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Abstract: The ellipsometrical analysis of the external specular reflection of light on nonabsorbing superficial films allows us
to know factors which influence the ellipsometric measurement of the analyzed system. For optical nonabsorbing superficial
films the curves ∆=f(df) and Ψ=f(df) are periodical, while the curves ∆=f(Ψ) are closed. The paper presents observations on the
dependence of the ellipsometric parameters ∆ and Ψ on df. The analysis of the periodicity of these curves allows us to correctly
determine the film thickness for thicknesses greater than dmin. The value of dmin depends on the refractive index nf of the
surface film, the incidence angle φ0 and the wavelength λ of the incident radiation. The dependence of dmin on nf, φ0 and λ is
analyzed. From the curve shape we can draw conclusions with respect to the domain of small errors, allowing us to correctly
determine the thickness and refraction index of superficial films.
Keywords: Ellipsometry, Superficial Film, External Specular Reflection

1. Introduction
In the case of reflection of monochromatic light radiation
on the surface of a homogeneous and isotropic, optically
non-absorbent surface film deposited on a solid support
reflector, there is a change of the polarization state of light.
Figure 1 is the schematic model of the external reflection of
monochromatic radiation on an optically absorbent surface
film.

The modification of the polarization state of the reflected
radiation can be ellipsometrically measured [1]. ∆ and Ψ are
the parameters that can be measured. The ∆ parameter
expresses the phase angle between the light components,
parallel to the plane of incidence and perpendicular to the
plane of incidence, after reflection. Here, tanΨ is the relative
attenuation of two components, after reflection.
The complex parameter ~ρ can be calculated depending on
the parameters ∆ and Ψ by the relation:
~ = tan Ψ ⋅ exp (i ∆ ) = tan Ψ cos ∆ + i tan Ψ sin ∆ =
ρ
~
Rp
~
~
= Re ρ + i Im ρ = ~
Rs

(1)

by taking into account the reflections and therefore the
attenuation and phase shift on all interfaces.
~
~
The complex parameters Rp and Rs are expressed in terms
of complex Fresnel reflection coefficients corresponding to
reflections on the two interfaces Σ12 and Σ23:
~r 12 , ~r 23 , ~r 12 , ~r 23
p
p
s
s [2]:
~
Rp =

~r 12 +
p
1 + ~r 12
p

Figure 1. The external reflection of a monochromatic plane polarized
radiation on the substrate-film surface.

where:

~
~r 23 exp D
p
~
23
~
⋅ r exp D
p

and

~
Rs =

~r 12 +
s
1 + ~rs 12

~
~r 23 exp D
s
~
23
~
⋅ r exp D
s

(2)
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(3)

~

The expression: exp D is a regular function that depends
on the thickness and refractive index of the film surface.
Also, that expression depends on incidence angle and
wavelength of the incidence radiation.

2. The Dependence of the Ellipsometrical
Parameters ∆ and Ψ on Superficial
Film Thickness
In the case of external reflection, nf>n0. The complex
~ ~
parameters: Rp, Rsand ~ρ should be repeated after a particular
value of the film thickness df, for which D~ is a multiple of
2πi.
The ellipsometrical readings ∆ and Ψ, calculated from
relations:
∆ = arctg

Im ~
ρ
~
~ , Ψ = arctgρ
Re ρ

(4)

are also periodical functions of the superficial film thickness,
having the same period. For this reason, the curves ∆ = f(Ψ),
shown in Figure 2, are closed loops [3].

Figure 2. The curves ∆ = f(Ψ) for superficial films with nf=1.2÷2.5,
deposited on a metallic substrate. ns=2.67(1-1.18i); ϕ0=600; λ=562.5 nm.
∆0 and Ψ0 are the ellipsometric measured parameters for the substrate free
of film.

Figure 3 shows the variation of the ellipsometrical
readings ∆ and Ψ according to the superficial film thickness.
The minimum of film thickness for which the exponential
~
function expD is repeated is dmin.
df = m

λ
2 n f2 − n 02 sin

2

ϕ0

= m ⋅ d min

; m= 1, 2, 3,…

(5)

Figure 3. The curves ∆ = f(df) and Ψ = f(df) for superficial films, deposited on a metallic substrate. ns=2.67(1-1.18i); ϕ0=600; λ=562.5 nm.

The film thickness df is real because nf>n0. The minimum
film thickness for which values of ∆ and Ψ is repeated is dmin.
You can determine the exact thickness of an optical nonabsorbent film, by ellipsometrical measurements, only if it is
thinner than dmin. For thicker films, the thickness shall be
expressed by the relationship:

d f = d 0 + m ⋅ d min

(6)

where d0 is the thickness, determined by ellipsometrical
measurement, and m is an integer. For example, for
∆=186.370 and Ψ=51.3170, the film thickness with nf=1.4
can be 120nm or df = (120 + m·256.4) nm; m = 1, 2, 3,... as
shown in Figure 3a.

For films with thicknesses greater than dmin, further
measurements are needed to determine the thickness, due to
the periodicity of the functions ∆=f(df) and Ψ=f(df).
Usually, interferometer measurements are used to
determine the order of magnitude of df, with a precision of
0.1 µm [4,5,6]. Typically, the thickness dmin value is on the
order of 0.3÷0.5 µm. It is then necessary to determine the
exact thickness, by an ellipsometrical measurement, with
an accuracy of 0.1 nm.
The value of dmin depends on the refractive index nf of the
surface film as well as on the measuring conditions: the
incidence angle φ0 and the wavelength λ of the incident
radiation, according to the relation (5).
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2.1. The Dependence of dmin on the Refractive Index nf
Table 1. The values of minimum thickness dmin of the surface film (expressed
in nm) for which the ellipsometrical parameters ∆ and Ψ is repeated.
λ
nm

φ0
deg
50
60
70
75
80

562.5

nf
1.4
240.0
255.7
271.0
277.5
282.6

1.6
200.2
209.1
217.2
220.5
223.0

1.8
172.7
178.2
183.2
185.2
186.7

Figure 4. The curves Ψ = f(df) and

2.0
152.2
156.0
159.3
160.6
161.6

~
ρ

2.12
142.3
145.3
148.0
149.0
149.8

2.2
136.4
139.1
141.4
142.3
143.0

When increasing the refractive index nf of the superficial
film the value of dmin decreases, as shown in Figure 3b and in
Table 1.
The curves Ψ = f (df) reach a peak (Ψ = 900) for a
particular value of the refractive index of the film and for a
particular value of its thickness, as shown in Figure 4.

= f(df) for superficial films, deposited on a metallic substrate. ns=2.67(1-1.18i); ϕ0=600; λ=562.5 nm.

Then,

or
~
~r 12 + ~r 23 expD
p
p
~
~
R p 1 + ~rp12 ⋅ ~rp23 expD
ρ= ~
ρ = ~ = ~12 ~23
~ →∞
Rs
rs + rs expD
~
1 + ~rs12 ⋅ ~rs 23 expD

~
~r 12 + ~r 23 ⋅ exp D
→ 0
s
s

(7)

(9)

The maximum of the curve Ψ=f(df) = 900 is obtained for
nΨmax = 2.12 and dΨmax=55.4nm.
~

Figure 5 presents the slopes of R s and its first derivative
depending on the superficial film thickness.

or
~
Rs = Rs =

~
~r 12 + ~r 23 exp D
s
s
~ → 0,
12 ~ 23
~
1 + r ⋅ r exp D
s

Figure 5. The curves

Rs

= f(df) and

~

(8)

s

( )

∂ ~
R s = f(df) for superficial films, on a metallic substrate. ns=2.67(1-1.18i); ϕ0=600; λ=562.5 nm.
∂d f

~

At the point where Ψ=900, R s =0. The curve R s = f (df)
suddenly changes its concavity and the first derivative of the

~

modulus of complex parameter R s

is indefinite. The

ellipsometric parameter ∆ is also indefinite, as shown in
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Figure 3b.

( )

( )

~
~
~
The curves R s =f(df), Real R s =f(df) and Imag R s are

~

Figure 6. The curves R s =f(df) , Real
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presented in Figure 6.

(R~ ) =f(d ) and Imag (R~ ) for superficial films, deposited on a metallic substrate. n = 2.12; n =2.67(1-1.18i);
s

f

s

f

s

ϕ0=600; λ=562.5 nm.

Information regarding the errors in the determination of
the thickness and refractive index of a surface film is
obtained by deriving the ellipsometric parameters ∆ or Ψ
according to them.

The first derivative of ∆ and Ψ depending on the
superficial film thickness D1∆ and D1Ψ are plotted in Figure
7.

Figure 7. The first derivative of ∆ and Ψ, depending on the superficial film thickness, deposited on a metallic substrate. ns=2.67(1-1.18i); ϕ0=600; λ=562.5
nm.

One can notice that D1Ψ = 0 when the variation of ∆ is
maximum and D1∆ = 0 when the variation of Ψ is maximum.
Minimum errors in determining the refractive index nf and
the thickness df of superficial film are obtained when both
ellipsometric parameters ∆ and Ψ shows large variations
while the thickness or refractive index of the film is changing

(the shaded area 1, in Figure 2a).
For superficial films with thicknesses close to dmin value,
or multiple of this, the error in the determination of nf is very
high (the shaded area 2 of Figure 2a).
2.2. The Dependence of dmin on the Incidence Angle

Figure 8. The curves ∆ = f(df) and Ψ = f(df) for superficial films, deposited on a metallic substrate, for different incidence angles. ns=2.67(1-1.18i); λ=562.5
nm.

The minimum thickness dmin after which Ψ and ∆ are

repeated, increases when the angle of incidence φ0 of the
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incident radiation increases, as shown in Figure 8, according
to the relation (4).
An analysis of the dependence of the reflection
~
~
coefficients Rp and Rs on the incidence angle was performed
by R.MA Azzam et al [7,8,9].

2.3. The Dependence of dmin on the Wavelength
Thickness dmin increases when there are increases of
wavelength λ, as shown in Figure 9, according to the relation
(4).

Figure 9. The curves ∆ = f(df) and Ψ = f(df) for superficial films, deposited on a metallic substrate, at different wavelengts. ns=2.67(1-1.18i); ϕ0=600;
a)nf=1.6; b) (Ψ=Ψmax=900 for the same nΨmax = 2.12 irrespective of wavelength λ).

The analysis of these curves provides the following
observations:
The curves ∆ = f (df) and Ψ = f (df) have the same
amplitude for a given value of the refractive index of
the surface film.
The film thickness dΨmax, for which Ψ=900, depends on
the wavelength of the incident radiation. It increases
when λ increases. The ratio dΨmax/λ is constant. dΨmax =
k·λ.
The value of the refractive index nΨmax of the
superficial film for which Ψ=Ψmax=900 does not
depend on λ.
~
~
When ρ →∞ or R s → 0 the value of Ψmax=900 is
obtained. It does not depend on the wavelength λ. The
~

curves R s =f(df) for superficial films with refractive
index nΨmax, at different wavelengths are presented in
figure 10.

~
Figure 10. The curves R s =f(df) for superficial films, on a metallic
substrate, at different wavelengths; nΨmax = 2.12; ns=2.67(1-1.18i); ϕ=600.

For n f = 1 + n 02 sin 2 ϕ0 ; dmin=λ/2
(10)
For non-absorbing superficial films with nf=1.3÷1.6,

always dmin.<λ.
All computations were performed based on the Fortran
program developed by McCrackin, amended as necessary
[10]. The graphs were performed with the Matlab software.

3. Conclusions
Ellipsometrical analysis of external specular reflection of
light on nonabsorbing superficial films allows us to know the
factors that influence the ellipsometric measurement of the
analyzed system. The right choice of the angle of incidence φ0
and wavelength λ depending on the refraction index of the
superficial film, ellipsometrically measured, allows to be
obtained minimal errors in the determination of its thickness
and refraction index.
For optical nonabsorbing superficial films the curves ∆=f(df)
and Ψ=f(df) are periodical, while the curves ∆=f(Ψ) are closed.
The analysis of the periodicity of these curves allows us to
correctly determine the film thickness for thicknesses greater
than dmin. Knowing the minimal value of the film thickness
from which the values of ∆ and Ψ are repeated eliminates
possible errors in the determination of the superficial film
thickness.
The value of dmin depends on the refractive index nf of the
surface film, the incidence angle φ0 and the wavelength λ of
the incident radiation.
The particular situation under analysis corresponds to a
~ →∞, or
value of the ellipsometric parameter Ψ=900. Then ρ
~
R s → 0 . Useful applications of this interesting property are

yet to be considered.
From the curve shape we can draw conclusions with
respect to the domain of small errors, allowing us to
correctly determine the thickness and refraction index of
superficial films.

American Journal of Optics and Photonics 2015; 3(4): 48-53

Applications of these results are possible in the
measurement and control of film thickness.
The results obtained testify that the materials with the
refractive index close to 1.8÷2 can be considered for
photonic crystal application area.
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