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Abstract: The Padmakar – Ivan (PI) index of polyominoes is examined.Efficient calculations of formulas for PI index for 

the polyominoes are put forward. In chemical graph theory, the PI index is a topological indexof a graph G is defined as

1 2( ) [ ( ) ( )]PI G n e n e= +∑ , where for edge e = xy, n1(e) is the number of edges of G lying closer to x than y, n2(e) is the 

number of edges of G lying closer to y than x and summation goes over all edges of G. The edges equidistant from x and y are 

not considered for the calculation of PI index. In this paper, we calculated the PI index of polyominoes like square Polyomino, 

L-Polyomino,T-Polyomino, Straight-Polyomino and Skew-Polyomino. 
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1. Introduction 

Chemical Graph Theory is an interdisciplinary science that 

applies Graph Theory to the study of molecular structures. 

The molecules or chemical compounds are modeled by an 

undirected graph - the molecular graph have vertices 

represent atoms or group of atoms andthe edges represent the 

chemical bonds between atoms or group of atoms. A 

topological index is a numerical parameter mathematically 

derived from the graph structure. It is a graph invariant thus it 

does not depend on the labeling or pictorial representation of 

the graph. The topological indices of molecular graphs are 

widely used for establishing correlations between the 

structure of a molecular compound and its physico-chemical 

properties or biological activity for example Pharmacology.A 

Polyomino system is a finite 2-connected plane graph such 

that each interior face (or say a cell) is surrounded by a 

regular square of length one. In other words, it is an edge-

connected union of cells in the planar square lattice. For the 

origin of polyominoes we quote Klarner [1]: “Polyominoes 

have a long history, going back to the start of the 20th 

century, but they were popularized in the present era initially 

by Golomb, i.e. [2, 3], then by Gardner in his Scientific 

American columns.” At the present time they are widely 

known by mathematicians, physicists, chemists and have 

been considered in many different applications [4]. 

One of the oldest and most thoroughly examined 

molecular graph-based structural descriptor of organic 

molecule is the Wiener index or Wiener number [5, 6]. The 

Wiener index (W) is applicable to acyclic (tree) graphs only. 

For cyclic compounds a novel molecular-graph-based 

descriptor, referred to as the Szeged index (Sz) is put forward 

by Gutman [7] and co-workers [6]. This is considered as the 

modification of W to cyclic graph. It is based on distance in 

the molecular graph but is not of the same type as W. For 

acyclic systems (trees) Sz and W coincide. Consequently, one 

of the authorsintroduced yet another index called Padmakar-

Ivan (PI) index [9, 10]. The PI index of a graph G is defined 

as, 1 2( ) [ ( ) ( )]PI G n e n e= +∑  
where for edge e = xy, n1(e) is 

the number of edges of G lying closer to x than y, n2(e) is the 

number of edges of G lying closer to y than x and summation 

goes over all edges of G. The edges equidistant from x and y 

are not considered for the calculation of PI index. Since the 

PI index is different for acyclic graphs, several applications 

of the PI index are reported in the literature [10-13].Many 

methods for the calculation of PI indices of some systems are 

reported in [14-17]. Many methods and several applications 

are reported in the previous literature [18-28] about the graph 

invariants of Polyominoes. In this paper, we calculated the PI 

index of polyominoes like Square Polyomino, L-Polyomino, 

T-Polyomino, Straight Polyomino and Skew Polyomino. 
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2. Some Important Theorems on PI 

Index of Polyominoes 

Calculation of PI index includes the following procedure: 

Step:1 

The number of edges and number of squares are calculated 

according to the segment lengths of the polyominoes using 

their graph structures. 

Step:2 

The numbers of parallel edges in are calculated by using 

the graph structures of polyominoes and results are tabulated. 

Step:3 

By using the definition of PI index the PI index of the 

polyominoes are obtained by generalizing the index values 

based on their segment lengths ‘r’ and the number of edges 

‘e’. 

Theorem 2.1 

Let 
sqP [r,s,e]  is a square polyomino where, ‘s’ represents 

the number of squares, ‘e’ represents the number of edges 

and ‘r’ represents the number of segments, r 1,≥ 2
s r ,=

e 2r (r+1)= for all r, then ( )sqPI P = 22r   (r+1) (2r+1)
 

 

Figure 1. Graphs of Square polyominoes with r=1,2,3,4 and 5. 

Proof: 

From the above graph structures of Square polyominoes, 

the number of squares in each segment is equal to the square 

of the segment length, and number edges e 2r (r+1)= are 

calculated and then the number of parallel edges and their 

corresponding number of sets for r equal to the 1,2,3 and 4 

are obtained and tabulated as given below. 

Table 1. Calculation of PI index for square polyomino for r=1,2,3 and 4. 

In square Polyomino No. of. parallel edges No. of. sets PIIndex 

For r=1,e=4,s=1 2 2 4(e-2) 

For r=2,e=12,s=4 3 4 12(e-3) 

For r=3,e=24,s=9 4 6 24(e-4) 

For r=4,e=40,s=16 5 8 40(e-5) 

PI Index of Square Polyomino 

=No. of edges (No. of edges-No. of segments)= e(e-r)  

= 2r (r+1) (2r(r+1)-r)  

since e 2r(r+1)=  

sqPI[P ] =
22r   (r+1) (2r+1)                       (1) 

Theorem 2 

Let 
T

P [r,s,e]  is a T- polyomino where, ‘s’ represents the 

number of squares, ‘e’ represents the number of edges and ‘r’ 

represents the number of segments, r 1,≥ s r 2= + ,

e 3r 7= + for all r, then ( )
T

PI P = 4  (r+1) (2r+7)
 

 

Figure 2. Graphs of T-Polyominoes with r=2,3,4,5 and 6.
 

Proof: 

From the above graph structures of T-Polyominoes, the 

number of squares in each segment is equal to two more than 

their corresponding segment length, and number edges 

e 3r 7= +
 
are calculated and then the number of parallel 

edges and their corresponding number of sets for r equal to 

the 2,3,4 and 5are obtained and tabulated as given below. 

Table 2. Calculation of PI index for T-Polyomino for r=2,3,4 and 5.
 

In T- Polyomino No. of. parallel edges No. of. Sets PIIndex 

For r = 2, e=13, 

s=4 

4 1 4(e-4) 

3 1 3(e-3) 

2 3 6(e-2) 

For r = 3, e=16, 

s=5 

4 1 4(e-4) 

4 1 4(e-4) 

2 4 8(e-2) 

For r = 4, e=19, 

s=6 

4 1 4(e-4) 

5 1 5(e-3) 

2 5 10(e-2) 

For r = 5, e=21, 

s=7 

4 1 4(e-4) 

6 1 6(e-3) 

2 6 12(e-2) 

PI Index of T- Polyomino 

= 4(e-4) (r 1)(e-(r 1)) 2(r 1)(e-2)+ + + + +  

= 4(3r 7-4) (r 1)(3r 7-(r 1)) 2(r 1)(3r 7-2)+ + + + + + + +  

since e 3r 7= +  

= 4  (r+1) (2r+7)                              (2) 

Theorem 3 

Let 
L

P [r,s,e]  is a L- polyomino where, ‘s’ represents the 

number of squares, ‘e’ represents the number of edges and ‘r’ 

represents the number of segments, r 1≥ , with s r 1= + ,

e 3r 4= + for any r, then ( )
L

PI P = 22  (4r 9r 3)+ +
 

 

Figure 3. Graphs of L-Polyominoes with r=2,3,4,5 and 6. 
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Proof: 

From the above graph structures of L-Polyominoes, the 

number of squares in each segment is equal to one more than 

their corresponding segment length, and number edges 

e 3r 4= + are calculated and then the number of parallel 

edges and their corresponding number of sets for r equal to 

the 2,3,4 and 5 are obtained and tabulated as given below. 

Table 3. Calculation of PI index for square polyomino for r=1,2,3 and 4. 

In L- Polyomino No. of. parallel edges No. of. Sets PIIndex 

For r = 2, e =10,  

s = 3 

3 1 3(e-3) 

3 1 3(e-3) 

2 2 4(e-2) 

For r = 3,e = 13,  

s = 4 

3 1 3(e-3) 

4 1 4(e-4) 

2 3 6(e-2) 

For r = 4,e =16,  

s = 5 

3 1 3(e-3) 

5 1 5(e-5) 

2 4 8(e-2) 

For r = 5, e=19,  

s = 6 

3 1 3(e-3) 

6 1 6(e-6) 

2 5 10(e-2) 

PI Index of L- Polyomino 

= 3(e-3) (r 1)(e-(r 1)) 2r (e-2)+ + + +  

= 3(3r 4-3) (r 1)(3r 4-(r 1)) 2r (3r 4-2)+ + + + + + +  

since e 3r 4= + =
22  (4r 9r 3)+ +                  (3) 

Theorem 4 

Let 
ST

P [r,s,e]  is a straight polyomino where, ‘s’ represents 

the number of squares, ‘e’ represents the number of edges 

and ‘r’ represents the number of segments, r 1≥ , with s r= ,

e 3r 1= + for any r, then ( )
ST

PI P = 28r  

 

Figure 4. Graphs of Straight Polyominoes with r=1,2,3,4,5 and 6.
 

Proof: 

From the above graph structures of Straight Polyominoes, 

the number of squares in each segment is equal totheir 

corresponding segment length, and number edges e 3r 1= +
are calculated and then the number of parallel edges and their 

corresponding number of sets for r equal to the 1,2,3,4 and 5 

are obtained and tabulated as given below. 

Table 4. Calculation of PI index for straight polyomino for r=1,2,3,4 and 5. 

InStraightPolyomino No. of. parallel edges No. of. sets PIIndex 

For r=1, e=4, s=1 2 2 4(e-2) 

For r=2, e=7, s=2 
2 2 4(e-2) 

3 1 3(e-3) 

For r=3, e=10, s=3 
2 3 6(e-2) 

4 1 4(e-4) 

For r=4, e=13, s=4 
2 4 8(e-2) 

5 1 5(e-5) 

For r=5, e=16, s=5 
2 5 10(e-2) 

6 1 6(e-6) 

PI Index of Straight- Polyomino  

= 2r(e-2) (r 1)(e-(r 1))+ + +  

= 2r(3r 1-2) (r 1)(3r 1-(r 1))+ + + + +  

since e 3r 1= + = 28r                               (4) 

Theorem 5 

Let 
Sk

P [r,s,e]  is a skew polyomino where, ‘s’ represents 

the number of squares, ‘e’ represents the number of edges 

and ‘r’ represents the number of segments, , with

r 2 for all s= , e 3s 1= +
 
forr = 2, then ( )

Sk
PI P = 217

s 2
2

−  

 

Figure 5. Graphs of Skew Polyominoes with r=2 for s=4,6 and 8.
 

Proof: 

From the above graph structures of Skewt Polyominoes, 

the number of segmentsis two for all graphs withdifferent 

number of squares and number of edges e 3s 1= + are 

calculated and then the number of parallel edges and their 

corresponding number of sets for r equal to 2 and s=2,6,8 and 

10 are obtained and tabulated as given below. 

Table 5. Calculation of PI index for square polyomino for r=1,2,3 and 4. 

In Skew - Polyomino No. of. parallel edges No. of. sets PIIndex 

For r=2, e=13, s=4 

3 1 3(e-3) 

3 2 6(e-3) 

2 2 4(e-2) 

For r=2, e=19, s=6 

3 1 3(e-3) 

4 2 8(e-4) 

2 4 8(e-2) 

For r=2, e=25, s=8 

3 1 3(e-3) 

5 2 10(e-5) 

2 6 12(e-2) 

For r=2, e=31, s=10 

3 1 3(e-3) 

6 2 12(e-6) 

2 8 16(e-2) 

PI Index of Skew- Polyomino  

=
s

3(e-3) (s 2) e- 1 2 (s-2)(e-2)
2

  + + + +  
  

 

1r ≥
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=
s

3(3s 1-3) (s 2) 3s 1- 1 2 (s-2)(3s 1-2)
2

  + + + + + + +  
  

 

since e 3s 1= + = 217
2

2
s −                                 (5) 

3. Conclusion 

A topological index is a molecular descriptor that is 

calculated based on the molecular graph, of a chemical 

compound. Several scientists are involved in searching for 

new molecular descriptors able to catch new aspects of the 

molecular structure. This kind of research involves creativity 

and imagination together with solid theoretical basis allowing 

to obtain numbers with some structural chemical 

meaning.These type of indices are playing a significant role 

in theoretical chemistry specially in QPSR/QSAR research 

that is molecular connectivity in chemistry and Drug 

research. In this approach, the PI indices found as closed 

formula for the family of graphs and also it will be very 

useful for the chemist to calculate the indices by using the 

newly arrived functional values. 
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