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Abstract: The Effective Medium Theory Model (EMTM) used in this work is based on the assumption that every phase of 

the matrix is embedded in a homogeneous medium with conductivity keff to be determined self-consistently. It is based on 

dilute spherical inclusions of one phase embedded in a matrix of a second phase. Several Samples of composite ceramics that 

are mechanically strong, relatively non-porous and anisotropic have been investigated. A comparison between the measured 

data and the results predicted by EMTM were made to validate the model for these ceramic samples. In particular, we 

investigate the effect of mineralogy (constituents) in ceramics and their spatial distribution profile to validate the homogeneity 

conditions of the model. Preliminary indicators of validation were used to check the bulk and surface homogeneities. This can 

be done either by roughly estimating Wiener bounds or by examining microscopically the surfaces of the samples. It turns out 

that the EMTM is a suitable one to estimate keff provided that the homogeneity conditions are satisfied. 
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1. Introduction 

Composite ceramics differ from traditional materials, it is 

the combination of two or more materials in which composite 

parts comprise at least two distinctly different components 

mixed and bonded on macro and microscopic scales. These 

materials are promising materials, which should exhibit an 

improve on several aspects of the physical properties such as 

mechanical, thermal, electrical etc. Their properties will 

depend on the morphology (Phase distribution), the 

microstructure features and the required design to satisfy the 

dynamic expected behavior of the desired application [1, 2].  

There are numerous applications to use composite 

materials to enhance the thermal performance. For example, 

Al2O3 and Aluminum Nitride Ceramic Substrates (AIN) are 

used as substrates for integrated circuits in the field of 

electrical engineering for electrical insulation, and heat 

conductivity in electronics. Another example, among various 

refractory materials, SiC/SiC ceramic matrix composites 

(CMC) are of prime interest for fusion and advanced fission 

energy applications, due to their excellent irradiation 

tolerance and safety features (low activation, low tritium 

permeability,…). These examples are some of the concrete 

evidences that thermally related applications either in fission 

energy or heat conductivity in electronics [3].  

In order to use models to calculate the effective thermal 

conductivity of composite solid materials, it requires the 

previous knowledge of several parameters that are crucial to 

the calculation process. These parameters are including but 

not limited to the thermal conductivity of each component, 

the volume concentrations of the component, the component 

morphology (distribution), the shape of inclusions of the 

different components in the solid matrix, and the fractional 

porosity if the medium is porous [4, 5]. 

Thus, in general, the theoretical models to calculate the 

thermal conductivity of composites will depend on the 

following three factors: (i) intrinsic microstructure features 

(mineralogy) of all phases. (ii) the spatial distribution of each 

phase and (iii) the dynamic behavior of the desired 

application [6]. 

1.1. Microstructure Features 

The selection of various composite materials that are 
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suitable for diverse applications [7, 8] can be achieved due 

to the distinctive character of the detailed microstructure 

features of the composites. It is possible to fine-tune the 

material microstructure with small modifications of sizing 

of the strengthening items (reinforcement) such as 

particles, flakes, fiber volume, and resin additives and so 

on, to develop the desired material and property. For 

example, composites can make up the bipolar plates, end 

plates as in the case of system components of proton 

exchange membrane (PEM) fuel-cell systems. Chopped 

carbon fiber and graphite particle-filled/vinyl ester bulk 

molding compounds (BMCs) are finding wide use in bi-

polar plates for low-temperature PEM fuel cells. Another 

example, wing leading edges in missile technology 

requires low fiber volume in these thin structures to 

reduce edge's erosion 

Furthermore, micro-material testing systems offer position 

measurement resolution of better than 20 nm which 

encourages the selection of composites over traditional 

materials such as metal alloys or plastics. This will lead to 

optimization in the desired properties regarding size, cost, 

weight, surface condition, thermal/electrical conduction and 

mechanical strength. A relevant example to this work is 

SiC/SiC ceramic matrix composites (CMC) that have 

Effective thermal conductivity (κeff) value of ~320 W/m-°C at 

room temperature higher than the thermal conductivity of 

some precious expensive metals [8]. 

1.2. The Spatial Distribution of Phases 

To illustrate this factor, if we consider a block of solid 

composite consisting of layered slabs of different 

components (phases) will give a maximum effective 

conductivity in the parallel direction (Parallel distribution of 

phases) and a minimum effective conductivity in the 

perpendicular direction (Serial distribution of phases). These 

two extreme results (bounds) were first introduced by Wiener 

[9]. According to the definitions of Wiener bounds, a dry 

composite sample consisting of a mixed orientation of 

components layers (parallel and serial distributions of 

phases), is expected to have an effective conductivity value 

within these two bounds. More details are given elsewhere 

[10]. 

1.3. Dynamic Behavior 

There is a class of composites which are characterized by 

dynamic behavior and have peculiar compositional and 

microstructural variation in space. A good example of this 

type is known as Functionally Graded Materials [6, 11-13]. 

FGMs are really complex systems: they are multi-phase 

materials, with functionally graded fibrous composites. 

Their dynamic effective thermal behavior and the volume 

fraction of the materials changes gradually. They are 

innovative composite materials whose composition and 

microstructure vary in space following a predetermined law. 

The gradual change in composition and microstructure 

gives place to a gradient of properties and performances 

[11]. It is the non-homogeneous microstructures in these 

materials that produce continuous graded macroscopic 

properties, such as the thermal conductivity, specific heat, 

mass density and elastic modulus. FGM’s have been 

developed as the super-resistant materials for propulsion 

systems and airframe of the space planes in order to 

decrease thermal stresses and to increase the effect of 

protection from heat [14-15]. FGM’s can reduce the thermal 

stress in such structures working in high temperature 

environment. All the effective thermal properties of FGMs 

can provide great help in predicting the overall behavior 

under various loading conditions [14]. The least to say is 

that the theoretical and experimental investigation of the 

effective thermal properties of all composites including 

FGMs and the role of interfaces in composite materials are 

areas which have received great interest in recent years. For 

example, a recent review article by Cahill et al. [16] 

discusses the effect of interfaces in composite materials that 

involve nanoparticle suspensions. In this way, the 

interfacial thermal transport may involve a complicated 

process in which the phonons carrying most of the heat 

across the interface are not necessary the phonons carrying 

the heat in the bulk or along the fiber, which in turn makes 

phonon-phonon coupling within each material forming the 

interface an important factor. This will require more 

advances in experimental techniques to provide improved 

control and characterization of interface structure.  

In this work, a comparison between the measured data and 

the results from predictions of theoretical models has been 

made for several composite ceramic solid samples excluding 

nanoparticle suspensions. 

2. Background Features of the 

Theoretical Models 

Theoretical investigations to estimate the effective thermal 

conductivity of composites have been active since 1892 when 

Maxwell proposed his Model [17]. The mathematical 

expression for this model was based on the simplest form of 

two-phase dispersion containing spherical particles of the 

first phase (material) imbedded into a continuous medium of 

a second phase (material), neglecting the interactions 

between the particles. The model validity was limited to very 

low concentrations of the first phase i.e. for very dilute 

volume fraction. Later Rayleigh [18] proposed a second 

model including the effect of interactions when the 

concentrations of the spherical particles are large and the 

effect cannot be neglected. Rayleigh’s model was based on 

considering the spherical particles as inclusions that form a 

cubical array, and included the interaction effect between a 

numbers of nearby spheres. 

Other proposed works for non-spherical inclusions 

developed by other researchers [19-23]. Extension of these 

previous works was also carried out by McPhedran et al. 

[24] and Sangani et al. [25]. In the course of models 

developments, Hashin, 1968 [26] proposed a general self-
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consistent treatment. The treatment provides a physically 

realistic model of particle-to-particle interaction for two-

phase system covering the full range of the volume 

fraction. The self-consistent field concept is extended to 

include the contact resistance in the composite reinforced 

with coated spheres. [27]. Felske et al. [28] employed 

effective medium theories to predict the effective thermal 

conductivity of coated short-fiber composites. Later, 

Samantray and co-workers [29] proposed the correlations 

between the inclusions to estimate the effective thermal 

conductivity of two-phase materials. Fang et al., [13] 

applied the thermal wave method to investigate the 

unsteady effective thermal conductivity of particular 

composites with a functionally graded interface. A recent 

statistical approach has been used to estimate the effective 

thermal conductivity of the ensemble. This approach is 

associated with the variation principle that minimizes the 

standard deviation with optimal distribution of the 

parameter [30]. 

In general, theoretical models that are used to calculate 

the effective thermal conductivity of a composite material 

impose certain conditions and constrains that are suitable for 

each particular model. These conditions and constrains are 

directly related to the assumptions to enhance the reliability 

of the model and suite the expectations for the desired 

applications.  

In this work, a comparison between the measured data and 

the results from predictions of theoretical models has been 

done for seven composite ceramic samples. The tested 

models include those of the effective medium theory, and 

Wiener bounds [9].  

Within these models there are two ways to estimate κeff, 

either by using exact mathematical formulas to evaluate the 

bounds (range) within which the conductivity must lie, or by 

using models based on approximate mathematical 

expressions.  

Our selected effective medium theory model (EMTM) [31] 

depends on the existence of a statistically homogeneous 

medium surrounded by inclusions of different phases 

(homogeneity condition).  

The procedure to validate the homogeneity conditions 

of the EMTM is done through preliminary indicators to 

check the bulk and surface homogeneities. This can be 

done either by roughly estimating Wiener bounds and/or 

by examining microscopically the surfaces of the samples 

through simple and preliminary microstructure surface 

measurements. The microscopic examination can be done 

by looking at the microscopic structure using other means 

such as point-counting method using transparent thin 

slices or the STM. 

It should be mentioned that bounds can also be constructed 

in hierarchies which become narrower as the amount of 

structural information included grows. However, the higher 

order of these bounds is extremely difficult to calculate since 

it involves n-point correlation functions [32]. 

 

3. Results and Discussion 

All selected seven samples are multiphase heterogeneous, 

mechanically strong, relatively non-porous with known 

volume fractions and conductivities of phases but with 

unknown anisotropy. The expected effective thermal 

conduction in these samples depends on its mineralogy 

(microstructure details) and the phase distribution of its 

constituents.  

The chosen mathematical model to estimate keff of the 

ceramic samples is based on the Effective Medium Theory 

(EMT). There are different formulations of EMT such as the 

Average Field Approximations (AFA), the Iterated Dilute 

Limit Approximation (lDLA), and the Coherent Potential 

Approximation (CPA) [32-38]. However, all are based on the 

assumption that every phase of the matrix is embedded in a 

homogeneous medium with conductivity keff to be determined 

self-consistently. If it is assumed that the phases with ki’s are 

distributed in such a way that the material can be considered 

isotropic and homogeneous, and then according to EMTM, 

the effective conductivity (keff) is determined self-consistently 

by the formula: 
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 component 

(phase). 

This formula has been derived from the solution to the 

problem of dilute spherical inclusions of one phase 

embedded in a matrix of a second phase [31]. However, the 

formula as illustrated by Eq. (1), designates a symmetric 

representation to all phases without singling out a certain 

phase as dilute. The solution of this equation will have a 

physical meaning under certain imposed conditions such as 

satisfying 1=∑
i

iP  and considering (keff) as a continuance 

function of the volume fraction P. 

A comparison between the measured data and the results 

predicted by this model has been made for the ceramic 

samples. In particular, we investigate the effect of mineralogy 

(constituents) in ceramics and their spatial distribution profile 

to validate the homogeneity conditions of the EMTM. 

Preliminary indicators of validation have been used to check 

the bulk and surface homogeneities. This can be done either 

by roughly estimating Wiener bounds or by examining 

microscopically the surfaces of the samples.  

It turns out that the EMTM is the most suitable 

mathematical model to estimate keff, provided that the 

homogeneity condition is satisfied and as required by the 

main assumption of the model. 

The results of the selected seven heterogeneous samples of 

ceramics marbles and glasses are given in Table 1 and plotted 

in Fig. 1. The figure illustrates the % deviations from the 

experimental measure values, represented in the figure by the 

first innermost row that includes the highest columns. 
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Figure 1. Comparison between the measured thermal conductivity (kmes) and the calculated theoretical (keff). The calculated values and measured data along 

with the relative error percentage (% error) are represented in arbitrary units by blue, red and green columns, respectively. 

Table 1. The estimated k’s[W/m C] calculated using Wiener & EMTT 

models. 

Sample Wiener K eff  K mes % err 

# Parallel Serial    

S1 2.59 2.12 2.36 3.32 29 

S2 2.46 1.96 2.19 2.27 4 

S3 2.61 2.14 2.39 3.32 28 

S4 2.56 2.06 2.31 5 54 

S5 8.66 2 3.12 1.5 108 

S6 3.5 2.32 2.93 2.85 3 

S7 3.4 2.56 2.97 2.96 0.3 

It is obvious that only samples # 2, # 6 and # 7 have keff 

with less than 5% deviations from the measured values. 

Please note that we will omit samples #4 and #5 from the 

discussion because both have quite high % error deviations 

that exceeded 53% and 100%, respectively. Furthermore, the 

measured data for # 4 and # 5 samples were not within the 

range of the estimated extreme Wiener bounds for maximum 

and minimum values of the constituents’ conductivities.  

Therefore, sample #4 and sample #5 do not satisfy the 

imposed assumption by the model; the necessary condition 

that is the existence of statistically homogeneous medium 

surrounding inclusions of different phases and they are out of 

the range of Wiener bounds. 

More details about the volume fractions, compositions and 

the conductivities of phases of the samples are given 

elsewhere [39-40].  

The apparent features (pictures and images) of the other 

five selected samples that were within the imposed 

assumptions are shown in Fig. 2.  

 

Figure 2. Typical samples three ceramic glasses and two marbles, showing 

the main apparent features including the shape and color of the foliations. 

These five chosen samples have relatively low % error 

ranging from 3 to 30%. It seems that they satisfy the 

necessary condition of medium homogeneity with varying 

degrees. Samples #6 and #7 are both ceramics marbles with 

uniform morphology structure as shown by the last pictures 

in figure 2. The volumetric fractions of the mineral 

constituents were determined by the point-counting method 

using transparent thin slices, each having an area of 20x30 

mm
2
 and an approximate thickness of 30 µm. The slices 

under the microscope showed an excellent level of uniform 

distribution of phases in these slides consistent with their 

images. The error deviation is less than 3% in these two 

marble samples. Although, we did not take into account 

possibilities of anisotropy of thermal conductivity of the 

selected samples, it seems that, assuming isotropic and 

homogeneous conditions, the thermal conductivity of such 

samples may be calculated using EMTM with rather good 

accuracy, within ± 3%. This is in agreement with surface 

distribution profile in the slices and images of Fig 3. 

 

Figure 3. The homogeneity and uniform distribution of foliations within 

marble samples are very obvious form the apparent shape. 

The analysis of scanning electron microscopy images for 

samples #1, #2 and #3 are depicted in figure 4 (a→c) with 



48 Bashir M. Suleiman:  Validations of a Model to Estimate Thermal Conductivities of Ceramics  

 

100 and 5000 magnifications. It is clear that the phase 

morphology for sample # 2 has good uniform distribution of 

phases (Fig. 4a) while it is not the same level for samples #1 

& #3 as shown in Fig, 4b & Fig. 4c. 

 

Figure 4a. Images of Sample # 2 with less than 5% deviation. 

 

Figure 4b. Images of Sample # 1 with 28% deviation. 

Note that Samples # 1 & #3 have similar composition but 

different thermos-physical properties due to their detailed 

microstructure spatial distributions. 

 

Figure 4c. Images of Sample # 3 with 30% deviation. 

Thus, among the several theoretical models for estimating 

keff in thermal conduction of composites, the tested model for 

the effective medium theory (EMTM), along with Wiener 

bounds, can be used to estimate the effective conductivity of 

macroscopic homogeneous and isotropic multiphase 

composite materials. We used Wiener bounds, as a 

preliminary indicator to validate the bulk homogeneity 

condition of the investigated samples, i.e. the measured 

values for the conductivity should be within the limits of the 

Wigner bounds and we used electron and/or optical 

microscope scanning to validate the surface homogeneity 

condition.  

In other words, this model can be effectively used after 

determining the parallel and serial bounds (Wigner bounds) 

of the overall conductivity of the random mixture and after 

satisfying the surface homogeneity condition through simple 

and preliminary microstructure surface measurements.  

4. Conclusions 

In this class of composite ceramics, after a comparison 

between the experimental data of the effective thermal 

conductivity with the corresponding theoretical estimation, it 

turns out that the EMT model is a suitable one to estimate keff 

provided that the homogeneity condition is satisfied.  

Numerical calculated values of thermal conductivity for 

the selected samples that satisfy the homogeneity condition 

imposed by the effective medium theory are in best 

agreement with the experimentally measured ones. It was 

more suitable for samples #6, #7 and #2 due to the fulfilment 

of Wiener bounds and enhanced uniformity in the distribution 

of phases determined by either the point-counting method 

using transparent thin slices or the STM for sample #2.  

It is worth to mention that there are a number of physical 

situations in which we have a linear relation(in our case) 

between a field e.g. the temperature field ∆T and a flow, e.g. 

the heat current Q. In such situations, the constant of 

proportionality which is a material property (in our case is 

thermal conductivity), is generally a tensor but reduces to a 

scalar when the material is isotropic. This includes similar 

cases of estimating effective values of material properties 

such as electrical conductivity, dielectric permittivity, and 

magnetic permeability etc. 

Therefore, the validation procedures implemented in this 

work may save effort, time and cost required to estimate and 

predict the desired properties for similar several applications 

that involves, thermal, electrical, magnetic and diffusion 

process. It may also help to improve the choice of the 

required composites and reduce the risk of possible failure 

during real time operation. 

Although, we did not take into account possibilities of 

anisotropy of thermal conductivity of the selected samples, it 

seems that, assuming isotropic and homogeneous conditions, 

the thermal conductivity of such samples may be calculated 

using EMTM with rather good accuracy (± 3%). It is worth 

mentioning that there are constrains imposed upon using 

these models such as limiting the analysis to room 

temperature, limiting the number of samples and neglecting 

the anisotropy in the thermal conductivities of the phases 

within the samples. 
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