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Abstract: In this paper, we investigate the time evolution of the quantum mechanical state of a polaron using the Pekar type
variational method on the electric-LO-phonon and the magnetic-LO-phonon strong coupling in a quantum dot. We obtain the
Eigen energies and the Eigen functions of the ground state and the first excited state, respectively. In a quantum dot, this
system can be viewed as a two level quantum system qubit. The superposition state polaron density oscillates in the quantum
dot with a period when the polaron is in the superposition of the ground and the first-excited states. The spontaneous
emission of phonons causes the decoherence of the qubit. We show that the density matrix of the qubit decays with the time
while the coherence term of the density matrix element
(
) decays with the time as well for different coupling
strengths, conﬁnement lengths, and dispersion coefficients. The Shannon entropy is evaluated in order to investigate the
decoherence of the system.

Keywords: Polaron, Quantum Dot, Qubit, Electric Field, Magnetic Field, Cyclotron Frequency, Shannon Entropy,
Decoherence

1. Introduction
With the exponential advancement of nanotechnology
during these last years, the study of quantum computing and
quantum information processing has generated widespread
interest. The two-level system is usually employed as the
elementary unit for storing information. Quantum
computation will be based on the laws of quantum mechanics.
Several schemes have been proposed for realizing quantum
computers in recent years [1–9]. For quantum computers to
have an edge over classical computers, they will need to
carry thousands of qubits. Consequently, these quantum
computers with large numbers of qubits will be most feasible
as solid-state systems. Quantum computation is a process of
quantization and it is necessary to maintain the superposition
of quantum states to some extent in the entire computing
process. However, quantum systems are very frail and the
interaction of a quantum memory with its environment
destroys the quantum coherence of the stored information, a

process called decoherence. This necessitates the proper
isolation of a qubit from its external environment Therefore,
quantum decoherence plays a very important role in the
formalism of quantum computing. Considerable effort has
been made in recent years to investigate quantum
decoherence and how to prolong the decoherence time [10–
14]. Coherent manipulation and storage of quantum
information are required in order to construct a working
quantum computer and rely on reducing decohering
interaction between its basic elements, the qubits, and their
environment.
After the pioneering work on the information theory by
Shannon [15], many studies have been carried out on the
question of how information storage, processing and
transmission tasks can be performed with macroscopic
decohered resources [16,17]. In this light, self-assembled
quantum dots (QDs) have attracted substantial attention due
to their perfect crystal structures. Therefore, the realization of
qubits using solid state devices has become one of the most
popular solid-state quantum information research fields.

American Journal of Modern Physics 2015; 4(3): 138-148

Many schemes have been proposed for carrying out research
on decoherence in quantum nanostructures [1, 2, 19], but an
investigation of decoherence in an asymmetrical quantum dot,
taking into consideration, electric and magnetic fields has not
yet been carried out. The spontaneous emission of phonons
causes decoherence of the qubit. We show the decay of the
density matrix of the qubit during its evolution with time and
discuss the relations between the coherence term of the
density matrix element p01 (or p10 ) and the coupling strength,
the conﬁnement length and the dispersion coefficent [10, 2022]
This article is organized as follows: in section 2, the theory
and calculations are presented Therein, we derive the Eigen
energies and Eigen functions of the ground and first excited
states of the polaron in a cylindrical QD using the Pekar
variational method and considering the potential in the
electron-LO-phonon strong coupling. We obtain the
probability density of the polaron which oscillates with a
given period when it is in a superposition of the ground and
2
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first excited states. The expressions relating the period of
oscillation and the transition frequency of the polaron to the
cyclotron frequency and the electric field density parameter
are derived. The Shannon entropy is also calculated. In
section 3, numerical results are presented and discussed. The
last section is devoted to the conclusion

2. Theory and Calculation
We consider a system in which the electrons are moving in
a polar crystal quantum dot with a three-dimensional
harmonic potential and interacting with bulk LO phonons
under the influence of an electric and a magnetic field. The
electric field F is along the ρ − direction while the
magnetic field is along the z − direction with vector
y
potential A = B − 2 , x 2 , 0 . The Hamiltonian of the
electron–phonon interaction system can be written as:
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U 0 ph is the coherent state of the phonon,


U = exp  ∑ ( aq+ f q − aq f q* ) 
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the transverse and longitudinal confinement strengths of the
potentials in the x − y − plane and the z − direction,
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denotes the creation (annihilation)
operator of the bulk LO phonon with the wave vector q ,

p = ( px , p y , pz ) and r = ( ρ , z ) are the momentum and

position vectors of the electron and ρ = ( x, y ) is the position
vector of the electron in the x − y − plane. Vq and α in (2.1)
are given as follows:
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where λ0 , µ0 , λ1 and µ1 are the variational parameters.
Equations (2.5) and (2.6) satisfy the following normalized

To evaluate the energy of our polaron, we use the Pekar
variational method. To achieve our goal, we choose the trial
function of strong –coupling that can be separated into two
parts which individually describe the electron and the phonon.
The trial function drawn from [15] is written as:

ψ = φ U 0 ph

(2.4)

*
where f q f q is a variational function. We may choose the

1

2

(2.1)

(2.3)

Where φ depends only on the electron coordinate, 0 ph
represents the phonon’s vacuum state with aq 0 ph = 0 , and

relations:

φ0 φ0 = φ1 φ1 = 1; φ0 φ1 = 0

(2.7)

Using the Pekar variational method, we have

H ' = U −1 HU

(2.8)

By minimizing the expectation value of the Hamiltonian,
that is E0 = φ0 H ' φ0 and E1 = φ1 H ' φ1 , we then obtain
the magnetopolaron ground and first excited state energy in
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the following forms:
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ℏ
are the transverse and longitudinal effective confinement lengths of the QD, respectively.
mω2

The superposition state of the electron can be expressed as:
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1
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We define the time evolution of the system as

ψ 01 ( t , ρ , z ) =

1
2



φ0 ( ρ , z ) exp  −i


The density matrix of this qubit can be expressed as [10]
p
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On the condition of low temperature, we introduce
parabolic phonon dispersion ω = ωLO − η cq 2 . Under
dipole approximation, based on the Fermi Golden Rule,
spontaneous emission rate [23] can be written in
following form [24]:
3
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where ε 0 is the vacuum dielectric constant, η is the
dispersion coefficient, and ω01 is the energy level spacing
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between 0 and 1 . The electron can transit from the ﬁrstexcited state to the ground-state because of the spontaneous
emission of phonons, that is, the spontaneous emission of
phonons causes the decoherence of the qubit and as such, the
time evolution of the density matrix of the qubit can be
written as [10]

 p00 + (1 − e −Γ t ) p11
ξ (t, ρ , z ) = 
−Γt

e 2 p10


(2.16)

(2.17)

The Shannon entropy for the state given by the wave
function ψ 01 ( t , ρ , z ) is [15]
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3. Numerical Results and Discussions
The curves which relate the probability density and the
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entropy to the cyclotron frequency and the electric field
parameter are displayed in this section.

Figure 1. Probability density when the electron is in superposition state 0 and 1 for l1 = 0.75; l2 = 0.5; t = 1.0; F = 1.0; α = 7.0;η = 0.2 , (a) ωc = 2.7 ; (b)

ωc = 5.5 ; (c) ωc = 10.5

Figure 2. Probability density when the electron is in superposition state 0 and 1 for l1 = 0.75; l2 = 0.5; t = 1.0; ωc = 5.0; α = 7.0;η = 0.2 , (a) F = 1.5 ; (b)

F = 3.5 ; (c) F = 15.5 .

Figure 3. Time evolution of entropy for l1 = 0.75; l2 = 0.5; F = 1.0; α = 7.0;η = 0.2 : (a) ωc = 1.0 ; (b) ωc = 15.0 ;(c) ωc = 50.0 and (d) ωc = 100.0 .
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Figure 4. Time evolution of entropy for l1 = 0.75; l2 = 0.5; ωc = 50.0; α = 7.0;η = 0.2 (a) F = 2.0 ; (b) F = 10.0 ; (c) F = 20.0 and (d) F = 30.0

Figure 5. The density matrix elements p01 as a function of time τ for l1 = 0.8; l2 = 0.75; α = 7.0, F = 1.5 and ωc = 2.0 .

Figure 6. The density matrix elements p01 as a function of time τ for l1 = 0.8; l2 = 0.75;η = 0.2, F = 1.5 and ωc = 2.0 .
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Figure 7. Decoherence time as a function of the confinement strength in the x − y − plane for (a) l2 = 0.45; α = 7.0, F = 250.0 and ωc = 10.0 (b)
l2 = 0.45;η = 0.2, F = 250.0 and ωc = 10.0 .

Figure 8. Decoherence time as a function of the confinement strength in the

z − direction for (a) l1 = 0.35;α = 7.0, F = 250.0 and ωc = 10.0 (b)

l1 = 0.35;η = 0.2, F = 250.0 and ωc = 10.0 .

Figure 9. Decoherence time as a function of the confinement strength in the x − y − plane for l1 = 0.25; l2 = 0.35;η = 0.2, F = 250.0 and ωc = 15.0 .
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Figure 10. (a) Decoherence time as a function of the electric field strength for l1 = 0.25; l2 = 0.35;η = 0.2, and ωc = 15.0 (b) Spontaneous emission rate as a
function of the electric field strength for l1 = 0.25; l2 = 0.35;η = 0.2, and ωc = 15.0 .

Figure 11. (a) Decoherence time as a function of the electric field strength for l1 = 0.25; l2 = 0.35; α = 7.0, and ωc = 15.0 (b) Spontaneous emission rate as a
function of the electric field strength for l1 = 0.25; l2 = 0.35; α = 7.0, and ωc = 15.0 .

Figure 12. (a) Decoherence time as a function of the electric field strength for l1 = 0.25; l2 = 0.35;η = 0.2 and α = 7.0 (b) Spontaneous emission rate as a
function of electric field strength for l1 = 0.25; l2 = 0.35;η = 0.2 and α = 7.0 .
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Figure 13. (a) Decoherence time as a function of the cyclotron frequency for l1 = 0.25; l2 = 0.35;η = 0.2; F = 105.0 (b) Spontaneous emission rate as a function
the cyclotron frequency for l1 = 0.25; l2 = 0.35;η = 0.2; F = 105.0 .

Figure 14. (a) Decoherence time as a function of the cyclotron frequency for l1 = 0.25; l2 = 0.35; α = 7.0; F = 105.0 (b) Spontaneous emission rate as a function
the cyclotron frequency for l1 = 0.25; l2 = 0.35; α = 7.0; F = 105.0 .

In figure 1, we have plotted the probability density when
the electron is in the superposition state 0 and 1 for
several different values of the cyclotron frequency (a)
ωc = 2.7 ; (b) ωc = 5.5 ; (c) ωc = 10.5 and the constant
parameters l1 = 0.75; l2 = 0.5; t = 1.0; F = 1.0; α = 7.0;η = 0.2
These figures show that the density is a decreasing function
of cyclotron frequency.
In figure 2, we have plotted the probability density when
the electron is in the superposition state 0 and 1 for
several different values of the electric field strength (a)
F = 1.5 ; (b) F = 3.5 ; (c) F = 15.5 and the constant
parameters The probability is an increasing function of the
electric field strength. The probability density of the electron
ℏ
which
oscillates with a period of oscillation τ =
( E1 − E0 )

shows a transfer of information from one state to another.
In figure 3, we have plotted the entropy as a function of
time for several different values of the cyclotron frequency
( ωc = 1.0 (fig.3a); ωc = 15.0 (fig.3b); ωc = 50.0 (fig.3c) and
ωc = 100.0 (fig.3d)) and the constant parameters

l1 = 0.75; l2 = 0.5; F = 1.0; α = 7.0;η = 0.2 .
In figure 4, we have plotted the entropy as a function of
time for several different values of the electric field strength
( F = 2.0 (fig.4a); F = 10.0 (fig.4b); F = 20.0 (fig.4c) and
F = 30.0
(fig.4d))
for
constant
l1 = 0.75; l2 = 0.5; F = 1.0; α = 7.0;η = 0.2 . These figures
show a decrease of the entropy with the increase of the
cyclotron frequency (fig.5) and the increase of entropy with
the increase of the electric field strength. The control of the
coherence of the system can be done with the modulation of
the electric and magnetic fields [18]
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In figure 5, we have plotted the density matrix elements
τ
p01
as
a
function
of
time
for
l1 = 0.8; l2 = 0.75; α = 7.0, F = 1.5 and ωc = 2.0 . It can be seen
that the matrix element is a decreasing, non-periodic function
of time. In the first pseudo period of oscillation, it is a
decreasing function of the phonon dispersion coefficient
while in the second, it is an increasing function of the same
coefficient. The process continues till the annulation of the
matrix element. From this result, to get the quantum dot with
a longer decoherence time, we have to choose a material with
a higher coefficient of phonon dispersion.
In figure 6, we have plotted the density matrix elements
τ
p01
as
a
function
of
time,
for
l1 = 0.8; l2 = 0.75;η = 0.2, F = 1.5 and ωc = 2.0 . It can be seen
that the matrix element is a decreasing, non-periodic function
of time. In the first pseudo period of oscillation, it is a
decreasing function of the electron-LO- phonon coefficient
and in the second, it is an increasing function of the same
coefficient. This is because the electron-LO-phonon coupling
constant is a decreasing function of the energy levels. When
the energy between the ground and first excited state is
increased, the decoherence time increases and when it is
equal to the energy of emission of phonons, resonance occurs.
This result is in agreement with those of Chen and Xiao JingLin [25], Yi-Fu Yu et al. [10] and Yong Sun et al. [24].
In figure 7, we have plotted the decoherence time as a
function of a confinement strength in the x − y − plane for
l2 = 0.45; α = 7.0, F = 250.0 and ωc = 10.0 (Fig. 7a) and
l2 = 0.45;η = 0.2, F = 250.0 and ωc = 10.0 (Fig. 7b). These
figures show that the decoherence time is an increasing
function of the confinement strength. The reason for this
behavior is that, the decoherence time is inversely
proportional to the energy spacing between the ground and
first excited state; this energy decreases when the
confinement strength increases and consequently, the
decoherence time increases with the increase of the
confinement strength in the x − y − plane. Fig.7a also shows
that the decoherence time is an increasing function of the
phonon dispersion coefficient η . From eq. 2.16, this
behavior is justified because the decoherence time is
proportional to this coefficient. This dispersion coefficient
characterizes the material.
Fig.7b shows that the decoherence time is a decreasing
function of the electron-phonon coupling constant. The
electron-phonon coupling constant is weaker in the first
excited state than in the ground state; from whence the
energy gap between the ground and first excited state
increases when the electron-phonon coupling constant
increases. But this energy is inversely proportional to the
decoherence time and this fact justifies the behavior of the
decoherence time vis-à-vis the electron-phonon coupling
constant. Resonance occurs when the energy gap equals the
phonon emission and this energy gap causes increase of the
spontaneous emission rate, consequently decreasing the
decoherence time.
Figure 8 is a plot of the decoherence time as a function of
the confinement strength in the z − direction for

l1 = 0.35; α = 7.0, F = 250.0 and ωc = 10.0

(Fig.

8a)

and

l1 = 0.35;η = 0.2, F = 250.0 and ωc = 10.0
(Fig.8b). The
decoherence time increases with the increase of the
confinement strength. This is because the energy spacing
between the ground and first excited state is a decreasing
function of the confinement strength. Fig. 8a also shows that
the decoherence time is an increasing function of the phonon
dispersion coefficient. The justification comes from equation
(2.16) which shows the proportionality of the decoherence
time to the phonon dispersion coefficient. Fig. 8b shows that
the decoherence time decreases with the increase of the
electron-phonon coupling constant. The energy gap increases
with the electron-phonon coupling constant and this justifies
the fact that the decoherence time decreases with the increase
of the electron-phonon coupling constant.
Figure 9 is a representation of the decoherence time as a
function of the phonon dispersion coefficient in the x − y −
plane for l1 = 0.25; l2 = 0.35;η = 0.2, F = 250.0 and ωc = 15.0 .
The figure shows that the decoherence time increases with
the increase of the phonon dispersion coefficient, whereas it
decreases with the increase of the electron-phonon coupling
constant. The explanation of this behavior is the same as that
in figs. 7 and 8. Because both the electron phonon coupling
constant and the phonon dispersion coefficient are properties
of the material, the choice of a material for the fabrication of
a quantum dot has to be done very carefully.
Fig.10a is a plot of the decoherence time as a function of
the
electric
field
strength
for
l1 = 0.25; l2 = 0.35;η = 0.2, and ωc = 15.0 . The decoherence
time increase with the increase of the electric field strength.
The electric field is considered as an external excitation
source, which justifies the fact that in the presence of an
electric field, the system quickly loses coherence. The figure
also shows that the decoherence time decreases with the
increase with the electron-phonon coupling constant. This is
because the energy gap increases with the increase of the
electron phonon coupling constant.
Fig. 10b is a plot of the phonon emission rate as a function
of
the
electric
field
strength
for
l1 = 0.25; l2 = 0.35;η = 0.2, and ωc = 15.0 . This figure shows
that the decoherence time decreases when the electric field
strength increases and increases when the electron-phonon
coupling strength decreases. The electric field causes the
spontaneous emission of electrons. These results are in
accordance with those of Fotue et al. [26] and Y. Ji-Wen et al.
[27].
Fig.11a is a plot of the decoherence time as a function of
the
electric
field
strength
for
l1 = 0.25; l2 = 0.35; α = 7.0, and ωc = 15.0 . The decoherence
time increases with the increase of the electric field strength.
The electric field is considered as an external excitation
source, which justifies the fact that in the presence of an
electric field the system quickly loses coherence.The figure
also shows that the decoherence time increases with the
increase of the phonon dispersion coefficient.
Fig. 11b is the plot of the phonon emission rate as a
function
of
electric
field
strength
for
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l1 = 0.25; l2 = 0.35; α = 7.0, and ωc = 15.0 . This figure shows
that the decoherence time decreases when the electric field
strength increases and increases when the phonon dispersion
coefficient decreases. The electric filed decay causes the
spontaneous emission of electrons and the emission rate is
highest at resonance.
Fig. 12a is a plot of the decoherence time as a function of
the
electric
field
strength
for
l1 = 0.25; l2 = 0.35;η = 0.2; α = 7.0 . The decoherence time
increases with the increase of the electric field strength. The
electric field is considered as an external excitation source,
which justifies the fact that in the presence of an electric field
the system quickly loses coherence. The figure also shows
that the decoherence time decreases with the increase of the
cyclotron frequency. The magnetic field increases the
confinement of the electron while the electric field increases
the rate of decoherence in the system[3, 19, 25].
Fig. 12b is a plot of the phonon emission rate as a function
of
the
electric
field
strength
for
l1 = 0.25; l2 = 0.35;η = 0.2; α = 7.0 . This figure shows that
the decoherence time decreases when the electric field
strength increases whereas it increases when the cyclotron
frequency increases. The electric causes the spontaneous
emission of electrons and the emission rate is highest at
resonance.
Fig. 13a is a plot of the decoherence time as a function of
the
cyclotron
frequency
for
l1 = 0.25; l2 = 0.35;η = 0.2; F = 105.0 . This plot shows that
the decoherence time decreases when the cyclotron
frequency increases whereas it increases when the electron
phonon coupling constant increases. The magnetic field
enhances electron-phonon interaction and can thus be
considered as a new confinement of the electron. As the
magnetic field increases, the electron moves away from the
center and gets closer to the surface along the axis, resulting
in the contribution of the bulk LO phonon to the reduction of
the ground state energy which is experimentally very
important for the control and modulation of the intensity of
optoelectronic devices [28-32].
Fig. 13b is a plot of the spontaneous emission rate as a
function
of
the
cyclotron
frequency
for
l1 = 0.25; l2 = 0.35;η = 0.2; F = 105.0 . This plot shows that
the spontaneous emission rate increases with the increase of
the cyclotron frequency and decreases with the increases of
the electron-phonon coupling constant. The presence of the
magnetic field increases the emission rate [26].
In figure 14a, we have plotted the decoherence time as a
function
of
the
cyclotron
frequency
for
l1 = 0.25; l2 = 0.35; α = 7.0; F = 105.0 . This figure shows that
the decoherence time decreases when the cyclotron
frequency increases, whereas it increases when the phonon
emission coefficient increases.
Fig. 14b is a numerical representation of the spontaneous
emission rate as a function of the cyclotron frequency for
l1 = 0.25; l2 = 0.35; α = 7.0; F = 105.0 . This plot shows that
the spontaneous emission rate increases as the cyclotron
frequency increases and as the phonon dispersion coefficient
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decreases [19, 25].

4. Conclusion
In this paper, we have derived the ground and first excited
state energies of the polaron in an asymmetric cylindrical
quantum dot and their relevant eigen-functions using the
Pekar variational method. The single qubit can be envisaged
as this kind of two-level quantum system in a QD. The
probability density of the electron oscillates with a given
period when the polaron is in the superposition of the ground
and the ﬁrst-excited states. The probability density of the
polaron increases with a decrease of the magnetic field
strength and increases with the electric field strength in the
superposition state. The entropy is an increasing function of
electric field and a decreasing function of the magnetic field
strength. The coherence of the system can be controlled by
tunneling the electric and magnetic fields. Because the
electron phonon coupling constant and the phonon dispersion
coefficient characterize the material, it is important to
properly choose the material to use when fabricating the
quantum dot. Our results should be meaningful for for the
design and implementation of quantum computers both
theoretically and experimentally and also for the control of
decoherence in quantum systems.
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