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Abstract: The effect of various inhomogeneity factors on propagation of Rayleigh waves in prestressed elastic granular
medium are investigated. Inhomogeneities have been assumed to vary exponentially with depth. Lame’s potential is used to
solve the problem. Some special cases have also been deduced. Dispersion curves are computed numerically and pre-
sented graphically by using MathCAD. The results indicate that on neglecting various effects of inhomogeneity, initial
stress and gravity, the calculations agrees with classical theories.
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1. Introduction

Rayleigh waves are a combination of compression and
shear waves. Their traveling speed is slightly smaller than
bulk shear waves [1]. The propagation of Rayleigh waves
in a granular media is of considerable importance in soil
mechanics, geophysics and earthquake science etc.

Lot of literature on Rayleigh waves in granular media is
available in articles written by many authors such as Datta
[2], Abd-Alla, El-Naggar and Ahmed [3, 4, 5, 10] , Shar-
ma JN and Kaur [6], Oshima [7-8], Paria [9]. Rayleigh
waves in a magneto-elastic material under the influence of
initial stress and a gravity field were discussed by Abd-Alla
et al. [11]. Willson W and Yu CP and Tang S [12, 13] inves-
tigated the problem of the propagation of magneto-thermo,
elastic plane waves. Gupta et al. [14] investigated surface
waves in non homogeneous granular material under gravity.

Recently, Xianhai Song et al. [15] studied the Applica-
tion of particle swarm optimization to interpret Rayleigh
dispersion curves. Kakar [16, 17, 18, and 19] has discussed
Rayleigh waves in non-homogeneous granular media, vis-
coelastic and in elastic media. Some problems on Love
waves propagating in piezoelectric material under the effect
of an electro-clastic field were also discussed by Britan [20],
Danoyan [21], Du et al. [22], Eskandari [23] and Du et al.

[24].

However, the combined effect of temperature and mag-
netic field on Rayleigh waves propagating in non-
homogeneous granular media has not been discussed so far;
therefore authors solved the problem of Rayleigh waves
propagating in a non- homogeneous granular medium under
various inhomogeneities and the results presented in this
paper should prove useful for researchers in material
science.

In this paper, the influence of magnetic field, gravity,
temperature, initial compression and non- homogeneity on
the propagation of Rayleigh waves in a granular half space
supporting a different granular layer is studied. The fre-
quency equation of Rayleigh waves is obtained in the form
of a 9x9 determinant. The non-homogeneities are assumed
to vary exponentially with depth. It is assumed that the,
medium is discontinuous and it is made up of numerous
large or small grains. These grains not only translate but
also rotate about its centre of gravity as shown in fig. 1.

The motion of these grains produce friction, therefore the
concept of friction has taken in the governing equations.
Also, when the gravity, temperature, magnetic field, initial
compression and non-homogeneity are neglected, the fre-
quency equation is in well agreement with the correspond-
ing classical result. The results are explained graphically by
choosing standard parameters of the medium.
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Figure 1. Schematic of the problem.

2. Formulation of the Problem

We consider Oxyz Cartesian co-ordinate system with o
being any point on the free surface, here we consider the
free surface and interface of granular layer resting on non-
homogeneous granular half space bounded by two planes of
different material given by z = 0 and z = H respectively.
Also it is assumed that oz being normal to half space and
Rayleigh wave propagation in the positive direction of x-
axis.

Here it is also assumed that at a great distance from cen-
tre of disturbance, the wave propagation is two dimensional
and is polarized in xz-plane.

Therefore the displacement components along x and z-
directions are non-zero i.e. u, and u, are non-zero while u,
is zero. Also, it is assumed that, wave is surface wave as the
disturbance is extensively confined to the boundary. (§, n, {)
gives the rotation vector of the grain about its centre of
gravity so there exists a stress tensor and stress couple
which are non-symmetric i.e. o, z o, and Mij Z Mji.

The stress tensor 0jj can be expressed in symmetric and
anti-symmetric tensors T and T

1.€.
o= T, T, (1)
where
E Y (0, +0,)
and
1 — 1 2
Uity (A )

Further symmetric strain tensor are given by relation

Iu,
ox,

1| du,
= = — +

€. . —
o2 dx,
J

3)

The anti-symmetric stresses T'jj are given by

OE an 9z
T'23: —F —, T’31 - 5, T'12 =-F—. 4
ot ot ot
T'u: T'zz = T'ss =0,
where F be the co-efficient of friction.
The stress couple Mij is given by
Mij: Mvij, (5)
where M be the elastic constant,
. K X
Vi © —,v22—0,v33— _’V23_0’V31_ 5.
Ox oz o0z
0
Vo< 5o (w2 +n),v,,= R (W2 1),
13 E Vo T 0,
where rotation vector
1
W ), ©)
1 1
W, E (ul,z - us,x)’ Wy = E (u2,x - ul,y)'

Let g be the acceleration due to gravity and p be the den-
sity of the material,
The state of initial stresses are given by

:0’;1':]'
o. . _rwherei,j=1,2,3
V=0;1i#% ]

Further, o is a function of z.
The Eq. of equilibrium of initial stresses are

0,00, pg=0 9

The problem is dealing with magnetoelasticity. Therefore
the basic equations will be electromagnetism and elasticity.
Let us consider that the medium is a perfect electric con-
ductor, we take the linearized Maxwell equations governing
the electromagnetic field, taking into account absence of
the displacement current (in system-international unit) in
the form
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OoE

— (8a)
ot

OxB= pe,

Where, E , B , M4, and &, are electric field, magnetic field

induction, permeability and permittivity of the medium.
The value of magnetic field intensity is

H(0,0,H) =Ho +H; (8b)
We have considered an elastic solid under constant pri-
mary magnetic field ﬁo acting on the y-axis, gravity g,

perturbation Fi ; and an initial stress P along the x-axis.

It is assumed that prior to the existence of any distur-
bance both the media are everywhere at the constant abso-
lute temperature Ty. T is the absolute temperature over the

initial temperature T . In a thermo viscoelastic solid, the
thermal parameters = are given by == (3\ + 2) oy, where
o be the coefficient of linear expansion of solid.

The dynamical equations of motion in the x and z dimen-
sions of granular medium under gravity are
_ + - =
Olix + O, P8Y;, P(a)-‘,y %2) * U3, P

u
Lt

O12x 023, F Tiax +Pw3,y —T%,=0,

Oi3x T 033, 1 Pg Ui« _Pa&,x — T3 = P Usgs
and
T’23 t0,-0, 7 Mll,x * M31,z =0,
1L-'31 to, -0, M12,x * Msz,z =0,
T’12 t0,-0,* M13,x * M33,z =0. ©)

3. Solution of Problem

Further the stress components are given by

o,=A+2Wu FAu,, +O,HY ==
=Cnu,  +Ciyu,, *AHy =T,

Op=Au T A+2Wuy, D, Hy =

=Ci3 u, +Csuy, +ALLH] =

0,7 H (u3,x + ul,z): C44(u3,x + ul,z)' (10)

putting Eq. (10), Eq. (5), Eq. (6) and Eq. (4) in Eq. (9) ;
we get

()\+2p+P)ulxx+pulzz+(}\+ “+P)u3xz+u1x di (A +
’ ’ ’ * Odx
g Vi
2u+P) + u,, d_ (A+P)+ (u3,x + ul’z) Z (W - pg u, —F
J oo P
E ( Z) _7 d_ (F)__ ( ul zz_u3,xz) -I-/'[e]—[()2
_ dT
(2u1,xx+u3,xz) - :E = pum s
(FE,t),z - (FZJ), x=0,
J
()\ + 2“) u3,zz + u u3 XX + ()\ + u) ul,xz + (u3,x + ul,z) E (p')

+u i()\)+u i()\+2p)+,UeH02(u

1,x dZ dZ l,xz_u3,xx)

é’T
dz

—— (u

2 —
+(u1,x * u3,z) /j‘-’HO +pg ul,x

1 ,xzﬁu3,xx)

ot
o¢

J
-F 2+ MO E+E8, — (M)=0,
7t &z R M)

(nax) - p u3,tt >

n . 9 oM
-F ZLiamo’ (n+w) += (wm+n) == =01
ot (n+w) +s (s +7) 5 U

-F £+MDZ, +{
ot c 0z

where A, [ are Lame’s constants and

aul 40Uy Ou, _

A=
Ox 0z

Now we assume the non-homogeneity of the granular
half-space and co-efficient of friction are given by

mz

A=Ae ,p=pe ,p=pe ,F=F e,

mz

M=Mje .P=P e .u=p)ec E=E¢

Where m, A o Mo Py F o M » PO, (M) EO are dimension-
less constants.
Inserting Inhomogeneities in Eq. (11), we get

J

, T Mot Hot Po)uy  +u I

(Aot 2pg+ Po) U + Hou, ,

J J
Ao+ 2hg+ Po) +u, I (AgtPo) + (u, +u, ) R (Ho) —

d on o
(r] 72— ,7 — (Fyp)

HZ
f0gy o0 52" T

Pog Y, —
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P _ JT
(2u1,xx+u3,xz) 7? ( ul,zziu3,xz) - :0 E - poul,tt ?
O(Feg,0),z = (Fog ), x =0,

()\0+ 2“0) u3,zz + UO u3,xx + ()\O +“0) ul,xz + (uz,x * ul’z) E

0 7
(Mo) + L Z (o) + us, Z Ao+ 2H0) +(U )ng

P
0 2
( ul,xz_u3,xx) - 2 ( ul,xz_u3,xx) +(u1,x + u3,z) +(/'l€ )0 HO

_0J J
TPg U, T = E + FOE (n,x) = Po Ui
o0& J
-F, E+M0DZE+E,Z —; M=o,
an 2 J oM.
~Fy = M (0 w) e (w, +n) dZO = 0,(11b)
0z 2
-F, —+M =0
Odt+ ODZ+Z é’(MO) ,
c 0z

To determine T, Fourier’s law of heat conduction

or J

e 2
pOT=C, E+T°GLE(D 9).(12)

where K be the thermal conductivity and obeys the law
as given by K = K e™?,

K
0 .
p= — and C be the specific heat of the body at
0
constant volume.
Further to investigate the surface wave propagation, we
introduce displacement potentials in terms of displacement
components are given by

u1 - (P,x - qJ,z ? u3 - (p,z + qJ,x (13)
Introducing Eq. (12), (13) into Eq. (11b), we get

o O g, +ey +mp’ e, +y)-8T=0, (14)

1A (€,-¢)+mg =0
dt JZ X St ’

(15)
B0 w-y, teg s tm(Ee, +28 §)=0,(16)
F & +M O &+ M mg, =0, (17)

SO0 y-mh, -0 )I=0 (18

*s'EﬁDZE*mZZ:O’ (19)
where
A+ 24+ B+ (M) HS
Py ’
oo AR At (H)Hy
2p0 9 po b
Fy K, Fo oo B
s=—,8=—" .,8=—"",B"B-7— (20
e o Mo PP 2:00

Eliminating n from Eq. (16) and Eq. (18) ; we get

ot oz
ex 28 WAl s 0 (@) +ms O (z0) = 0.21)

(DZ‘S'i + mij[ﬁzﬂzw—w,ﬁgcaﬂm(vz

To solve Eq. (14) to Eq. (19), we assume that
@(x, 2, )=, (z) clx-DY
Y (x.z, )=, (z) ellxDY

E(x,z,0=¢ (2) el(ix-bt) |

N (% z, 0= n, (z) elxbt) (22)
L (x,2, 0=, (2) elllx-bt)
putting Eq. (22) in Eq. (14) and Eq. (21), we get
(@’ D'~ A) g - By, =0, (23)
(AD'+B'D +C'D +dD
+E)y, +(ED +F) g =0, (24)

Where

d
D= —,A=qa’ [ b —2mp’,
dz

B=ilg—img’,
A'=p’—ibs, B'=3mp’ — imsb,
C'=b(b+ip s)—27 (B —ibs)+2m’ B,
d'=(28 'm+2p"ism—m/ B°+mb +imsbl),
E=1' (B’ —ibs)— bl (b +ip’s) +ib’s, B' = (ilg + im/ y),

F'=(-ig I —gl/bs' —im/ y —ms'y b’ + ilgm + i/ m’ y).(25)



American Journal of Modern Physics 2013, 2(1) : 7-15 11

Therefore the solutions of Eq. (23) and Eq. (24) is of the
form

Az -Az
o= 4, +B e, (20

w=E e +F e j=345 @7

where
j (G =3, 4,5) are the real roots of the following equation

D’+P D’ +P D'+P D +P D +P D+P =0,28)
Where,

3mB> —imsb
Pp=—
' [’ —ibs
a’b (b+iBs")-2ra’ (B ~ibs)
+202m2,82
- (B =ibs) (@’ 1’ =b* —2mpB*)

e & (5 =ib) |

o’ (2B1 +2f8 is'=mi* B +mb’ +imsbl’)
~ (@’ =0 =2mB") (3m —imsb)

57 o (6=ibs) |
a’E—-AC'+BE' —-Ad'
Pa” a’z(ﬁz—ibs) BT (,Bz—ibs)’
BF'- AE

P (29)

s’ (,6’2 —ibs) ’
where A', B', C', D', E', E, F, A, B are given by Eq. (25).
Further the constants A, Bj (j =3, 4, 5) are related with

constants Ej, F; resp)\ejgtive}ipzl by means of Eq. (23). Equating

the coefficients of e ", e~ (j =3, 4, 5) to zero and using

Eq. (23) and (24) ; we get
Where,

Aj: r]j Ej and Bj = r]j Fj G=3,4,5),

- ilg—ilm B’
VAN -a PAb A 2mB

(30)

(G=3,4,531

Now solving Eq. (16) and Eq. (23) for nj and Y, we get

4 3 2
(alD ta D +a D +a4D+a5)l|J1

—isb (@’ D' +a)n, =0 (32)
Now eliminating ), from Eq. (18) and Eq. (32), we get
[q1 D6+q2D5+q3D4+q4D3
+q. D +qD+qln=0, (33)
Where
q=a - ist(Z,
q,=ma +a — ist(2 m,
q=a, (isb—I)+am-+a, —isba +2isbl a’,
q=a, (is'b — 12) tam+ta, - isbma6 + isbmlzaz,
q=a, (isb—7)+am+a +2isbla +a I’ (-ish),
q= (is'b — 12) a, +ma, + isb m/’ a,
q-a, (isb-1)—isbl' a,
a= o |32,
a,= 2m o(2 Bz,
a- Bz (—0(2 2 b tom Bz) N (bz_ 7 Bz) 0(2,
a=2mp’ (~o’ I +b’+2mp’),

a,=(b ~'B)(-a’ I+b +2mp") +il (g +my) (ilg -
iImg@’),
a =b +2mp o'l (34)
The solution of Eq. (33) is of the form
n= (E eV HF e'”-fz) 5..(35)
J J

where )\j (G =3,4,5) are the real roots of Eq. (33)
and

-1
5= — [\ ~1)+b +(ilg+mily)n +2mg A1(36)
J bS J J J
where j = 3,4, 5 and n; is given by Eq. (31).
Further substituting Eq. (22) into Eq. (15), Eq. (17) and
Eq. (19), we get

(D +m) g - il 0, 37)
(D" + mD + h’) £ = 0, (38)
(D" + mD +h’) = 0, (39)
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Where
—isb- 7,
The solutions of Eq. (38) and Eq. (39) are given by
E=A "+ Aze”, (40)
_ az —Bz
(=B,e +Bze", (41

where

—-m+\m’ —4h*

>

2
2 2
p= MENmMIZANT 2 42l

2
Substituting Eq. (40), Eq. (41) into Eq. (37), we get
(A a+A mye +(-A B+

mA)e” =il (B e+B ") (42
Equating the co-efficients of €Z and e Pz to zero in Eq.
(42), we get
_ 1lB, B ilB,
A AT
a+m m— B

_Let )\0, Ho» pe_ F . M, are the characteristics of layer and
/]0 » Uy, Py, Iy, M are the characteristics of half-space,
also for the lower half-space and description of surface
wave propagation El, @, N, W, Zl goes to zero as z — o,
also the non-homogeneity constant m is replaced by con-
stant m for lower granular half-space also it is assumed
that the real parts of (j =3, 4, 5) are positive.

Thus for lower half-space

(43)

a-TF e (44)
@, = F e, (45)
7 =8 F e, (46)
g - ’7_1’_13 B,e ™™, (47)
Z (48)

Z, = 5 -5 0=3,4,5).
1 Bzeﬂ @ )

4. Boundary Conditions and Dispersion
Equation

Case-I The boundary conditions on interface z = H are

(), = @,
(i) uy = 7.
(i) &= 7,
vyn=p,
W=z,
(Vi) M,; = M,
(vii) My, = g7
(viil) My, = 7.
(ix) 0, g,
(x) 0y, g,

oT oT
—+9T_—+6T 49
(xiit) 3 3% (49)

4

Case-II The boundary conditions on free surface z = 0
are

(xii) M;; =
(xiii) M, = 0,
(xiv) M, =
(xv) 0, =0,

(xvi) oy, =0,

(xvii) g, = 0, (50)
where
M, =M,e" &z,
M,,=M, e (n- Dz P, z
M, =M, e Lz (51)
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mz mz
0-31= I'10 € (2(['),xz - llJ,zz + llJ,xx) - FO € rlyt ’

Z

m;
0;,,=Fe &,

mz _ 2
0,;=A, ¢ O @+2pu ((p,ZZ + qJ’XZ)_

From the boundary conditions (iii), (v), (vi) and (vii), we
get

2 -BH

e ——e = — e (52
a+m m-3 m-L )
B, " +B, ™= B e, (53)

MoemH [B1 O(eaH—B Be BH] =
_MO mH B _2 e—,BH’ (54)

H -BH
Moo Bae” B, Be” _
‘ at+m m-—

_ BB .

-M,e™ _'3 2 oA (55)
m=p3
From Eq. (52) to Eq. (55), we have

B=B =B, =0 (56)

ieé=(=7 = = 0. (57)

The other boundary conditions gives the following rela-
tions, conditions (xii) and (xiii) are identities due to Eq.
(57).

(xiv) gives, i.e. K| E; + K.E, + K.E. - K F, - K,
F4 — K3F5 =0,
(xv) gives, K, E; +K.E, + K. E. + K, F, + K  F,
+ K9 F3 =0,
(xvi) gives, K, E,+ K, E, +K,E, + K F, +
K14 F4 +K15 F5 =0,
while condition (xviii) and (xi) is an identity,
(1) gives, K1¢
e E;+ K e E,+ Ky e E;+K,, e F,
-AH -AsH _
+ Kye ™ F,+ Ky, ek =

> -AMH e -AH - e -AH =
Kge™ F+K,ye™ F, +K, e™ F,

(i) gives (il +ny Ay) A E;+ (il +n,N) A E,

+ (il +n,A;) 4 E,
+ (i 1y \y) A Fy+ (il —n, A

—N5Ag) oA

4) e'/‘4H F4 + (ll

(il —-n, /T3) e M F,

p—

+(it-n,2,) e ™" F, + (i1-m,A;) e F,
(lV) giVGS, 63 e/]3H E3 + 64 e/IAH E4 + 65 e/lsH E5 +
63 e_/]3HF3
+ 54 e‘/hH H +55 e—ﬂsH FVS —
Se M E +5eMF +8 ¢
(viii) gives,M "
| K ™ E,+ K, M E, + K, e E; =K ™"
-AH -AH
F,~K,e™" F,~Ke ™" F,]
_ K™ FE+
o mH 1 3
T R M AR, M
2 € 4 3 € 5
mH
(ix) gives, ¢
AH AH AsH -AH
[ K, e E +K e E,+K e E+ K, e ™",
+ Kye M F + Ky e F |-
e [1?7 o F, +E3 oM E +129 oM 175],
(x) gives, emH
MH AH
K, e"" E,+K, e E, +
K, ™! Es+ K, e F,

“AH -AH
+ K, e F,+ K e™ Fs]

mH

— an
e Kye ™ I+

E —LHF +E —ASHF (58)
14 € 4 15€ 5

where

2 2
K =A@\ +D),
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|

Ej—zz ' (5—1 _/sz +12)’

J

2 .
K= 0 [N + 20 A — A [T+ 2l A,

K= 1 [()_lo+2ﬁo) A7 _%12}+2"lﬁojf’

2 .
Koo 0 [N+ 20) A~ Ay 71 2ily A,

Kpum 7 [(A+28) A7 = A1 =211 A,

. . 2
K.~ ibFy & +2iliyn A~y A+ 1),

K

J*7

= ibFy 8, +2ilf,n, A, ~ 1, (A +1),
Ki*10= ibF, & —2i lyy A — py (A, + D),

K= i0F, 8, =201, 7, A, =1y (A7 +1%).

J

(59)

Eliminating E, E, E, F, F, F,, F,, F,, F from Eq.
(58),

We get 9 x 9 determinant, which gives wave-velocity eq-
uation,

1.e. |aij| =0,wherei,j=1,2,..... 9 (60)

Equation (60) gives the dispersion equation of Rayleigh
waves for a granular non-homogeneous medium under the
influence of gravity.

Where,

331 = KIO e—/I3H , a32 = K11 e—/14H ,

a33 = K e—/lsH, a34 = K e/IBH ,
12 13
A5 = K, eM %6~ K5 b, a5, = a5
a, =Kigsa, =K, =K,
2y, = Kig a5 = Ky, 346 =Ky,
7~ 1219’ s~ Ezo S E21’

ag =il +n A, a,=il+n, A,

ag, =il +n A, a, =il—n;A,,

a;, =il —n, N a,, =1i/—n A,

Q= = J 8= g_— 7
5T il=ny Ay 9S8 il -y, Ay

As9 = il—ﬁs/Ts’am = 05,285, =9,

=a

ag; = O, Ogy = Oy, 8¢5 = Oy, 85 = Os,

a

a

mH
a,,=-K,M;e ,a

71

73

a

mH m
=Mye K,a,=M;e

mH m!
=M,e K, a,=-K Mye

67

mH
a = —K2 M0 e ,

H

a,= ¥,a,= ¥
53’68 54’69 55’

K,.

H

5

39

= a7 mH,
K M,e

0,
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mH
a, =K, e,

(61)

mH

a,. =K . .e ;=

96 15 mH

13€
a98 = [?14 emH , a99 = Izls emH .

5. Particular Cases

Equation (60) in determinant form gives the wave veloci-
ty equation of Rayleigh wave in granular non-homogeneous
medium under the influence of gravity, clearly from Eq. (60)

b
we find that wave velocity ¢ = 7 not only depends on

gravity, temperature ,magnetic field, initial stress but also
on the non-homogeneity of material.
Case-I In the absence of granular rotations, we get

Lt Lt A_/:t’

M-0s-0 J

o sH0%%=v =345 ©
where
v= —é [B°(t" 1)+ b+ (ilg + mily) n, +2mp" ]

and tj are the roots of the equation by using Eq. (33)
2. 2 6 2 2 5 4 3 2
ap tj +(Gma B )tj +b1 tj +b2tj +b3tj +b4tj+b5:0,
where
2 2 2 2 2 2 2 2 4
b=-30 B F+2m a B +b (o +p)+2mp,
b2 =—-6m 0(2 Bz ZZ + mb2 (o(2 + BZ) + 6m2 [54 + ZmB2 bz,
b= [2F o B’ +2mp' + (@’ +p)) b +2m'B’ (-
T 2mBY (b~ B) (~a’ £ +b° +2mp) +il (g +
my’) (ilg — ilmp"),
2 2 2 2 2 2
b,=-2m/' B’ (-o’ ' +b’ +2mpB’) + (mb’ —m/’ B)
(o'l +b° +2mB") +iml (g + my) (ilg - ilmB"),
b= [~ 7 B) (-a’ '+ b +2mp’) + il (g + my) (ilg
—ilmp’).
So Eq. (60) together with relation given by Eq. (62)
forms the dispersion equation for the semi-infinite elastic,

isotropic and non-homogeneous medium overlain by a gra-
nular layer under the influence of gravity, magnetic field

and temperature.

Case-II In the absence of non-homogeneity, Eq. (60)
gives the Dispersion equation of Rayleigh waves for a gra-
nular medium under the influence of gravity, magnetic field
and temperature.

Where,

a =MK
71

0 1,372:MK

o 83T M0K3’

a74:—MK a

01 757_M0K2’

I
|
o

< 89 KQ’
a =K ,a =K

a_ =K
11° %03 122

a =K ,a_ =K o= Ko (63)

14 a9

a_= ,a = ,a = ,
7 Kyt Kyt K

and rest of ajj ’s are same as in Eq. (61).
Case-III In the absence of granular rotations and non-
homogeneity, we get

Lt Lt Lt A _
m-0M-0s5-0 / Xj’

w0 o 55 (s9)- WiG=3435 (64

where

W=
J

—é (8 (x7 -1)+b*+ilgn, |,

ilg
n;, = azsz—a212+b2

and X, are the roots of the equation
o Bz Xj6 N [(qz N Bz) b 3g? [32 12] Xj4 N [214 o Bszz 7
(o +p)
O - T o) - g1x + [ - (T -

2 ]

b))+ g]1=0

Thus the equation |aij\ =0,wherei,j=1,2, ..... 9
where aij's are given by Eq. (63) gives the Dispersion eq-
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uation for the semi-infinite, elastic and isotropic medium b71 = Morl, b72 :—MO r,
overlain by a granular layer under the influence of gravity.
Case-IV In the absence of gravity, magnetic field Hy=0,
temperature T(=0, initial stress P;=0 and non-homogeneity,
we get 7 MOFI’bm: MOFZ’bm:O’ (66)

b73:M r b74:fM r b75:b7620,

02 02

_b_2 b =r,b =-1,b =1,

a,z

2B -V —ib B s'-

A= 1P

b, = b =r =b_,b_ =b_ =r
2 89 —7.0791 6 9293 o4 7
W)= 2ibls + b\/(b —ifs') —4b’ss".
2(ﬁ2—ibs) bys =Ty by =T, b, = 76’b98: 7’
so by making n,, n, - 0, the dispersion Eq. (60) reduces bgo - 778 ’

to

b= 0 where i, j = 1,2, ... 9, (65) and

2
= N
where r=A (63 A, ) 7 /13 (0—3 _Asz +12)’
b = aH,b =—  u, 2
. ne” 2 per = _ = _ ,_  _
1 1 =X, (0, )\4+12),72 7, (54_/]42_”2),
13: ne AH 5D, _I,Ze/hHa . :2llu0)\ - o
3 v 20l @Ay
b15: 16:b17:b18:b19209 .
1, =2Up N, = = Ai7m T o
_ 4 o, 2ila, A
b, re AH b, = K 4 Hy Ay
r.= _ =
= _ — — _ 5 b2 T b2 >
o e At by 7 M Pas e Ho (212 ) ,sz 5 Ho (212 ) ,sz

6 —p et Ty T T . 2 .
r,=ibF, &~ O, 1), 7 i
b, = -AH, b MNH
3 e PR —p et =5 - (72,2)°
¢ £, 0, - [, (A3 +1 )
= A H M LD = -\ H
33 r 42 T3 e’ U3 st . 2 .
7 r7—1bF0647p0()\4+12),F7—1b
= AH,b_=b _=b _=0 _ _
36— S A T R R - 2. 12)>
s € E)dl_ﬂo(A4 +Z)
b =-A,b_=A,b_=-A, .
41 ¥ s 4 = _ = _
' r,=2ily A, mo 20l
b44 - )‘4’ b45 =il,
) ) Eq. (67) gives the Dispersion equation of Rayleigh
b, =ilb, = /T3 b= /T4 by, =1l waves for a granular medium in the absence of gravity and
non-homogeneity and is in complete agreement with that
b.=b_=b_=b_=i,b._=x_, obtained by Bhattacharaya et al. [22].
oo » o0 Case-V In the absence of gravity, granular rotations,
b5 - —)\5, b57 = b58 =1l b59 =1 magnetic field Hy=0, temperature T,=0, initial stress Py=0
5 and non-homogeneity.
b =b =&5.b =b =5 Now using Eq. (65) and (66) into Eq. (67), we get
61 62 O 63 Ce4 oW
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2
Lt Lt Lt (AL A2 _[p p_ b
m—>OM—>Os_>O(3 4)(1,1 ﬁzj

mL_fO ML_t> 0 s£t0 (SO_}):_ib

mL_{O ML_{ 0 SitO (53)-0

Lt Lt Lt O,_ _
m-0M->0s-0 b2

2
Lt Lt Lt r,_ _,|op2_ 0
m—»OM—>0S—>Or67 /«1(21 F]

Lt r_ _ 212_£
050 H B

Similar results are also holds for lower medium.

Now using Eq. (68) into Eq. (67), then after some simpli-
fication we get

6 x 6 determinantal equation

Lt Lt

d) =0 where i, j=1,2,3, .6,

where

b2
2
d, = 2]/]4 Mt d,= (21 - Fj ehs

dy= =214, e M

d = (2]2—17_2} an.d =d =0
14 132 e P s Yie
b2
2
d, = [21 _FJ e/]“H’dzzz 2[/]5 et

b2
2
R i R

d ,=d, =0,
d31 =\, d32 =—1, d33 =M\4, d34:fl,
d = /T4’d36:l’
d,=-Ldgp=-A,d,=-1d, =,

d457l’d46: /TS’
2
_ 2 _ _
dsi= 2/ —2,(152*2[)\5,
b2
_ 2 _ _
dssf 21 F’dﬂf 2”‘5’
d = —Fa o — ,dSGZZI&—,
H, ,8 Hy /s
2
_ _ 2 _
délizl)\ét’ d62 21 _2’d63 _2”\4’
b’ Hy
d, = 212 —.d. = l—/]4,
B H,

77 2
. (212 - b—zj
Hy B

Thus Eq. (69) gives the Dispersion equation of Rayleigh
waves for semi-infinite elastic and isotropic medium over-
lain by granular layer of thickness H in the absence of grav-
ity and non-homogeneity is in complete agreement with the
equation obtained by Ewing et al. [22]

6. Numerical Analysis

Numerical results have been obtained graphically to
show the effect non-homogeneities and phase velocity on
initial stress and dimensionless wave number. The parame-
ters for the material are as

C, =135 GPa, C,5=67.9 GPa,
C4=22.2 GPa, C;;=113 GPa,

p, =7.5x10" Kem”

Various graphs are plotted with the help of MathCAD.

Fig. 2 shows the effect of initial compression on the Ray-
leigh Waves, it is obvious that Rayleigh wave velocity de-
creases with an increasing of the various values of the ini-
tial stress P also with the wave number.

Fig. 3 represents the variation of phase velocity with di-
mensionless less wave number at different values of initial
stress. The three modes of Rayleigh waves have been plot-
ted at two different values of initial stress i.e. at P=1 and P
= 0.1. The value of magnetic field and temperature is fixed
at 0.4 Tesla and 293 K. It is clear from fig. 3 as the value of
initial compression increases the phase velocity decreases
sharply with dimension less wave number.

Fig. 4 is plotted to observe the effect of various non-
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homogeneities factor W 'in (%) on Rayleigh waves veloci- W represents the zero™ level of non-homogeneities.
ty with respect wave number at P= land P= 0.1. In graph
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Figure 2. Variation of Rayleigh waves velocity respect to initial stress with the various values of the wave number, H = 0.4 Tesla, g = 9.8 m/s, T = 293 K,

granular rotations =0.
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Figure 3. Variation of Rayleigh waves velocity respect wave number, H = 0.4 Tesla, T = 293 K, g = 9.8 m/s, P= 1, P= 0.1, granular rotations =0.
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Figure 4. Effect of various non-homogeneities in (%) on Rayleigh waves velocity with respect wave number keeping initial stress at P= land P= (.1.

7. Conclusions

The frequency equation contains terms involving gravity
and non-homogeneity, so the phase velocity not only de-
pends on gravity field but also on the non-homogeneity of
the material medium, magnetic field, temperature, initial
stress and granular notations. The transcendental equation
(60) in determinant form gives the wave velocity equation
of Rayleigh waves in magneto, thermo, granular non-
homogeneous medium under the influence of gravity and
initial compression. Clearly, from equation (60) we find
that wave velocity not only depends on gravity but also on
the non-homogeneity of material medium, temperature,
magnetic field, friction and initial stress. The results are in
complete agreement with the corresponding classical results
in the absence of all factors. Further in the absence of gravi-
ty, temperature, non-homogeneity, magnetic field, initial
stress, equation (65) gives the Dispersion equation of Ray-
leigh waves for a granular medium and it is same as ob-
tained by Bhattacharaya et. al [22].

Also, equation (69) gives the Dispersion equation of
Rayleigh waves for semi infinite elastic and isotropic me-
dium overlain by granular layer of thickness H in the ab-
sence of gravity, temperature, granular rotations, non-
homogeneity, magnetic field, initial compression and is
incomplete agreement with the equation as obtained by
Ewing et al [23].

The exact solution for inhomogeneous half-space sub-
jected to gravity field, temperature field and mechanical
field is obtained. All material coefficients are assumed to
have the same exponent-law dependence on the depth of

the half space. The governing equations in Cartesian coor-
dinates are recorded for future reference. The present study
reveals the influence of magnetic field, temperature, gravity
and non-homogeneity on the propagation of Rayleigh wave
type in a granular half space supporting an initially stressed
granular layer. The dispersion equation in the form of ninth
order determinant form has been derived. The real part
gives the velocity of Rayleigh waves and its imaginary part
determines the attenuation of the waves due to granular
nature of the medium.
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