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Abstract: By handling the one dimensional partial differential equation with three methods i.e. Adomain decomposition
method(ADM), Variation iteration method(VIM) and the New iterative method(NIM) and applied logarithmic and exponential
functions as initial condition. A general framework of these methods is presented for analytical treatment of fractional partial
differential equation arises in fluid mechanics. The fractional derivatives are described in the Caputo sense. The equation used
in this paper is fractional wave equation, fractional burgers equation and fractional Klein-Gordon equation. After comparison
of the results, the series of solution are found which is very helpful. The basic idea described in this paper is accepted to be

further in use to solve other similar linear problems in fractional calculus.
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1. Introduction

Now a day’s fractional differential equations are motivated by
new example of applications in fluid mechanics, mathematics,
mathematical  biology, physics, electrochemistry and
viscoelasticity. Based on experimental data fractional partial
differential equations for seepage flow in porous media are
suggested in [1], and differential equation with fractional order
have currently proved to be valuable tools to the modeling of
many physical phenomena [2]. The NIM, planned by Daftardar-
Gejji and Jafari in 2006 [3] and improved by Hemeda [4], was
effectively applied to a variety of linear and nonlinear equations
such as  algebraic  equations, integral equations,
integrodifferential equations, ordinary and partial differential
equations of integer and fractional order, and system of
equations as well. NIM is simple to understand and easy to
implement using computer packages and yields better result [5]
than the existing ADM [6], Homotopy perturbation
method(HPM) [7], or VIM [8]. Henderson [9] investigates the
existence of positive solutions for a system of nonlinear
Riemann-Liouville fractional differential equations with coupled
integral boundary conditions. Bekri [10] used the fractional
complex transformation method to convert fractional order
partial differential equation to ordinary differential equation.

Yang [11] extended the classical HPM to local fractional HPM;
Bhrawy [12] solve the second and fourth order fractional
diffusion-wave equations and fractional wave equations with
damping.

The objective of this work is to extend the application of
the ADM, VIM and the NIM to obtain analytical solutions
with initial conditions like logarithmic and exponential
function to some fractional partial differential equations in
fluid mechanics. These equations include Wave equation,
Burgers equation and Klein-Gordon equation.

2. Preliminaries and Notations

Some basic definitions and properties of the fractional
calculus theory which are used in this paper are given in this
section.

Definition (1): A real function f(t),t > 0, is said to be in
the space C,,, u € R if there exists a real number p(> u), such
that f(t) = tPf;(t), where f;(t) € C[0, ), and it is said to
be in the space C;™ iff f ™ € C,, meN.

Definition (2): The Riemann-Liouville fractional integral
operator of order « = 0 of a function f € C,,u = —1, is
defined as
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1%f(t) = ﬁf(t - ) f(r)dr, (1
a>0,t>0,

I°f = f©.

Properties of the operators I* can be found in [13]; we
mention only the following: for f €C,p=>-1,a,8=>0
and y > —1,

1P f(6) = 1*F £ (8),
I“IPf (1) = IPI°f (1),

oy - L +D
Ny+1+a

a+y

The  Riemann-Liouville derivative  has  certain
disadvantages when trying to model real-world phenomena
with fractional differential equations. Therefore, we shall
introduce a modified functional differential operator D¢
proposed by M. Caputo in his work on the theory of
viscoelasticity [13].

Definition(3): The fractional derivative of f(t)in caputo
sense is defined as

DEf(t) = 19D ()

[yt =D F i ), ®)

1
r(m-a)

form—1<a<mmEeN,t>0f€ecCr.

Also, we need here two of its basic properties.
Lemma(l): f m—1<a<mmeN and f €, u=
—1, then D*I*f(t) = f(t),

tk

m-1
DY) = O = ) FEON) >0
k=0

The Caputo fractional derivative is considered here
because it allows traditional initial and boundary conditions
to be included in the formulation of problem [14]. In this
paper, we consider the one-dimensional linear
inhomogeneous functional partial differential equations in
fluid mechanics, where the unknown function u(x,t) is
assumed to be a causal function of time, i.e., vanishing
fort < 0. The fractional derivative is taken in caputo sense
as follows.

Definition(4): For m to be the smallest integer that
exceeds «, the caputo time-fractional derivative operator of
order a > 0 is defined as

a 0%u(x,t)
Dt 'U.(X, t) = T

1
r(m-a)

trr _ ym-a-1 ﬂ
INGEE) —ulx, 1) dr,
form—1<a<m 3)

am
k at—mu(x, t), fora =m,m € N.

3. Linear Equation

To include ADM [15], VIM [15] and NIM [16], the three
linear fractional partial differential equations will be studied.
The three methods are used to construct the solution of the
given examples.

Example(1): Consider the following One-dimensional
linear inhomogeneous fraction wave equation

9%  du _ 17«

ata rz-a)

7t2 ' oz sin(x) + tcos(x), 4)

t>0x€ER0<a<l,
subject to initial condition
u(x,0) = logx (5)

Problem “(4)” and “(5)” can be obtain by using ADM [15]
the recurrence relation is given by

ug(x, t) = ulx,0) + I¢ (FE::Z) sin(x) +t cos(x)),
ujpq (x,t) = —I1¢ (%uj(x, t)),j > 0. (6)

In view of “(6)” equation ugy, u,, u, -+- are as follows:

ugy(x,t) =logx + tsin(x)

a+1

T2 cos(x), @)
tO{ t(l+1
W == Far 1) Tarz) O™
2
+ TGarD) sin(x), (8)
tZa tZO{+1
w0 =~ T Ga s ) Teatn @
t3a+1
o r(3a+2) cos(x), ©)

and so on, in this way the remaining equations of ADM in
series can be obtain. The solution in series form is given by

a+1

u(x, t) = logx + tsin(x) + T@+2)

cos(x)

1 ta ta+1
" xI(@a+1) T(a+2)
t2a+1 tZa

T T T )

3a+1

cos(x)

t2a+1

sin(x) — cos(x) + -

(10)

r(da+2)

Cancelling the noise terms and keeping the non-noise
terms we yield,
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) 1 t®
u(x,t) = logx + tsin(x) — ;F(a—-l-l)
1 2@
T ereery an

Where in Mittage-Leffer form it is written as

bl 1 tai
u(x,t) =logx + tsin(x) — [Z ;m
i=1

1
=logx + tsin(x) — Ea;t“

where E, is the Mittage-Leffer function.
Also the problem “(4)” and “(5)” is solved in [15] by using
the VIM. By using iteration formula as

Wi (6, 0) = wpe (x, 8) —
sin(x) — tcos(x)] (12)

o [8% i -«
1 [ i G ) + 2wy G, ) =

rz-o)

In view of “(12)” uy, u, --- and by benign with u, = logx,
we can obtain,

a pa+l
u;(x, t) =logx — T@+D + tsin(x) +m
cos(x), (13)
a pa+l
u,(x,t) =logx — ;m + tsin(x) +m
t2a a+1
os) = AT Za+ 1) Tat2) @™
e sin(x) (14)
r2a+2)

Cancelling the noise terms and keeping the non-noise term
we yield,

1
u(x, t) =logx + tsin(x) —————— —

tZa

ra+y) (15)

Where in Mittage-Leffer form

bl 1 tai
u(x,t) =logx + tsin(x) — [Z ;m
i=1

1
=logx + tsin(x) — Ea;t“

According to the NIM [16], and by using the formula,
m-1

tk
u(x, £) = Z hi() 7 + IEB + 1A
k=0 )

=f+ N(u), (16)
where

m-1 k

t
f= Z B () 7 + 1B
k=0 )
and N(uw) = IfAand uy = f,up = N(W),
n=20,12,:--

Therefore in view of “(16)” we obtain

ta+1

uy(x,t) = logx + tsin(x) + cosx, 17)

I'(a+2)

0
u(x, t) = N(uo(x, t)) =—If [auo(x, t)]

1 t% ta+1
= T T+ D T+ ™
t2a+1 .
+ TG sin(x), (18)

9
w6, 8) = N(uy (6, ) = —I8 [a uy (x, t)]

1 tZa t2a+1
= T YTRa+ D) TQat2) ™
t3a+1
~rGaD) cos(x) (19)

The NIM in series form is given by

a+l

u(x,t) = logx + tsin(x) + F(a—-I-Z)

cos(x)

1 ta ta+1
" xI(@a+1) T(a+2)
t2a+1 tZa
+ msin(x) T¥TZa+ D
t2a+1

" TQa +2)

t3a+1

cos(x)

sin(x)

cos(x) — -+ (20)

r(3a+2)

Cancelling the noise terms and keeping the non-noise
terms we yield,

1t
'U.(X, t) = lOgX + tsin(x) - ;m
1 tza
T X2r@atn 21

Where in Mittage-Leffer form
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-1t
u(x,t) =logx + tsin(x) — [Z ;m
i=1

1
=logx + tsin(x) — Ea;t“

From “(11)”, “(15)” and “(21)”, it is clear that the three
methods have the same results.

Example(2): Consider the following One-dimensional
linear inhomogeneous fraction wave equation

9%  du _ t17“

ate | ax  T(2-a)

sin(x) + tcos(x), (22)

t>0xERO<ac<1,
subject to initial condition
u(x,0) = e* (23)

Problem “(22)” and “(23)” can be obtain by using ADM
[15] the recurrence relation is given by

tl—a

ug(x, t) = ulx,0) + I¢ ( sin(x) +t cos(x)) (24)

rz-a)
a ,
U (x, t) = —I¢ (au]-(x, t)),] > 0.

In View of “(24)” uy, uq, u, - are as follows:

uy(x,t) = e* + tsin(x) + FEZ:;) cos(x), (25)
e pa+l
w0 == T T a2y O™
2+l
TGatd sin(x), (26)
2a pRa+1
w0 = e D T Ta ) ™
t.30{+1
~TGars cos(x) 27
The solution in series form is given by
a+1
u(x, t) = e* + tsin(x) + mcos(x)
ta pa+t
@t D T2 o™
2a+1 2a
+msin(x) + exm
p2a+1 3a+1
“T@a+2) sin(x) — TGat D) cos(x)

— (28)

Cancelling the noise terms and keeping the non-noise
terms we yield,

a
u(x,t) = e* + tsin(x) — exm
PR L (29)
r2a+1)
Where in Mittage-Leffer form
21 pai
u(x, t) = tsin(x) +e* |1 - ;;m

=tsin(x) +e* — e*E,(t%)
Also the problem “(22)” and “(23)” is solved in [15] by
using the VIM. By using iteration formula as

(04
U1 (2, 8) = up(x, t) — IF[z—=ui (x, 1)

Jat*
0 1-a
+ auk(x, t) - mSin(X)
—t cos(x)] (30)

In view of “(30)” uy, u, --- and by benign with uy, = e* we
can obtain,

a ta+1
u(x,t) =e* — exm + tsin(x) +m
cos(x), (3D
a ta+1
uy(x,t) = e* — exm + t sin(x) +m
tZa ta+1
cos(x) + e* TZa+ 1) - M@ +2) cos x
t2a+1
+ rGaiD) sinx, (32)

Cancelling the noise terms and keeping the non-noise term
we yield,

ta
t) =e* + tsi _ pX x
u(x,t) =e* + tsin(x) —e F(a+1)+e
t.Za
rza+l) 33)

Where in Mittage-Leffer form

had ai
t

1
- des
xtT(ai+ 1)

i=1

u(x, t) = tsin(x) +e*

= tsin(x) +e* — e*E, (t%)

According to the NIM [16], and by using the formula,
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m-—1 tk
u(x,t) = Z hk(x)ﬁ+ IFB +IFA
k=0 )
=f+Nw), (34)
where
m-—1
f= hk(x) + If'B
k=0

and N(w) = IfA and uy = f, Uy = N(w),
n=012

Therefore in view of “(34)” we obtain

ug(x, t) = e* + tsin(x) + CoS X, (35)

F( +2)
ta tO{+1
Ta+1) T(a+2)

t2a+1

u(x,t) = —e*

cos(x)

sin(x), (36)
2a t2a+1

TRa+1) T'(2a+2)

t3a+1

rca+2)

u,(x,t) =e* sin(x)

os(x), (37

C
r(3a+2)

The NIM in series form is given by
a+l
T(a+2)
ta ta+1
__ex —_
[a+1) T(a+2)
pra+1 2a
+msin(x) + exm
3a+1

T(3a + 2)

u(x,t) = e* + tsin(x) + cos(x)

cos(x)

t2a+1
“T@a+2) sin(x) — cos(x)

— (38)

Cancelling the noise terms and keeping the non-noise
terms we yield,

a

u(x,t) = e* + tsin(x) — exl"(a—-l-l)

tZa

+e* (39)

ra+1)

Where in Mittage-Leffer form

[oe]

1 tai
Y s
; lx‘ Iai+1)

i=

u(x,t) = tsin(x) +e*

= tsin(x) +e* — e*E,(t%)

From “(29)”, “(33)” and “(39)”, it is clear that the three
methods have the same results.

Example(3): Consider the following One-dimensional
linear inhomogeneous fractional Burger’s equation

th—a
ax2  TI'(3-a)

%  du 9%u
ate ax

+2x -2, (40)

t<0,xERO<ac<sl,
subject to initial condition
u(x,0) = logx (41)

Problem “(40)” and “(41)” can be obtain by using ADM
[15] the recurrence relation is given by

ug(x, t) = ulx,0) + I¢ (1_(3—in - 2),
U1 (x, t) = ( wi(x,t) — u] (x, t))
j=o. (42)

In View of “(42)”equations uy, U, u, -+ are as follows:

ug(x, t) = logx + t2 + (2x — 2) 1_( o 43)
1 1 t% 2t2¢%
us () = — (; + x_Z) T(a+1) T(a+1) (44)
_ 1 2 t2a 2 6
w(at) = (_F_F)—F(Za D (&)
tZa
ra+1)’ (45)
_ 2 6 3@ 6 24
us (0 = = (F’LF)—F(M T (-5
3@ N ( 6 24) 3@
FBa+1) x* x3/TBa+1)
24 120\ t3¢%
+ (; + x_G) r(a+1)’ (46)

The solution in series form is given by

a

'U.(X, t) = logx +t2 4 (ZX — Z)W

(1 N 1) te 2t2@
x x?)T(a+1) TQRa+1)

+( 1 2) 2« <2+6>
x? x3/TQRa+1) \x3 x*

tZa 2 6 t30{
FrRa+1) (F * F) T(3a + 1)
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+< 6 24) t3@ ( 6 24)
x4 FBa+1) x* x5

t3a 24 120 t3a
rGa+1) + (F + 7) rGa+1) (47)
The exact solution of ADM is
a
,t) =1 t? 2 —2)———
u(x, t) =logx +t*+ (2x )F(a+1)
(1 + 1 ) t<
x x*/)T(a+1)
N ( ) 1 4 6 ) t2a
x% x3 2JTRa+1)
N ( 2 18 72 120) 3¢
x3 x* x5 FGa+1)
+ - (48)

Also the problem “(40)” and “(41)” is solved in [15] by
using the VIM. By using iteration formula as

a

uk+1('x! t) = uk(xi t) lt‘ [ uk(xl t)

at®
2

+— g u,(x,t) — 922 S5 uk(x, t)

0x

2t27%
ri3-a)

—2x +2] (49)

In view of “(49)” uy, u, --- and by benign with

uy = log x we can obtain,

(x,t)=1 (1+1) il +t?
W= 08X (T x2 F(a+1)

+2x = 2) +1) (50)

(x,t)=1 (1-+ 1) i + t2
Uaix, )= 108X = Tat+D) '

(Z

=D ( X2 _é>

tZa ZtZa
—_ —_ | — + JR—
FrRa+1) TQRa+1) <x3 x‘*)
tza

(51

ra+1)’
ta

1 1
— Y il VA
us(x, t) = logx <x+x2>l"(a+1)+t

=D i:1) ( x_lz_é>

t2e 2%« ( 2 6 )
F'Ra+1) T'QRa+1)

x3  x*

Solution of FPDE in Fluid Mechanics by ADM, VIM and NIM

tZa 2 6 t30{
FrRa+1) (F * F) T(3a + 1)
+(6 +24) 3« +( 6 24)

x* x5/T(Ba+1) x* x5

3% (24
r'(3a+1) x5

Loyt (52)

rGa+1)’

The exact solution is

1 1 ta 1 4 6 t2a
-(G+3) r@rn T (-2-5-%-5) rearn T
(53)

According to the NIM [16] and using the formula,
m-1 tk
u(x,t) = Z hi() 7+ IEB + 14
k=0 ’
=f+Nw, (54)
where

m-—1

f=) h (x)

k=0

+It

and N(u) = IfAand uy = f,Up4q = N(W),
n=0,12,--

Therefore in view of “(54)” we obtain

uy(x, t) =logx +t? + 2x — 2) —— (59

I'(a +1)

11 t® 2t2¢@
wyCot) = — (24 2) L -

x I'(a+1) TQa+1)

1 2) 2 (2 N 6)
x? x3/TQRa+1) \x3 x*

tZa

(56)
u,(x, t) = (—

ra+1)’ G7)

<2+6> t3@ +( 6 24)
x3 x*/)TQBa+1) x* x5
t3@ N ( 6 24) t3@
FBa+1) x* x3/TBa+1)
&) t3“

ra+1)’

uz(x,t) =

(58)

The NIM in series form is given by
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a

u(x, t) =logx +t% + (2x — Z)W

(1+1> t® 2t
x x?)T(a+1) TRa+1)

+( 1 2) 2 (2+6)
x? x3/TQRa+1) \x3 x*

t2e ( 2 6 ) 3«

— +.___
x3  x*

TRa+1) TGa + 1)
+< 6 24) 3@ 4 ( 6 24)
x* x°/TBa+1) x* x5
t3a 24 120 3@
rGa+l) (F F) rGarn T (59

The exact solution is

u(x, t) =logx +t* + (2x — 2)

['(a+1)
1 1 t% 1 4 6 t2a
Gttt (2 m- W gan*
2 18 72 120 t3a
(e-Fmt et (60)

From “(48)”, “(53)” and “(60)”, it is clear that the three
methods have the same results.
Example(4): Consider the following One-dimensional
linear inhomogeneous fractional Burger’s equation
%  du 9%u 2t2-@

et e T2 (61)

t<0,x€eERO<a<1,
subject to initial condition
u(x,0) = e*. (62)

Problem “(60)” and “(61)” can be obtain by using ADM
[15] the recurrence relation is given by

2T 2),

uo(x, t) = ulx,0) + I1¢ (F(S—a)

a 92
uj+1(xl t) e (au]('xl t) - ﬁuj(‘xl t))s

j=0. (63)
In View of “(63)” equation uy, Uy, U, -+ are as follows:

ta

ug(x, t) = e+t + (2x — 2) Ty (64)
tha

ul(xl t) - _F(Z(X+1)’ (65)

u,(x,t) = 0. (66)

The exact solution of ADM is

a

u(x, t) = e* +t2+ (ZX—Z)m

242@
rca+1)

(67)

Also the problem is solved by using VIM [15]
with u, = e* the following approximation can be obtain by
using the formula

a

U1 (X, 0) = up(x, t) — I [W“k(% t)

2

0
+§uk(x, t) — ﬁuk(x, t)

242-@
r3—a)

—2x+2] (68)

In view of “(68)”uy, u, --- and by benign with u, = e* we
can obtain,

ta
u (x,t) =e*+t2+ (2x —2) e (69)
a
) =e*+t2+ (2x—2)——
u,(x,t) =e*+t*+ (2x )F(a+1)
tha
- rea+1)’ (70)
The exact solution of ADM is
a
) =e*+t2+(2x—2)———
ulx,t) =e*+t*+ (2x )F(a+1)
tha
T Ta+D) (71
According to the NIM [16] and by using the formula,
m-—1 tk
u(x,t) = Z hi() 7+ IEB + 1A
k=0 ’
=f+N), (72)
where
m—-1 tk
f= Z P () + 1B
k=0 '
and N(w) = IfAand uy = f,upq = N(W),
n=20,1,2,--
Therefore in view of “(72)” we obtain
— pX 2 —_ te
ug(x,t) =e*+t*+ (2x —2) T’ (73)
tha
w6 = — o, (74)

u,(x,t) = 0. (75)
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The NIM in series form and the exact solution is

a

u(x, t) =ex+t2+(2x—2)m

2£2¢
r2a+1)

(76)

From “(67)”, “(71)” and “(76)”, it is clear that the three
methods have the same results.

Example(5): Consider the following One-dimensional
linear inhomogeneous fractional Klein-Gordon equation

Z—Z—Z%+u =6x3t + (x3 — 6x)t3, (77)
t<0,xER1<ac<?2,
subject to initial condition
u(x,0) =logx, u,(x,0) =0 (78)

Problem “(77)” and “(78)” can be obtain by using ADM
[15] the recurrence relation is given by

uo(x, t) = u(x, t) + tu(x,0) + 1%(6x3t

+(x3 = 6x)t3),
uj+1(x t) = 10{( 'U.] (x t) uj(xt t)>a

j=0. (79)

In view of “(79)” the first few components are derived as
follows

ug(x, t) = logx + 6x3[‘(aa—:-12) + (x% — 6x)
o o
a p2a+1
W == e % T ea+ 2)
2a+3 ta
+36xm - xm
6t * 0 =Dy O
The solution in series form is
a+l
u(x,t) =logx + 6x3m+ (x3 — 6x)
61a+3 1 ta f2a+1
Te+d 2+ 3% T2a+r2)
2a+3 ta
+36xm - xm

Solution of FPDE in Fluid Mechanics by ADM, VIM and NIM

t2a+1

BTN

6t2a+3

+ (7 = 6x) T(2a + 4)

4o (82)

According to VIM [15], the iteration formula for the
problem is given by

a

6]
= (a = DIf [z uwe(x, 0)

U1 (6, 1) = up(x, 0) 5

aZ
—Wuk(x, t) + ug(x, t) — 6x3t
— (63 — 60)t?] (83)

By above Variation iteration formula,
with uy(x,t) =logx , we can obtain

if we begin
the following

approximations
( t) l + ( _ 1) [ t'a 3 fa+1
Uy X, = logx a xF(a+1) I'(a+2)
3 _ 6 6t“+3] 84
(o = 60) ], (84)
ta ta+1
,t) =1 —_— —_—
w0 ogx + (a = )[ xF(a+1) 6x° I'(a+2)
a+3
3
—6x) ———
LRk o
H@=1? - (@ - D)ot
(a * ) x*’T(a+1)
_ 2(_ 6 t.Za t2a+1 t.Za
+(0: 1) ( x4 T(2a+1) + 36x r2a+2) +36x rea +4)) (85)

Now according to NIM [16] and by using the formula,

m-—1

u(x,t) = Z hk(x)—+l B+ IfA

=f+Nw, (86)

where

f= Z h) =+ 5

and N(u) = IfAand uy = f,up4q = N(W),
n=0,12,--

Therefore in view of “(86)” we obtain

a+1

T@t2) + (x* — 6x)

Uy(x, t) = logx + 6x3

6ta+3

(87)

[(a+4)’
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@ pRa+1
w0 == e % T ea+ 2)
2a+3 ta
+36xm - logxm
—6x° FZZ:Z) + (x* = 6x) FG(CZT:)’ (88)
The NIM in series form and the exact solution is
a+1l
u(x,t) =logx + 6x3m+ (x3 — 6x)
6ta+3 1 ta t2a+1
fatd) i+ D > Tzar D
f20+3 e
+36xm - logxm
e pRa+t
I'Qa+2)
62043
+(x® - 6x) raarn T (89)

The ADM, the VIM and the NIM gives the same solution
for Classical Klein-Gordon equation(when a = 2) which is
given by

5

— 3.3 3 _
u(x,t) =logx + x°t° + (x 6x)6l"(6)

t? t* t’
—— 36 36
2T3) 2T T2 TE)
2 t5

TORRETG)

—logx
3 _ LA
+(x* — 6x)6 . + (90)

Cancelling the nose terms and keeping the non-noise terms
in above equation yield the exact solution of the problem, for
the case when a = 2

u(x, t) = logx + x3t3. (2))

Example(6): Consider the following One-dimensional
linear inhomogeneous fractional Klein-Gordon equation

AT S NP 3 _ 613
@ oz T u = 6x7t+ (x7 = 6x)t7, (92)

t<0,xER1<a<?2,
subject to initial condition
u(x,0) =e*, u(x,0) =0 (93)

Problem “(92)” and “(93)” can be obtain by using ADM
[15] the recurrence relation is given by

ug(x, t) = u(x,0) + tu,(x,0) + I*(6x3
+(x3 — 6x)t3)
a 62
Uiy (x, t) = =1 ﬁuj(x, t) —u;(x,t) |,

j=0. (94)

In view of “(94)” the first few components are derived as
follows

a+1
uy(x, t) = e* +6x3m+ (x3 — 6x)
6t“+3
T(a+4)’ ©3)
2a+1 t2a+3
,t) =36 + 36
w6t = 36x ro o Y 3 e v 4
t2a+1
—6x3——+(x3-6
etz T
6t‘2“+3
rea+4)’ (96)
The solution in series form is
_ x 6 3 ta+1 3 6 6ta+3
u(x,t) = e*+6x S + (x° — 6x) r@ray
2a+1 t2a+3
+36x ——< + 36x — <
Tea+2) "> T2a + 4
t2a+1 6t2a+3
—6x3— — (x3—6x)——
T AT
+ 97)

According to VIM [15], the iteration formula for the
problem is given by

a

d
U1 (2, 8) = up(x, t) — (@ — DI [Wuk(x' t)

2

d
—Wuk(x, t) + ug(x, t) — 6x3t
—(x% — 6x)t3] (98)

By above Variation iteration formula, if we begin

with uy(x,t) =e* , we can obtain the following
approximations
t® ta+1
u(x,t) =e*+(a—1) [ex et 6x3 ) (x3 —
6ta+3
x) r(a+4)l’ (99)
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ta ta+1
t) =e*+(a—1)|e* + 6x°
(%, 6) = e +(a )[e e+ D X T@+2)
6ta+3
+ (% — 6x) ———
O e
_ 2 _x tza _ t2a+1 _ t2a+3
+(a 1) ( € ra+1) 36xl”(20£+2) 36xl”(2a+4))’(100)

Now according to NIM [16] and by using the formula,

m-1 (K
u(x,t) = hy (%) T + 1B+ I7A
k=0
=f+ N(u), (101)
where
m-1 (K
f=) hG)+ 1B
k=0
and N(w) = IfA and uy = f, Uy = N(w),
n=20,12,-
Therefore in view of “(101)” we obtain
a+1
ug(x,t) = e* +6XSF(a—+2) + (x® — 6x)
s o
2a+1 t2a+3
mlet) =36 ey T3 T a1 9
t2a+1
—6x3m— (x3 — 6x)
2a+3
vy (103)
The solution in series form is
pat 6t +3
u(x, t) = e* +6x3 ran T (x3 — 6x) ey
2a+1 t2a+3
+36xm + 36xm
t2a+1 6t2a+3
—6x3 T+~ (x3 — 6x) RTED)
4o (104)

The ADM, the VIM and the NIM gives the same solution
for Classical Klein-Gordon equation(when a = 2) which is
given by

5

r'e6)

u(x,t) = e* +x3t3 + (x3 — 6x)6

5 7 tS

t
3
F(6)+36x 6x )

+36x () —

(3 — LA
(x> — 6x)6 +

5 (105)

Cancelling the nose terms and keeping the non-noise terms
in above equation yield the exact solution of the problem, for
the case when a = 2

u(x,t) = e* + x3t3. (106)

4. Conclusion

These three types of method, i.e., ADM, VIM and the
NIM are many useful for solving partial differential
equations, ordinary differential equations and other
equations. The present paper shows great potential for
solving linear fraction partial differential equations. And
using logarithmic and exponential function as initial
condition in the given problem, the series of solution is
obtained. This work can also be expected for further solving
similar type of linear as well as nonlinear problems in
fraction calculus.
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