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Abstract: A statistical strength criterion for brittle materials under static and repeated loadings is proposed. The criterion 

relates beginning of a macrofracture in the form of origination of microcracks to the moment at which the microcrack density 

in the material becomes critical. The idea of the criterion consists in identification of the values of microdefect concentration 

under static and repeated loadings with the value of microdefect concentration which is held in the case of fracture under 

uniaxial static loading. It is assumed that the microcrack concentration defines the life of structures made of brittle materials. 

The numerical example of practical use of the criterion under consideration is presented. 
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1. Introduction 

A large body of studies reviewed in monographs [1]-[5], 

a.o. shows that fatigue failure of materials is a complex 

multiple-stage process which includes dispersed microfailure 

of structural elements. This is attributed to the fact that 

engineering materials contain randomly scattered over a 

volume microdefects, which under cyclic loading initiate 

microcracks. Later on these microdefects coalescence, that 

leads to formation of macrocracks and to the loss of the body 

integrity. The inherent random nature of fatigue failure 

requires a probabilistic analytical treatment to allow the 

prediction of a structural component’s life and demonstrate 

the ability of a structure to maintain a specified strength for a 

certain period of use after sustaining damage [6], [7]. 

The prediction methods are based on various models that 

are outlined in [8]-[15] and involve the weakest link model, 

the linear damage accumulation rule, as well as such 

representations as the stress-life, Coffin-Manson, Paris-

Erdogan ones. In the last case the fracture mechanics is used 

with a power law relationship between the crack growth rate 

and stress intensity factor. Approaches to the life assessment 

based on the use of continuum-damage mechanics and 

fracture-mechanics models are outlined in [16], [17]. The 

capability to predict the high cycle fatigue properties of 

adhesive joints is considered in [18]. 

In the present paper, a new probabilistic model of fatigue 

failure of structures made of brittle materials undergoing 

cyclic loading in the range of elastic strains is addressed. In 

accordance with the model, the beginning of macrofailure is 

related to the critical value of microcrack concentration and 

is defined by the statistical strength criterion whose nature is 

attributed to the probabilistic character of the microfailure 

process. It is assumed that the macrofailure occurs by 

forming macrocracks due to accumulation of microdefects in 

the form of flat microcracks randomly dispersed over a 

volume ([19]). 

2. Model of Microcrack Accumulation 

To describe the process of microfailure, the structural 

Daniels model of damage accumulation is involved. The 

physical meaning of the model as applied to a structurally 

inhomogeneous medium is clarified in [2]. As a criterion for 

failure of structural elements by rupture, we adopt the 
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following: 

σσ ≥′
33                                       (1) 

where 33σ ′  is the local true stress, which refers to the 

undamaged part of the body cross-section, σ  is the 

stochastic variable associated with the limiting value of the 

true tensile or compressive normal stresses for arbitrarily 

oriented structural elements. To approximate the strength 

distribution of crystallites and grains with different 

orientations in microinhomogeneous materials, a power law 

is used. In this case the integral function of microstrength 

distribution ( )F σ  is described as 
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Here wik  is the coefficient of variation: 
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usiσ ′  is the average value of the ultimate strengths of 

structural elements, iD  is the dispersion of the ultimate 

microstrength, iσ  and iα  are the parameters of the scatters 

of microstrength. 

The integral function ( )i iFε σ=  of the microstrength 

distribution designates the fraction of the unit area of the 

random body section, in which the ultimate microstrength is 

less than a certain fixed value σ . This fraction is the total 

area of the sections of structural elements, where ultimate 

strengths are less than the value of the acting normal stress 

that causes their cracking. 

The structural elements will failure when the stress 33σ ′  

reaches the limiting value of σ . Failure of individual 

elements gives rise to origin of population of random events. 

Interaction of the elements lies in the fact that after failure of 

the fraction of them stresses redistribute between nonfailed 

ones. When the true tensile normal stress 33σ ′  reaches 

limiting value, these elements fail by forming microcracks 

with the planes being normal to the direction in which the 

stress 33σ ′  acts. In the case of compressive stresses 

microcracks are oriented mainly in parallel with the direction 

of action of the stress 33σ ′  [2],[19]. Since the failed structural 

elements resist to compression as solid ones, then 33 33σ σ′ ′= . 

If the conditional local tensile stress 33σ ′  is considered as an 

independent loading parameter, then the true local stress in 

the sections of the nonfailed structural elements is defined 

approximately within the framework of the model under 

consideration by 
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Note that the true local stress 33σ ′  and the given average 

stresses klσ  are related as follows ([19]): 

lkkl 3333 αασσ =′ .                             (6) 

Here 3kα  and 3lα  are the direction cosines of the local 

coordinate system expressed through the angles ϑ  and ψ  

( 0 , 0 2ϑ π ψ π≤ ≤ ≤ ≤ ) by 

ϑαϑψαϑψα cos,sincos,sinsin 333231 =−== .   (7) 

The volume concentration of flat microcracks is 

determined by the ratio of a number of the destroyed 

structural elements 0iN  in tension or compression to their 

total number N 0( / )i ip N N=  in a representative volume. 

Using the method proposed by Kendall and Moran, 1963, 

which is common in petrography in analyzing thin sections 

of sediments, it can be shown that i ip ε= . 

To determine the concentration of the cracked structural 

elements, the distribution parameters iα  and iσ , which are 

expressed in terms of average values of the ultimate strengths 

and coefficient of variation k, are used. Since dimensions of 

the structural elements are small, these parameters can not be 

determined directly. Because of this, they should be defined 

by using experimental magnitudes of conditional 

macrostrength parameters for the sample of macrospecimens 

( 2, ,usi i wiD kσ ). Note that the coefficients of microstrength 

variation for structural elements expressed as relative values 

in terms of the conditional and true stresses are close in 

magnitudes. For this reason, the parameters iα  appearing in 

the functions of the macrostrength distribution for the 

material of specimens and structural elements coincide and 

are defined by the first formula from (3). In this case only the 

parameter 1σ  should be determined. 

In compression ( 0, 1,2,3ii iσ < = ), these parameters, due 

to coincidence of the conditional and true stresses, are 

determined by (3). In tension ( 0, 1,2,3ii iσ > = ), only the 

parameter 1σ  should be determined by using the following 

procedure. According to (5), the average limiting value of the 

independent loading parameter (conditional stress) 33usσ ′  is 

determined in terms of the true stresses by 

[ ])(1 max331max3333 σσσ ′−′=′ Fus ,                (8) 

where 33maxσ ′  is the maximum value of the stress 33σ ′  in the 

structural element, which is reached when specimens fail. 

Considering (2), (8), and the condition 
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Note that the value 33 1us usσ σ′ =  appearing in (10) and 

(11), is the average magnitude of the ultimate strength of the 

material, 1σ  are the maximum values of the strength of 

individual structural elements that is realized in failed 

specimens. 

In what follows, we will consider a statistical strength 

criterion. 

3. Statistical Strength Criterion 

Let the stresses ijσ ( , 1,2.3)i j =  be given in a laboratory 

coordinate system pertaining to the representative volume of 

the body. Then the microcrack concentration in the random 

section of a solid will be determined as follows: 
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where the local stress 33σ ′  in tension ( 0ijσ > ) and 

compression ( 0ijσ < ) is defined by 
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Here 33σ ′  is the conditional local stress (normal to the 

plane of a random section), which is determined in terms of 

the stresses given in the laboratory coordinate system by 

formulas (6) and (7). 

Then the statistical strength criterion becomes: 

icrmiF εσ ≤′ )( 33  )2,1( =i ,                       (14) 

where 33( )i m imF σ ε′ =  is the crack concentration in the 

section with the local normal true stress being maximum. If 

the conditional tensile stresses reach value 33mσ ′ , the 

concentration will be determined by 
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The critical values of the microcrack concentration icrε , 

which appear in (14), under tension or compression are 

determined as follows: 
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Here ( 1,2)icr iσ =  are the average values of the ultimate 

strengths in tension and compression, respectively. 

It should be noted that the rate of accumulation of 

microcracks in a material depends on how loading is realized 

(frequency, rate, etc.). Assume that before deforming the 

material had initial microdamages of density 0iε . The 

distribution function ( )iF σ  appearing in (2) defines the 

relative fraction of remaining nonfailed structural elements 

with area 0(1 )iε−  whose ultimate strength is either equal or 

less than some value of σ . For this reason, since in the 

nonfailed fraction of the section 33σ σ′ > , the function 

33( )iF σ ′  will evaluate the relative content of destroyed 

microelements in the remaining part of the nonfailed section 

0(1 )iε− . In this case, the microcrack concentration in the 

random section of the solid will be determined, with the 

stress increasing under monotonic (static) loading to 33σ ′ , by 
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Then relations (15) become 
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Note that similar approach to determination of microcrack 

concentration was employed in [20]. Below we will consider 

how the above criterion can be used under cyclic loading. 
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4. Modeling the Fatigue Failure 

The possibility for the above criterion to be used in the 

case of cyclic loading is based on the experimentally 

established relationship of the mechanisms of fatigue failure 

and microcrack accumulation in a material under repeated 

loading. However, it is necessary to keep in mind that in this 

case the mechanisms of microfailure in tension and 

compression are dissimilar. 

Assume that a specimen made of a defect-free material 

( 1(0) 0ε = ) undergoes uniaxial repeated tension with a stress

330σ . Then, in accordance with (16) after the first cycle 

( ( ) ( )1n = ) of loading, damages origin with concentration 
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As a result of n  - fold tension, the density of damaged 

elements in the specimen cross-section increases and is 

determined by 
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where ( )1 1n
ε −  is the concentration of microcracks, which 

have appeared after the ( )1n − -fold tension. The fatigue 

failure of the specimen will occur at the N -th cycle of 

loading when the microcrack concentration reaches critical 

value 1( ) 1N crε ε=  defined by 
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The service life, which is characterized by a number of 

cycles N  to failure, can be determined either by using 

equation (19) or relation (20). The last variant is preferable 

since it does not require solving equation (19) of arbitrary 

power. At the same time, the necessity in successive 

calculations of intermediate values of the microcrack 

concentration arises. This is attributed to the fact that 

damaging action of successive cycles becomes stronger as 

microcracks are accumulated with increase in a number of 

loading cycles. 

The approximate approach to defining the service life N  

is related to determination, considering (19), of several ( )k  

values of increments of the microcrack concentration i iε∆  

for separate cycles of tension with successive determination 

of their average value. In this case the value of N is defined 

by 
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where 1
1( )

cr
i i

k

εε =  are the values of the microcrack 

concentration arranged in increasing order on the interval 

[ 1(1) 1, crε ε ]. 

The approach being considered makes it possible also to 

establish the residual ultimate strength of the material 33usσ , 

which has underwent n cycles of loading, as well as the 

conditional endurance limit 1σ  at the given number of cycles 

0N . 

The associated expressions for the searched values are: 
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where 1( )nε  is the concentration of microcracks accumulated 

after the n -fold loading. 

5. Numerical Example 

Let us determine, as an example, the life of a rod which 

undergoes action of the periodically varying with time t 

stress 1.σ −  The rod is made of the 45 carbon steel (the 

content of C=0.45%) whose average value of the ultimate 

strength 1usσ  and coefficient of variation 1wk  are ([3]): 

1 1674 , 0.07us wMPa kσ = = .                   (23) 

The one end of the rod is clamped while other is free. 

Considering (3) and (11), we get: 

1 885 ,MPaσ =  32,131 =α .                   (24) 

Then, with (17), the critical value of the microcrack 

concentration 1 0.05crε = is determined. Using (21), for 5k =  

and 1 280σ− = MPa, it follows 415 10N = ⋅ . 

The corresponding experimental value of N  under certain 

conditions is equal to 417 10⋅  [3]. As can be seen, the 

theoretical value is in satisfactory agreement with 

experimental one. 

6. Conclusions 

A statistical strength criterion for brittle materials 

describing occurrence of critical state (fracture) under static 

and repeated loadings has been proposed. The criterion is 
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formulated in the terms of a damage measure of brittle 

materials. As such one, the concentration of microdefects in 

the form of flat mode I microcracks stochastically dispersed 

over a volume was chosen. The criterion stated in 

combination with a structural model of accumulation of 

microdefects makes it possible to develop a technique for 

theoretical prediction of service life of structures made of 

these materials under repeated loading with allowance for 

peculiarities of their fracture. 
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