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Abstract: In this paper, new an oscillation criterion for a class of fourth-order nonlinear delay differential equations are 

established by using the double generalized Riccatti substitutions. Recently, there has been increasing interest related to the 

theory of delay differential equations (DDEs), this has been attributed to the important of understanding of application in delay 

differential equations. Recent applications that include delay differential equations continue to appear with increasing frequency 

in the modeling of diverse phenomena in physics, biology, ecology, and physiology. So, other authors have been attracted to 

finding the solutions of the differential equations or deducing important characteristics of them has received the attention of 

many authors. The solution to this equation is important in order to understand these issues and phenomena, or at least to know 

the characteristics of the solutions to these equations. But, differential equations such as those used to solve real life problems 

may not necessarily be directly solvable, i.e., do not have closed form solutions. The main objective of this work is to provide an 

opportunity to study the new trends and analytical insights of the delay differential equations, existence and uniqueness of the 

solutions, boundedness and persistence, oscillatory behavior of the solutions, stability and bifurcation analysis, parameter 

estimations and sensitivity analysis, and numerical investigations of solutions. One objective of our paper is to further simplify 

and complement some well-known results which were published recently in the literature. An illustrative example is included. 
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1. Introduction 

This paper deals with the oscillation of a fourth-order delay 

differential equation 

0[ ( )( ( )) ] ( ) ( ( ( ))) 0 , .≥′′′ ′ + =ℓ ℓ ℓ ℓ ℓb t y q f yγ τ     (1) 

The following conditions are assumed to hold: 

( 1H ) γ is a quotient of odd positive integers; 

( 2H ) ) ( ) ( )1
0, , , , 0, 0b q C b bτ ′∈ ∞ ≥ >ℓ ℓ ℓ

( ), , , - (- y)= ( y)= ( ) (y),∈ ℜ ℜ f f f x ff C x x

( )for y > 0, q > 0, , lim  = .x τ τ
→∞

≤ ∞
ℓ

ℓ ℓ  

( 3H ) there exist constants 0r >  such that ( ) /f u u r
γ

≥ , 

for 0.u ≠  

The function ( )y ℓ  is a solution of (1), we mean a 

non-trivial real function n ( ) ( ) 0[ , ) ,y yy C∈ ∞ ≥ℓ ℓ ℓ ℓ  

satisfying (1) on [ , )xt ∞ and moreover, having the properties:

( ) ( ) ( ) ( ) ( )( ), , ,y y y b y′ ′′ ′′′ℓ ℓ ℓ ℓ ℓ  are continuously 

differentiable for all [ , )y∈ ∞ℓ ℓ . We consider only those 

solutions ( )y ℓ of (1) which satisfy sup{ ( ) : } 0,y L≥ >ℓ ℓ

for any yL ≥ ℓ . A solution of (1) is called oscillatory if it has 

arbitrary large zeros, otherwise it is called nonoscillatory. 

The oscillations of higher and fourth order differential 

equations have been studied by several authors and several 
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techniques have been proposed for obtaining oscillatory 

criteria for higher and fourth order differential equations. For 

treatments on this subject, we refer the reader to the texts [2, 6, 

17, 13-15] and the articles [1, 3-12, 16-25]. In what follows, 

we review some results that have provided the background 

and the motivation, for the present work. 

Elabbasy, et al.[10] consider the oscillation of a 

fourth-order delay differential equation 

1

0[ ( )( ( )) ] ( ) ( ( ( ))) 0 .,′

=

′ + ≥′ =∑ℓ ℓ ℓ ℓ ℓ ℓ

m

i i

i

b y q f yγ τ
 

Grace, 

et al. [12] studied the oscillation behavior of the fourth-order 

nonlinear differential equation 

0[ ( )( ( )) ] ( ) ( ( ( ) 0 .)) ,b y q f yα τ′′′ + ≥′ =ℓ ℓ ℓ ℓ ℓ ℓ  

Agarwal, et al.[3] examined the oscillation of the 

fourth-order nonlinear delay differential equation 

0[ ( )( ( )) ] ( ) ( ) 0 , .b y q yβ β′′ ′′ + = ≥ℓ ℓ ℓ ℓ ℓ ℓ  

Zhang, et al.[24] consider the oscillatory properties ofthe 

higher-order differential equation 

( )1
0[ ( )( ( )) ] ( ) ( ( )) 0 , .

n
b y q yγγ τ− ′ ≥+ =ℓ ℓ ℓ ℓ ℓ ℓ  

under the conditions 

( )
0

1/

1
,

t

d
b γ

∞

< ∞∫ ℓ

ℓ

 

and 

( )
0

1/

1
.

∞

= ∞∫
ℓ

ℓ
ℓ

d
b γ                (2) 

Our aim in the present paper, we have studied the 

oscillatory behavior of the fourth-order delay differential 

equation (1) under condition (2). As it has been illustrated 

through example, the results obtained improve a large number 

of the existing ones. Our technique lies in using comparison 

theorem and generalized Riccatti substitutions. An illustrative 

example is included. 

2. Main Results 

In this section, we shall establish some oscillation criteria 

for equation (1). The proof of our main results are essentially 

based on the following lemmas. 

Lemma 2.1: Let )( )0 , ,nz C +∈ ∞ ℜℓ  and assume that

( )n
z is of fixed sign and not identically zero on a subrayof

)0 , ∞ℓ . If moreover, ( ) ( ) ( ) ( ) ( )1
0, 0.

n n
z z z

−> ≤ℓ ℓ ℓ  and

( )lim 0,z
→∞

≠
ℓ

ℓ  then, for every ( )0,1λ ∈ , there exists

0λ ≥ℓ ℓ  such that 

( ) ( )
( ) ( )

1
1 , for [ , ).

1

n
nz z

n
λ

λ −
−≥ ∈ ∞

−
ℓ ℓ ℓ ℓ ℓ  

Lemma 2.2: Let 1β ≥  be  a ratio of two numbers. Then 

( ) ( )
1

1 1

1 , 0,
B

A A B A B AB
ββ β

β β β
β

+ +

 − − ≤ + − ≥   

and 

1 1

1
, 0.

( 1)

U
Uy Vy V

V

β
β

β β

β β
β

β

+ +

+− ≤ >
+

 

Lemma 2.3: If the function z satisfies ( ) 0, 0,1,...,iz i n> =  

and ( )1
0,

n
z

+ <  then 
( ) ( )

( )1
.

/ ! / 1 !n n

z z

n n−

′
≥

−

ℓ ℓ

ℓ ℓ
 

We are now ready to state and prove the main results. For 

convenience, we denote 

( ) ( ) ( ) ( ){ }1
: and : max 0, .s ds

b s
π ϑ ϑ

∞ ′
+ ′= =∫

�
ℓ

ℓ ℓ  

Theorem 2.1: Let ( ) ( ) ( )1 2 3, ,H H H  and (1.2) holds. 

Further, assume that for some constant λ∈ (0, 1), the 

differential equation 

30 1/

1/
( ) ( ) ( ) ( ( ( ))) 0 ,

6 ( ( ))
x q f f x

b

γ
γ
λ τ τ

τ
 

′ + = 
  

ℓ ℓ ℓ ℓ

ℓ

  (3) 

is oscillatory. If there exist positive functions )( )0 ,Cϑ ∈ ∞ℓ  

such that  

( ) ( ) ( )( )
0

21
,

4
s s s dsψ ϑ ϕ

∞ ∗ ∗ − = ∞ 
 ∫

ℓ

     (4) 

where 

( ) ( ) ( ) ( ) ( ) ( )
11/

2

1
: ,

( )v

s br
q s ds dv

b v s

γ
γγ

γ
τ

ψ ϑ
π

∞ ∞∗
   + = − 
     
∫ ∫ℓ

ℓ
ℓ ℓ

ℓ

( ) ( )
( )

2
: ,

( )

ϑ
ϕ

ϑ π

′
+∗ = +
ℓ

ℓ
ℓ ℓ

 

for some ( )0,1µ ∈ . Then every solution of (1) is oscillatory. 

Proof: Assume that (1) has a nonoscillatory solution y

Without loss of generality, we can assume that ( ) 0y >ℓ . It  

follows from (1) that there exist two possible cases for 

1,≥ℓ ℓ  where 1 0≥ℓ ℓ  is sufficiently large: 

Case 1: 
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( ) ( ) ( ) ( ) ( ) ( )( ) ( )4
0, 0, 0, 0, 0.

′
′ ′′ ′′′ ′′′> > > ≤ ≤ℓ ℓ ℓ ℓ ℓy y y y b y

γ
 

Case 2: 

( ) ( ) ( ) ( ) ( ) ( )( ) ( )4
0, 0, 0, 0, 0.

′
′ ′′ ′′′ ′′′> < > ≤ ≤ℓ ℓ ℓ ℓ ℓy y y y b y

γ
 

For ℓ > 1ℓ , 1ℓ is large enough. 

Assume that we have Case (1) holds. From Lemma 2.1, we 

have 

( )
3

1/

1/

( )
( ( )) ( ) ( ( )) ,

6 ( )
y b y

b

γ
γ

λττ τ′′′≥ ℓ
ℓ ℓ ℓ

ℓ

     (5) 

for every λ∈(0, 1). Using (5) in Eq. (1), we see that 

( ) ( )( ) ,( )x b y γ′′′=ℓ ℓ ℓ  

is a positive solution of the differential inequality 

30 1/

1/
( ) ( ) ( ) ( ( ( ))) 0 .

6 ( ( ))
x k q f f x

b

γ
γ
λ τ τ

τ
 

′ + ≤ 
  

ℓ ℓ ℓ ℓ

ℓ

 

By Theorem 1 in Philos [21], we conclude that the 

corresponding equation (1) also has a positive solution. This 

contradiction. 

Assume that we have Case (2)holds. From Lemma 2.3, we 

get that ( ) ( )y y′≥ℓ ℓ ℓ , by integrating this inequality from

( )τ ℓ to ℓ , we get 

( )( ) ( ) ( ).y y
τ

τ ≥
ℓ

ℓ ℓ
ℓ

 

Hence, we have 

( )( )( ) ( ) ( ).
s

f y r y
s

γ
γ

γ
τ

τ ≥ℓ ℓ  

Integrating (1) from ℓ to u and using ( ) 0y′ >ℓ , we obtain 

( ) ( )( ) ( ) ( )( ) ( ) ( )( )( )
( ) ( ) ( )

.

u

u

b u y u b y q s f y s ds

s
ry q s ds

s

γ γ

γ
γ

γ

τ

τ

′′′ ′′′− = −

≤ −

∫

∫

ℓ

ℓ

ℓ ℓ

ℓ

 

Letting u → ∞ , we see that  

( ) ( )( ) ( ) ( ) ( )
,

s
b y ry q s ds

s

γ
γ γ

γ
τ∞

′′′ ≥ ∫ ℓℓ ℓ ℓ  

and so, 

( ) ( ) ( ) ( ) ( )
1/

.
sr

y y q s ds
b s

γγ

γ
τ∞ 

′′′ ≥  
  

∫ ℓℓ ℓ
ℓ

 

Integrating again from ℓ  to ∞ , we get 

( ) ( ) ( ) ( ) ( )
1/

.
v

sr
y y q s ds dv

b v s

γγ

γ
τ∞ ∞ 

′′ ≤ −  
  

∫ ∫ℓ

ℓ ℓ  

Now, we define 

( ) ( ) ( )
( )

1

( )

y
w

y
ϑ

π
 ′

= + 
  

ℓ
ℓ ℓ

ℓ ℓ
        (6) 

Then ( ) 0w >ℓ for 1≥ℓ ℓ . By differentiating and using (6), 

we find  

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )( )
( )

( )
( )

1

2

2 2 ( )

yy
w w

y y b γ

ϑ ϑ
ϑ ϑ

ϑ π

′′ ′′
′ = + − −

ℓℓ ℓ ℓ
ℓ ℓ ℓ ℓ

ℓ ℓ ℓ ℓ ℓ
 

Thus, we obtain 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )
( )

( )
( )

1

2

2

1

( ) ( )

y w
w w

y b γ

ϑ ϑ
ϑ ϑ

ϑ ρ π π

 ′ ′′
′ = + − − − 

  

ℓ ℓ ℓ ℓ
ℓ ℓ ℓ ℓ

ℓ ℓ ℓ ℓ
ℓ ℓ

 (7) 

Using Lemma 2.2 with
( )
( )

1
( )

,
w

A B πρ= =ℓ

ℓℓ
 and 1,γ = we 

get 

( )
( )

( )
( )

( )
( )

2 2
21 1 1

( ) ( ) ( )

w w w

ϑ π ϑ π ϑ π
     

− ≥ − −              

ℓ ℓ ℓ

ℓ ℓ ℓ ℓ ℓ ℓ

  (8) 

From (1), (7) and (8), we obtain 

( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
( )

( )
( )

( )
( )

1

1/

2

2

21 1

( ) ( ) ( )

v

sr
w w q s ds dv

b v s

w w

b γ

γγ

γ
ϑ τ

ϑ
ϑ

ϑ
ϑ

ϑ π ϑ π π

∞ ∞ ′
′ ≤ −  

  

    
 − − − −           

∫ ∫
ℓ

ℓ
ℓ ℓ ℓ

ℓ

ℓ ℓ ℓ
ℓ

ℓ ℓ ℓ ℓ
ℓ ℓ

 

This implies that 

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
1

2

1/

2

2 1

( )

1

( )v

w w w

s br
q s ds dv

b v s

γ
γγ

γ

ϑ
ϑ π ϑ

τ
ϑ

π

′
+

∞ ∞

 
′  ≤ + −

 
 

   + − − 
     
∫ ∫ℓ

ℓ
ℓ ℓ ℓ

ℓ ℓ ℓ

ℓ
ℓ

ℓ

  (9) 

Thus, by (9) yield 

( ) ( ) ( ) ( ) ( ) ( )21
.w wψ ϕ ω

ϑ
∗ ∗′ ≤ − + −ℓ ℓ ℓ ℓ ℓ

ℓ
 

Applying the lemma 2.2 with ( ) ( )
1,U V ϑϕ∗= =
ℓ

ℓ , 1γ =

and y w= , we get 
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( ) ( ) ( ) ( )( )21
.

4
ω ψ ϑ ϕ∗ ∗′ ≤ − +ℓ ℓ ℓ ℓ  

Integrating from 1ℓ  to ℓ , we get 

( ) ( ) ( )( ) ( )
1

2

1

1
,

4
s s s dsψ ϑ ϕ ω∗ ∗ − ≤ 

 ∫
ℓ

ℓ

ℓ  

this contradicts (4). 

Theorem 1 is proved. 

Corollary 2.1: Let ( ) ( ) ( )1 2 3, ,H H H  and (2) holds. If 

0

( )

3

1/

1
lim inf ( ) ( ) ,

6 ( ( ))
q s f s ds

eb sτ
γ
λ τ

τ→∞

 
≥  

 
∫
ℓ

ℓ

ℓ

     (10) 

and 

( )
( )

0

1
2

1 1/
lim sup ( ) ( )

2 1 ( ) ( )
rq s s s ds

s b s

γ γ
γ

γ γ

λ γτ π
γ π

+

+→∞

   − = ∞ 
   + 
∫
ℓ

ℓ

ℓ

 (11) 

hold for some constant λ ∈(0,1). Then every solution of (1) is 

oscillatory. 

3. Examples 

In this section, we give the following example to illustrate 

our main results. 

Example 3.1: Consider a differential equation 

33 3[ ( ( )) ] ( ) 0 , 1.y a y′′′ ′ + = ≥ℓ ℓ ℓ ℓ ℓ      (12) 

Where a > 0 a constant. Let 

( ) ( )33, b( ) = , , ,aqγ τ == =ℓ ℓ ℓ ℓ ℓ ℓ  

we see (H₁), (H2) and (H3) hold. Then, we find 

( ) ( )
1

: ,s ds
b s

π
∞

= = ∞∫
�
ℓ

 

we get 

( )
( )

0

1
2

1 1/
lim sup ( ) ( )

2 1 ( ) ( )
rq s s s ds

s b s

γ γ
γ

γ γ

λ γτ π
γ π

+

+→∞

   − = ∞ 
   + 
∫
ℓ

ℓ

ℓ

 

It is easy to see that all conditions of Corollary 2.1 hold. 

Hence every solution of (12) is oscillatory. 

4. Conclusion 

Therehas beenan openproblem regarding the study of 

sufficientconditions ensuring oscillationof all solutions of 

fourth-order differential equation withdelay. The present paper 

aimsto fill thisgap. In thefirst part, results for oscillation of (1) can 

be obtained by comparison withordinary differentialequations of 

thesameor a lowerorder. We offera comparison theorem 

thatrelates properties of solutions of (1) withthoseof first-order 

differential equations. There after, we suggest a new oscillation 

criterion for the fourth-order delay differential equation (1) using 

the Riccatti transformation technique. 
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