we have:

Where S is the sales rate, t is the time and λ is constant.
ii. in the presence of advertisement A = A(t ) ≠ 0, we
assume that the increase in sales rate is proportional to
the advertisement rate and the degree of unsaturation of
the market, thus, K − S where is K the saturation level

which depends on the advertisement
(2)
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 θA

α=
+ λ
K




θA 
θA 
θA  − K +λ(t)
e
S( t) =
+S( 0) −
θA  
θA 
 +λ 
 +λ
K  
 K 
This implies that

(8)
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 θA 
− +λ(t)


S( t) =S( 0) e  K

θA 

+

θA  − K +λ(t) 
1−e


 θA 

 +λ
K 

is the general sales solution of the differential equation which
depends on the advertisement. Also, from Equation (5) the
solution of the differential equation that does not depends on
advertisement is:

S ( t ) = S (T ) e

−λ( t −T )

(9)

The analytical solutions to the differential equations in
Equation (3) and (5) shown in Equation (10) provide the
general model of sales with and without advertisement.
Therefore, the piece-wise analytical solution in Equation
(10) is developed as the general model to analyse the effect
of advertisements on sales.
S ( t ) = S ( 0) e

θ A 
− +λ ( t )
 K


+

Figure 2. Sale of Product without Advertisement with λ = 0.5 .

θ A 

− +λ ( t ) 
1 − e  K   A = A ( t ) ≠ 0, 0 ≤ t < T

θ A

+λ


K


θA

−λ t −T
S (T ) e ( ) A = 0, t ≥ T

(10)

3. Analytical Approximation of the
Model
The model was stimulated with the advertising campaign
data of sale of products and different values of parameters to
observe the behaviour of the graphs. Two graphs identified
were the sales with advertisement and sales without
advertisement. For illustrative purposes, the analytical
approximations of the graphs of Equation (10) are shown in
Figures 1 to 6. Figures 1 to 6 shows the approximate
solutions of Equation (10) for the values of the parameters K,
λ and θ . In all cases, the corresponding values of t = 0, 0.5,
1.0, 1.5…6.0. with different values of K, λ and θ in Figures 1
to 3 and Figures 4 to 6 respectively. The value of the
parameter λ , representing the level of reduction of sales was
varied from 0.5 to 0.7.

Figure 1. Sale of Product with Advertisement with λ = 0.5.

Figure 3. Sale of Products with and without Advertisement with λ = 0.5 .

Figure 4. Sale of Product with Advertisement with λ = 0.7 .

Figure 5. Sale of Product without Advertisement with λ = 0.7 .
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advertisement. The paper therefore provided mathematical
evidence to support the claim that advertisement has greater
effects on the sale of products in the business environment. It
further showed with graphs how well the model performed in
analysing the impacts of advertisement on sale of products.
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Figure 6. Sale of Products with and without Advertisement with λ = 0.7

4. Discussions
Figure 1 presents the sale of products with advertisement.
The initial value of sale of products at t = 0 is S(0) = 2.3 . It
was observed that as advertisement increased, sale of
products also increased. The rate of sale of products initially,
was rapid but remained constant at the saturation level, thus,
K = 3.2 at time t =T =0.5. Figure 2 shows that the sale of
products decreased exponentially when the sale of product
was carried out without advertisement. Thus, when the
advertisement was stopped after time t =T = 0.5 . Figure 3
presents the sale of products with and without advertisement.
It was observed in Figure 3 that the sale of products
increased initially to the level of saturation (K = 3.2) and
started decreasing after that limit and after t = 0.5 the sale of
the products started decreasing exponentially. In all of these
cases, in Figures 1 to 3, Equation (10) was considered for the
level of reduction of sales at λ = 0 . 5 . The value of the
parameter λ was adjusted to 0.7 and the results shown in
Figures 4, 5 and 6 exhibited the same characteristics but with
lower saturation level. Figures 1, 2, 3 and Figures 4, 5, 6
showed that as the value of the λ increases, the level of
saturation of sale of products decreases.

5. Conclusion
Sale of products takes place with or without advertisement.
The paper used differential equation model to only justify the
effect of advertisement on sale of products in the business
environment. The approach was based on analytical solution
of the differential equation with various values of the
parameters λ , K and θ over a period of time. From the
analytical solution of the model it was clear that the sale of
products increases rapidly during the initial advertisement.
But as it draws closer to the saturation level, it receives small
reduction. This was demonstrated in Figures 1, 3, 4 and 6. In
all cases, when the advertisement was stopped at a particular
time, the sale of products started decaying exponentially as
demonstrated in Figures 2, 3, 5 and 6. Figures 2, 3, 5 and 6
showed the exponential decay of the sale of products when
the advertisement was stopped at t =T = 0.5 . To ensure
sustainable growth in the sale of products and higher
revenues, it would be appropriate to continue with
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