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Abstract: This paper focuses on estimating and compensating the lumped disturbances in the repetitive motion control 

system of permanent magnet synchronous motor. A Periodic Adaptive Extended State Observer (PAESO) consisting of a 

normal Extended State Observer (ESO) and a refined ESO is proposed. The normal ESO is designed to capture the 

approximate range of the disturbances, and the refined ESO is developed to optimize the quantity of the estimated lumped 

disturbances by integrating real-time position tracking error. Based on PAESO, a hybrid controller, including a feedback 

branch and a feedforward branch, is presented to make the overall system stable and the position tracking error convergent 

towards zero. The effectiveness of the proposed PAESO is verified through three real-time experiments. Experimental results 

show that a high-precision tracking performance is obtained by the proposed PAESO. 

Keywords: Permanent Magnet Synchronous Motors, Lumped Disturbances, Periodic Adaptive Extended State Observer, 

Repetitive Position Control 

 

1. Introduction 

Ever-increasing demands on advanced manufacturing 

applications, such as gantry robots [1], wafer scanners [2], 

have continued to motivate and stimulate the development of 

the high-speed and high-precision repetitive motion control 

system. Among the various electric motor drives, 

permanent-magnet synchronous motor (PMSM) is probably 

the most suitable choice for these situations because of its 

advantages such as high efficiency, fast dynamic and easy 

maintenance [3], [4]. However, in practice, PMSM systems 

always suffer from different disturbances, which may arise 

due to the load variations, the system parameters perturbations 

owing to prolonged usage and the inherent nonlinear 

dynamics. Specifically, two major nonlinear phenomena faced 

by PMSM are torque ripple and friction [5], [6]. Torque ripple 

is usually generated periodically by various sources, including 

cogging torque, flux harmonics, and current sensor errors, 

which deteriorates position tracking accuracy significantly [7]. 

Friction, another commonly encountered disturbance, causes 

the limit-cycle oscillation, small steady state error, and other 

undesirable influences [5]. 

At continuous motion systems, great deals of 

observer-based efforts have been made to overcome the 

adverse influences of disturbances. One popular and simple 

approach is the disturbance observer (DOB) [8]. Elfizy et al. 

[9] and Yan et al. [9] apply DOB to reduce the adverse effects 

caused by friction force, force ripple, and external load 

disturbances. In [10], a self-tuning DOB is adopted in speed 

control system to compensate the external disturbances. 

Huang et al. [11] design DOB in state space to estimate the 

parameter uncertainties and current measurement errors in the 

velocity and current loop of the servo driver, respectively. In 
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order to depress the high frequency elements from the 

measurement noises or the unmodeled dynamics, a low-pass 

Q-filter is introduced to limit the bandwidth of DOB, which, 

however, may cause magnitude distortion as well as phase lag 

of the estimated disturbances [12], [13]. Another 

well-developed observer technique is extended state observer 

(ESO), which is originally presented by Han [14], [15]. The 

ESO treats the lumped disturbances, which consist of the 

internal uncertainties and the external disturbances, as a new 

state of system. In [16], a linear adaptive ESO is designed for 

the speed regulation control system of PMSM. Feng et al. [17] 

exploit ESO to accurately estimate the derivative signals in 

induction motors. In [18], Xu et al. employ ESO to estimate 

and compensate the unknown disturbances and embed the 

estimation result into a robust automatic disturbances 

rejection controller. Even though ESO is powerful and 

efficient in estimating the lumped disturbances, it takes time to 

asymptotically converge to the actual quantity of the lumped 

disturbances, and a small steady deviation always exists when 

the lumped disturbances are time-varying. Therefore, the 

characteristic of phase hysteresis in ESO is always 

unavoidable. 

In a repetitive motion control system which performs a 

fixed task repeatedly, precise estimation and compensation of 

disturbances become possible owing to the fact that large parts 

of the disturbances in PMSM system have periodic and 

repetitive features [29]. Since the disturbances in repetitive 

process have the same time period with position reference, an 

effective approach catering to this problem is the learning 

strategy. Iterative learning control [20], [21], repetitive control 

[22], and periodic adaptive learning control [23]-[28] have 

been proposed to estimate and attenuate the periodic 

disturbances. In [20], the time-domain and frequency domain 

iterative learning control strategies are conducted respectively 

to reduce the periodic torque ripple. In [27], Ahn et al. 

compensate the cogging and coulomb friction by using 

information from last period to update current adaptive laws. 

Generally, in iterative learning control and repetitive control, 

an inverse model of the closed-loop transfer function should 

be utilized to design the learning filter and to guarantee the 

tracking error convergent. In addition, it is not easy to make 

these two controllers stable for all unknown disturbances. In 

periodic adaptive learning control, a nonlinear function is 

required to acquire the initial quantity of the lumped 

disturbances, which may be difficult and complicated to be 

designed [29]. In order to deal with this problem, a periodic 

adaptive disturbance observer [29], [30] is proposed where the 

classical linear DOB is used to design the initial conditions, 

and then the periodic adaptive law is adopted to update and 

compensate these disturbances. But the design of the cutoff 

frequency for Q-filter is of great importance in balancing 

between different factors, for example, stability and response 

requirements of the control system, frequency characteristic of 

the external disturbances and measurement noises [8]. 

Motivated by the above ideas, a periodic adaptive ESO 

(PAESO), composed of a normal ESO and a refined ESO, is 

proposed to estimate and attenuate the periodic disturbances 

on the repetitive motion control system of PMSM. There are 

four main contributions in the PAESO. Firstly, the 

disturbances are treated in a lumped form and estimated 

roughly by the normal ESO. Secondly, because of the 

characteristics of phase lag and amplitude distortion in the 

normal ESO, a refined ESO is employed to update the 

estimated quantity of the lumped disturbances and to make it 

converge to the actual disturbances gradually. Thirdly, based 

on PAESO, a hybrid controller made up of by a feedback 

branch and a feedforward branch is proposed to make the 

overall system stable and the position tracking error 

convergent asymptotically. Finally, real-time experiments are 

performed to verify the effectiveness of the proposed PAESO. 

This paper is organized as follows. Section 2 presents the 

dynamic model of the repetitive motion control system of 

PMSM and the knowledge of ESO briefly. Some properties 

and notations about the repetitive process are also listed for 

convenience of description. Section 3 illustrates the design 

details of the hybrid controller at first. Then the stability of 

PAESO are discussed in details. Real-time experiments are 

conducted to verify the superiority of proposed PAESO in 

Section 4. Section 5 contains some conclusions. 

2. Background 

In this section, the dynamics of repetitive motion control 

system of PMSM are expressed at first. Then, a simplified 

model with lumped disturbances is presented. Next, the 

normal ESO is introduced to estimate the lumped 

disturbances. Some properties and notations in repetitive 

motion process are listed to facilitate the description. 

2.1. Model of PMSM 

Without loss of generality, the mechanical dynamics of 

PMSM systems under the vector control strategy are 

expressed as follows: 

( ) ( )

( ) ( ) ( ) ( , , ) ( , , ) ( , , )

( ) ( )

e load fric rip n

e f q

t t

J t T t T t T t T t T t

T t K i t

θ ω
ω θ ω θ ω θ ω

 =


= − − − −
 =

ɺ

ɺ  (1) 

where ( )tθ  and ( )tω  are the motor angular position and 

speed respectively; J  is the angular momentum of inertia; 

( )
e

T t is the designed motor torque; ( )
load

T t , ( , , )fricT tθ ω ,

( , , )ripT tθ ω  and ( , , )
n

T tθ ω  are the disturbance torques 

derived from load, friction, ripple, and other unmodeled 

characteristics, respectively; 
fK  is the constant torque 

coefficient; ( )qi t  is the q -axis torque current. Actually, the 

electrical dynamics are fast enough compared with the 

frequency bandwidth of interest and are ignored for simplicity. 

These disturbances are rearranged in a unified form as 

follows: 

( ) ( ) ( , , ) ( , , ) ( , , )load fric rip nd t T t T t T t T tθ ω θ ω θ ω= + + +  (2) 



 American Journal of Chemical Engineering 2016; 4(5): 122-130 124 

 

where ( )d t  represents the sum of disturbances. 

Using (1) and (2), the simplified controlled model is 

expressed below. 

( ) ( )

( ) ( ) ( )

t t

t a t u t

θ ω
ω
 =


= − +

ɺ

ɺ
           (3) 

where ( ) ( ) /f qu t K i t J= ; ( ) ( ) /a t d t J= , ( )a t  represents 

the lumped disturbances. 

2.2. Extended State Observer 

It is well-known that, the ESO technique regards the 

lumped disturbances as a new state of system [14]. In (3), 

define 
1

( )x tθ= , 
2

( )x tω= , and ( )a t  as an extended state 

3
( )x a t= − . Then the controlled model (3) is rewritten as: 

1 2

2 3

3

( )

( )

x x

x x u t

x a t

=
 = +
 = −

ɺ

ɺ                (4) 

According to (4), a nonlinear ESO is constructed as 

follows [14]: 

1 1 1 2

1 2 1

2 3 2 1

3 3 2

, ( ,0.5, ), ( ,0.25, )e z x fe fal e fe fal e

z z e

z z fe u

z fe

δ δ
β
β

β

= − = =
 = −
 = − +
 = −

ɺ

ɺ

ɺ

 (5) 

where ,  and  are the respective estimations of ,

and ;  is the estimate error; ,  and  are the 

observer gains.  is a nonlinear function and 

defined as [14]: 

1
(e, , )

(e) e

e
e

fal

e sign

α

α

δ
δα δ

δ

−
 <= 
 >

       (6) 

The reason that the (e, , )fal α δ  function has been chosen 

in (5) is that such a nonlinear function provides surprisingly 

better results in practice [14], [19]. Compared with the linear 

feedback, the estimate error e  approaches zero much more 

quickly in infinite time when the nonlinear feedback of the 

form (e)e sign
α

 with 1α <  is employed. The nonlinearity 

of (e, , )fal α δ  is efficient for reducing steady state error, 

which avoids an integral control. More details about ESO can 

be found in [14]. 

When the estimate error e  comes closely to zero, the 

estimate states 
1

z , 
2

z  and 
3

z  will be approximately equal 

to
1

x , 
2

x and 
3

x , and the quantity of the estimated lumped 

disturbances is obtained as follows: 

3
ˆ( ) za t = −                 (7) 

2.3. Properties and Notations 

In the motion control system, the aim of the repetitive control 

is to track the position reference with the tracking error 

gradually convergent to zero after an amount of iterations. 

The naturally properties for repetitive process are listed as 

follows: 

Property 1: The position reference from the second 

iteration is designed as: 

( ) ( ),
d d t t

t t P t Pθ θ= − ≥           (8) 

where ( )
d

tθ  is the position reference; 
t

P  represents the 

time period of one iteration. The time 
t

t P<  represents the 

first iteration, and  means starting from the second iteration. 

Property 2: The quantity of the lumped disturbances is 

limited as follows: 

( )a t η≤                     (9) 

where η  is a positive. And the difference of the lumped 

disturbances between two iterations is also restricted as 

below: 

( ) ( ) ( ), ( ) ,t n n ta t a t P a t a t t Pξ= − + ≤ ≥    (10) 

where ( )
n

a t  represents the quantity of the aperiodic 

disturbances, 0ξ ≥ . 

Based on above properties, some special notations are 

listed for simplicity. 

Notation 1: 

( ) ( ) ( )
d

e t t tθ θ θ= −           (11) 

where ( )e tθ  is the tracking error between the reference 

position and actual position. 

Notation 2: 

( )S t e eθ θλ= + ɺ               (1) 

where ( )S t  is the proportional–derivative form of ( )e tθ ; 

λ  is a positive gain. 

Notation 3: 

ˆ( ) ( ) ( )
a

e t a t a t= −              (2) 

where ( )
a

e t  is the estimate error of the lumped disturbances. 

3. Periodic Adaptive Extended State 

Observer 

In this section, the detailed hybrid control structure with 

PAESO for repetitive motion control system of PMSM is 

proposed. Then, the stability of PAESO is proved. 

3.1. Design of Hybrid Controller 

As illustrated in 0, the hybrid controller is composed of a 

1z 2z
3z 1x

2x 3x e
1β 2β 3β

( , , )fal e α δ
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feedback branch 
fbC , a feedforward branch 

ffC , and a 

PAESO C pa . The PAESO is described by the normal ESO 

applied in the first iteration shown in 0 (a) and the refined 

ESO adopted from the second iteration given in 0 (b), 

respectively. 

 

Figure 1. Structure of hybrid controller. (a) Applied in the first iteration, (b) 

Adopted from the second iteration. 

Conventionally, the feedback branch 
fbC  is designed for 

stability, and the feedforward branch 
ffC  is developed to 

speed up the tracking response. The outputs of 
fbC  and 

ffC  

are expressed as follows: 

( ) ( ) ( ) ( ) ( ) ( ) ( )fbu t S t e t e t e tθ θ θα λ αλ α λ= + = + +ɺ ɺ  (3) 

( ) ( )ff du t tθ= ɺɺ              (4) 

where α  is a positive gain. 

The normal ESO 
1paC , given in 0 (a), works in the first 

iteration for the purpose of capturing approximate range of 

lumped disturbances, and the estimated quantity of the 

lumped disturbances is stored in the memory as the initial 

value. The output of 
1paC  is expressed below: 

1
ˆ( ) ( )pau t a t=                 (5) 

While starting from the second iteration, the refined ESO 

2paC  presented in 0 (b) takes effect. Because of the phase 

hysteresis and amplitude distortion in the normal ESO, the 

estimated quantity of lumped disturbances obtained from the 

first iteration cannot describe actual disturbances exactly. 

Thus, starting from the second iteration, the quantity of 

stored lumped disturbances from previous iteration is 

updated and optimized by integrating the real-time position 

tracking error. The output of 
2paC  is represented as follows: 

2
ˆ( ) ( ) ( )pa tu t a t P KS t= − +            (6) 

where K  is a positive gain. 

In conclusion, the total outputs of the hybrid controller are: 

( ) ( ) ( ) ( )fb ff pau t u t u t u t= + +        (7) 

where ( )pau t  represents 
1( )pau t  in the first iteration or 

2 ( )pau t  from the second iteration. 

 

Figure 2. Structure of PAESO. (a) Normal ESO 
1paC . (b) Refined ESO 

2paC . 

3.2. Stability Analysis on Normal ESO 

In the first iteration, the output of the hybrid controller is: 

1
ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )fb ff pa du t u t u t u t S t e t a tθθ α λ= + + = + + +ɺɺ ɺ  (8) 

Using (1) and (8), the following equation is obtained: 

( ) ( ) ( )aS t e t S tα= −ɺ            (9) 

In order to prove the stability of the closed-loop system, (9) 

is reformed in s -domain: 

( ) ( ) ( )
a

sS s S s e sα+ =          (10) 

Substituting (1) into (10), the overall closed-loop transfer 

function from the estimate error of the lumped disturbances 

to the position tracking error is obtained as follows: 

( ) 1

( ) (s )(s )
a

e s

e s

θ

λ α
=

+ +
         (11) 

Since all desired poles are located on the left-half plane, 

the system is stable [29]. 

3.3. Stability Analysis on Refined ESO 

From the second iteration, the outputs of the hybrid 

controller are: 

2
( ) ( ) ( ) ( )

ˆ( ) ( ) ( ) ( )

fb ff pa

d t

u t u t u t u t

S t e t a t P KS tθθ α λ

= + +

= + + + − +ɺɺ ɺ

 (12) 

Using (10), (2) and (9), the following equation is obtained: 
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( ) ( ) ( ) ( ) ( )a t nS t S t e t P a t KS tα+ = − + −ɺ

 
 (13) 

To prove the stability of the closed-loop system, consider 

the following positive Lyapunov function: 

2 21 1
( ) ( ) ( )

2 2 t

t

a
t P

V t S t e d
K

τ τ
−

= + ∫        (14) 

Then, the difference of the positive Lyapunov function 

between two iterations is calculated as follows: 

2 2 2 2

2 2

1 1 1
( ) ( ) ( ) ( ) ( )

2 2 2

1 1
( ) ( ) ( ) ( ) ( )

2 2

t

t

t

t a a t
t P

t

n a t n
t P

V t S t S t P e e P d
K

K
S a e P a d

K K

τ τ τ

α τ τ τ τ τ

−

−

∆ = − − + − −

= − + + − +

∫

∫

 (15) 

According to the condition in (9) and (10), (15) is 

rewritten as follows: 

2

2
( ) ( ) ( )

2 2t

t
t t

t P

P PK
V t S d

K K

γξ ξα τ τ
−

∆ ≤ − + + +∫    (16) 

where ( )
t

t

a t
t P

e P dγ τ τ
−

= −∫  is a known integration from 

time instant 2
t

t P−  to 
t

t P− . 

If K  and α  are appropriately selected, and the 

following condition is guaranteed: 

2 21
( ) ( )

2 2t

t

t t
t P

K
S d P P

K K

ξα τ τ γ ξ
−

+ ≥ +∫      (17) 

Finally, the difference becomes negative semi-definite as 

follows: 

( ) 0V t∆ ≤                 (18) 

Therefore, the system will be stable in spite of the 

aperiodic disturbances. In the idea case, there are no random 

disturbances in the lumped disturbances, i.e., 0ξ = , (16) will 

be absolute negative semi-definite. 

4. Experimental Results 

In this section, real-time experiments are conducted on 

PMSM control system as shown in 0 to verify the 

effectiveness of PAESO. Three different S-shaped references 

with low-acceleration, medium-acceleration, and 

high-acceleration are chosen to evaluate the tracking 

performance of PAESO. The curves of position, speed, and 

acceleration in S-shaped reference are illustrated in 0, 

respectively. 

4.1. Experimental Setup 

The experimental apparatus designed for the repetitive 

motion control of PMSM contains three major parts as 

depicted in Fig.3. The first part is a GK6061-6AC31 PMSM 

manufactured by Golden Age®, China. The specifications of 

the PMSM are listed in 0, and the resolution of the built-in 

incremental encoder is 10000 pulses/rev. The second part is a 

bus-type commercial servo driver with a STM32 plus a 

FPGA, where STM32F103ZFT6 is mainly responsible for 

position and current control; while FPGA EP4CE22F17C8 

accomplishes slave EtherCAT-bus protocols. The position 

control cycle is 0.2ms, and the current control cycle is 0.1ms. 

The third part is a CNC controller, which including an 

ARM-chip AM335X and a FPGA. A Linux® operation 

system with real-time kernel Xenomai® is embedded in TI® 

AM3352. FPGA EP4C10F17C8N deals with the master 

EtherCAT-bus protocols. The bus communication cycle 

between CNC controller and servo driver is 1ms. 

 

Figure 3. Experimental apparatus for repetitive position control of PMSM. 

 

Figure 4. S-shaped reference. (a) acceleration (dashed red line). (b) speed 

(dotted blue line). (c) position (solid black line). 

Table 1. Specifications of the PMSM. 

Motor characteristics Value Units 

Rated current 5.5 A  

Rated speed 2000 / minr  
Rated torque 6 ⋅N m  

Rotor inertia 0.00087 2⋅Kg m  

Torque coefficient 1.09 /⋅N m A
 

Mass 10.6 Kg  

In the experiments, the hybrid controller is implemented in 

servo driver, while the experimental data, such as S-shaped 

reference with different accelerations and estimated quantity 

of lumped disturbances, are stored in the CNC controller. In 

the first iteration, CNC controller sends position reference to 

the servo driver, and receives the actual position and 

estimated quantity of the lumped disturbances from the servo 

driver simultaneously. From the second iteration, the CNC 

controller sends both the position reference and stored 

lumped disturbances to the servo driver, and receives the 

actual position and updated quantity of the lumped 

disturbances simultaneously. 

The parameters of normal ESO in the experiments are 



127 Zhi Ren et al.:  High-Precision Repetitive Motion Control in Permanent Magnet Synchronous Motor  

Using a Periodic Adaptive Extended State Observer 

1
1000β = , 

2
3000β = , 

3
10000β =  and 0.0002δ =  

respectively. 

4.2. Evaluation of Tracking Performance 

To evaluate the tracking performance of PAESO, three 

experiments (Cases 1, 2, 3) with the S-shaped references 

under different accelerations are carried out. 

Case 1: 2
0.500( ), 4 ( / )t s acc rad sπ∆ = = ; 

Case 2: 2
0.250( ), 16 ( / )t s acc rad sπ∆ = = ; 

Case 3: 2
0.125( ), 64 ( / )t s acc rad sπ∆ = = . 

where t∆  is the time spent in acceleration stage; acc  is 

the acceleration of reference trajectory. The details of t∆  

and acc  are given in 0. 

In Case 1, the parameters of the hybrid controller are 

chosen as follows: 3α = , 100λ = , and 50K = . 0 shows 

the tracking performance achieved by PAESO. As can be 

found from 0 (a) and (b) that at the first iteration, the tracking 

error is relatively large; from the second iteration, the 

tracking error converges towards zero asymptotically. It is 

clear that a better tracking performance is achieved due to the 

accurate compensation of the lumped disturbances, in other 

words, the PAESO gets more precise estimation of the 

lumped disturbances than the normal ESO. The quantity of 

the lumped disturbances obtained by PAESO and its FFT 

result are illustrated in 0 (c) and 0 (d), the harmonics exist 

besides not only 0Hz but also 340Hz. It is implied that the 

lumped disturbances are well estimated and attenuated by 

PAESO since better tracking performance has been achieved. 

 

 

 

 

Figure 5. Tracking results in Case 1. (a) S-shaped reference and actual 

position. (b) position tracking error. (c) estimated lumped disturbances. (d) 

FFT results of estimated lumped disturbances. 

In Case 2, 3α = , 100λ = , 200K = . The experimental 

result for Case 2 is given in 0. As shown in 0 (a) and 0 (b), 

the tracking error achieved by PAESO from the second 

iteration is much smaller than that achieved by the normal 

ESO at the first iteration. As given in 0 (c) and (d), the 

PAESO improves the tracking performance by estimating 

much more harmonic parts of the lumped disturbances 

compared with the normal ESO. Therefore, it is obvious that 

PAESO has better approximation capacity of the lumped 

disturbances than the normal ESO. 
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Figure 6. Tracking result in Case 2. (a) S-shaped reference and actual 

position. (b) position tracking error. (c) estimated lumped disturbances (d) 

FFT results of estimated lumped disturbances. 

In Case 3, 3α = , 100λ = , 800K = . 0 illustrates the 

experimental results for Case 3. The tracking performance 

obtained by normal ESO at first iteration is shown in 0 (a) 

and (b). Since only the harmonic part close to 0Hz is 

estimated, tracking error is relatively large. However, from 

the second iteration, the tracking error is convergent since 

more harmonic part of the lumped disturbances is accurately 

estimated and rejected by PAESO as given in 0 (c) and (d). 

 

 

 

 

Figure 7. Tracking result in Case 3. (a) S-shaped reference and actual 

position. (b) position tracking error. (c) estimated lumped disturbances (d) 

FFT results of estimated lumped disturbances. 
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From these results, it is verified that compared with the 

normal ESO, a better tracking performance can be achieved by 

PAESO by more accurate estimation of the lumped 

disturbances. It also can be found from 0 (d), 0 (d) and 0 (d) 

that, the harmonic frequencies at the forth iterations are almost 

the same in all FFT results, which confirms that the estimated 

results from PAESO is accurate and reliable. 

5. Conclusions 

This paper has presented a PAESO, consisting of normal 

ESO and refined ESO, for the estimation and compensation of 

lumped disturbances in the repetitive motion control system of 

PMSM. Firstly, a normal ESO has been developed to capture 

the approximated range of the lumped disturbances, and the 

estimated quantity is stored in the memory at the first iteration. 

Secondly, from the second iteration, a refined ESO has been 

established to update the estimated quantity of the lumped 

disturbances by integrating real-time position tracking error. 

Thirdly, it has been proved theoretically by the Lyapunov 

approach that the overall system is stable and the position 

tracking error will converge to zero asymptotically. Finally, 

three experiments has been conducted to demonstrate that the 

lumped disturbances are attenuated effectively by the 

proposed PAESO. Subsequently, it can be utilized in high 

performance repetitive motion control applications. 
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