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Abstract: Oscillations range from KHz-GHz have been measured in the experimental measurements within the laboratory
Hall thruster. With the various frequency oscillations, different kinds of collisions between particles and the complex
electromagnetic field environment, the dynamics of particles in the discharge chamber are really intricate. The dynamics of
particles become even untraceable in the near-wall region where the plasma sheath exists. In this study, the two-dimensional fully
kinetic Immersed Finite Element Particle-In-Cell (IFE-PIC) numerical models are developed in the axial-radial (z-r) plane at the
acceleration region, with the intent of examining the effects of multiple oscillations on the plasma sheath. The results are valuable
for understanding the features of plasma sheath in acceleration region at the real working conditions.
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1. Introduction
The Hall thruster is one of the main electric propulsion
equipment used in space. Since the first operative Hall thruster
was launched to space in the 1970s, the Hall thruster has been
tested on many satellites, and its performance has proved it as
a reliable propulsion alternative [1-3]. The plasma sheath,
which is an electric field arises at the boundary separating the
plasma from a solid body in order to balance ion and electron
currents at the collector surface, is an inherent phenomenon in
Hall thruster [4-6]. Since the plasma sheath potential is related
to the whole electric distribution in the discharge channel of
Hall thruster and the sputter condition of the incident ions, the
sheath is always a research focus among the physical
problems of Hall thruster [5-6]. Moreover, as the most
potential drop, the acceleration and sputtering of ions locate in
the acceleration region, it is crucial to increase the
understanding of the physical characteristics of plasma sheath
in this region.
In the other hand, there have been many theoretical and
experimental studies of oscillations in Hall thrusters. In
general, oscillations can exist over a wide range of frequencies
depending on values of parameters such as the discharge
voltage and current, the magnetic field strength, the propellant
flow, the number and location of the cathodes, the operating

time since the thruster was last started, the total operating time
of the thruster, the dynamic characteristics of the discharge
power supply and the background pressure in which the
thruster is operated [7-9]. The three typical oscillations in
acceleration region are: the low frequency oscillation in
whole channel; the ultra high frequency oscillation in exit
region where the gradient of magnetic field is negative; the
high frequency oscillation in near wall region [9], as shown in
Figure 1. In this paper, the plasma sheath in acceleration
region will be studied with consideration of the effects of these
oscillations.

Figure 1. Schematic diagram of the zoning of oscillations in a Hall thruster:
1-the low frequency oscillation in whole channel; 2-the ultra high frequency
oscillation in exit region where the gradient of magnetic field is negative;
3-the high frequency oscillation in near wall region.
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2. Numerical Model

2.3. Field Solver

Currently the most precise simulation model for plasma
dynamic is based on the Particle-In-Cell (PIC) method, which
utilizes a huge number of simulation particles for the plasma
simulation and hence provides more specific description for
the particle movements [10]. Compared with a unstructured
grid, a structured grid will be more suitable for locating the
huge number of simulation particles in the grid for PIC
method. The immersed finite element (IFE) method which
provides an efficient approach with convenient
implementation to solve interface problems on structured
grids independent of the interface [11], recently has been
incorporated into the PIC method to propose the IFE-PIC
method. The IFE-PIC method with IFE method solves the
electric field based a Cartesian grid and the PIC method
handles the movements and charge gathering of all simulation
particles in the Cartesian grid, is widely used to study the
plasma problems for ion-optical thruster [12, 13]. In this paper,
a two-dimensional fully kinetic IFE-PIC model is established
to obtain investigate the plasma sheath under multiple
oscillations in acceleration region of Hall thrusters.

The electric potential at each time-step is related to the
charge density using Poisson's equation:

∇ 2Φ =

2.2. Presets of the Electromagnetic Field
The magnetic field intensity only has the uniform radial
component Br . The axial electric field intensity Ez with
low frequency oscillation is utilized in this model:

Ez = Eza + A sin(2π f z ⋅ t )

( ni − ne )

the amplitude, f z is the frequency which value equals the
frequency of the low frequency oscillation. For SPT-1003, the
radial magnetic field intensity Br = 300Gauss and the

(2)

where Φ denotes the electric potential, qe is the charge

F =m

dv
= q( E + v × B )
dt
dx
=v
dt

(3)

(4)

where F , m, q, v and x are the force, mass, charge,
velocity and position of the charged particle, t is time, E and
B are the local electric and magnetic field intensities,
respectively.
2.4. SEE Model
The SEE and electric field models along dielectric walls,
proposed by Morozov [14], are used in this research. The
secondary electron yield χ is a function of the primary
electron energy [15]:

χ (ζ ) = χ (0) +

(1)

where Eza is the time-average electric field intensity, A is

time-average electric field intensity Eza = 2 × 104 V/m.

ε0

quantity, ε 0 denotes the vacuum permittivity, ni and ne
are the densities of the ions and electrons. The electric field is
determined from the electrical potential using E = −∇Φ . At
each step the electric field of the domain is solved and the
number of ions and electrons in each cell is determined. The
ni and ne are then obtained using the PIC weighting method
and the charge density of each macro particle in the region of
the four grid nodes [10].
The movements of the particles are determined from the
integration of the equation of motion, which can be described
using Newton's second law as [10]:

2.1. Domain and Boundaries
The simulation object is the near-wall plasma sheath in
acceleration region, as shown in Figure 2. Neumann boundary
condition is applied at the left and right boundaries. The down
side is the dielectric wall, while the up side is the quasineutral
inlet in which the number of electrons and ions always keep
the same. Ions colliding with the dielectric wall boundary are
collected, whereas the electrons follow the secondary electron
emission (SEE) model [14]. Particles that hit the other three
boundaries are absorbed and deleted.

qe

ζ
[1 − χ (0)]
ζ∗

(5)

where ζ is the energy of a primary electron, χ (0) is the
asymptotic total electron emission yield and ζ ∗ =53eV is the
crossover energy for BN-SiO2 ceramic [15].
According to Morozov [14], the electric field intensity at
the dielectric surface can be expressed as:
E ⊥ = −∇Φ = −

σ
ε0

(6)

where E⊥ presents the electric field intensity perpendicular
to the wall, and σ is the surface charge density collected by
the wall.
2.5. Scaling and Normalization

Figure 2. Sheath model at z-r plane.

Full kinetic PIC simulation is numerically infeasible
because the high densities of the particles and the excessively
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short Debye length of the plasma in the Hall thruster [16].
Furthermore, simulating the ions and electrons simultaneously
in one model is extremely difficult because the mass of the ion
is about 240,000 times that of the electron. To simulate the
ions and electrons simultaneously and make the computation
feasible, the super-particle and artificial mass ratio are
employed in the simulations. The above simplification
procedures are commonly used to model physical problems in
Hall thruster [17]. The manipulation and effects of the scaling
model are detailed as follows.
Super-particles are applied in lieu of tracking real physical
particles [10], where one super-particle represents about
2 × 107 real particles in the simulations. The mass of the ion is
scaled by an artificial mass ratio factor f (f>1) which means the
ions are f times lighter than that they should be. The artificial
mass ratio factor f =100 is employed in this simulations, which
make the ions move f = 10 times faster than in reality. This
means the convergence time of the simulation could decrease
by f = 10 times [16].
Table 1. Parameters utilized in the simulations.
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ion density in the sheath region are all showing as classic
sheath form as shown in Figure 3 and Figure 4. So we can
deduce that when the axial electric field intensity is constant, it
had no effect on the physical properties of wall sheath. As the
axial electric field intensity affects the axial velocity of
particle, and sheath is made up of accumulated charge which
is brought by particles incident on the wall. Potential drop of
the sheath is in the radial direction. Constant velocity of the
particle in the axial direction will not affect movement in the
radial direction. Thus, the sheath performs the classic sheath
form when the axial electric field intensity is constant.

a) With Te=10eV b) With Te=15eV c) With Te=20eV
Figure 3. Potentials with different inject electron temperatures.

Parameters
Plasma density
Electron temperature
Ion temperature
Domain size

Value
1018 m-3
10-20 eV
1 eV
100λd × 100λd

The parameters used in the simulations are summarized in
Table 1. All the variables in the model have been normalized
to enable better interpretation of the simulation results. These
variables and their normalized values are listed in Table 2. The
time-step dt and grid spacing dx are restricted by the electron
gyro frequency ωce and the Debye length λd . Here, dt = 0.1

ωce and dx = 0.5 λd are chosen in this simulation. The grid in
the model consists of 200 cells in the axial direction and 200
cells in the radial direction.
Table 2. Reference variables.
Variable name
Mass

Reference/Unit
mref /kg

Value

Charge

qref /C

1.602 × 10-19

Length

Lref /m

2.35 × 10-5

Time

tref /s

1.763 × 10-11

Velocity

vref/m s−1

1.326 × 106

Potential

Φref / V

10

Particle density

nref /m−3

1.0 × 1018

Electric permittivity

ε ref / F ⋅ m -1
Tref /eV

1.416 × 10-8
10

Temperature

9.1 × 10-31

3. Results and Discussion
Firstly, we considered the ideal state that the axial electric
field intensity is constant (A =0). Figure 3 and Figure 4 show
the distribution of sheath potential and ion density in sheath
region in three different inject electron temperatures (10 eV,
15 eV and 20 eV), respectively. The sheath potential and the

a) With Te=10eV b) With Te=15eV c) With Te=20eV
Figure 4. Ion densities in sheath region with different inject electron
temperatures.

Next, we consider the actual situation which includes low
frequency oscillation. The amplitude of Field harmonic
oscillation A is 0.1 times of the time average electric field
intensity. The oscillation frequency f z is f z = 10 −6 ω pe ,
whose magnitude order is 10 4 Hz. Thus, the equation 1 can be
rewritten as:

Ez = Eza + 0.1Eza ⋅ sin(2π ⋅ 10−6 ⋅ t )

(7)

Figure 5 shows the distribution of sheath potential in three
different inject electron temperatures (10 eV, 15 eV and 20 eV)
considered the axial oscillation electric field stated above,
respectively. As the figure shows, when the inject electron
temperature is 10 eV, the sheath is showing as significant
oscillations sheath. When the inject electron temperature is 15
eV, the potential amplitude has significantly reduced. As the
inject electron temperature increases to 20 eV, the sheath is
basically stable and no significant oscillations sheath can be
observed. The potential distribution and the total potential
drop in the situation that the inject electron temperature is 20
eV are basically the same as the result shown in previous ideal
state (A=0). As the inject electron temperature increases, the
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sheath oscillation is suppressed. When the electron
temperature is high enough, the response speed of the
electrons is sufficient to shield external interference. Then the
sheath distribution alters to a steady state.

probably because of that the ion density is the differential term
of the potential.

a) With Te=10eV b) With Te=15eV c) With Te=20eV

Figure 7. Potential profile of point which located at z=0.235 mm.

Figure 5. Potentials with different inject electron temperatures.

Figure 6 shows the distribution of ion density in sheath
region in three different inject electron temperatures (10 eV,
15 eV and 20 eV) considered the axial oscillation electric field
stated above, respectively. When the inject electron
temperature is 10 eV, the ion density oscillation in the sheath is
very severe. As the inject electron temperature increases to 20
eV, the ion density is almost stable.

a) With Te=10eV b) With Te=15eV c) With Te=20eV
Figure 6. Ion densities in sheath region with different inject electron
temperatures.

In order to clearly describe the potential change of
oscillation sheath in the inject electron temperature of 15 eV,
we record the potential profile of the point locates 0.0235 mm
above the wall, as shown in Figure 7. From the figure we can
obtain that the potential vigorous shakes over time and
satisfies with simple harmonic. At the same time, we enlarge
the potential oscillation curve which is shown in the red box
on the right of Figure 7. It can be obtained that there is another
high-frequency oscillation in the sheath at a finer time scale.
Figure 8 shows ion density profile of the same point which is
chosen in Figure 7. Form the figure we can see that the
oscillation of ion density is more intense and the violent
simple harmonic is barely to be observed. The difference
between ion density amplitude and potential amplitude is

In order to get a more intuitive oscillation laws of the
physical characteristics of sheath, we analysis the frequency
of potential oscillations and ion density oscillations using the
fast Fourier transform. The results show that there is no
difference between the two kinds of spectrum. So, the Figure 9
gives out the oscillation spectrum of sheath potential which is
shown in Figure 7. The potential oscillation frequency in high
frequency region is 35 MHz, and in UHF band is 3.5 GHz. The
Ultra-high frequency oscillation is the plasma oscillation
caused by disturbance of electronic shell. While, the former
high-frequency oscillation, whose frequency is different from
the oscillation frequency of the applied electric field and far
less than the plasma oscillation frequency, has larger
amplitude and satisfy the laws of simple harmonic oscillation.
Therefore, we think that when there is low-frequency
oscillation electric field in axial direction and the electron
temperature is low, the sheath potential not only retain the
inherent high frequency oscillation but also stimulate structure
oscillation that significantly different from the current
oscillation frequency in the near wall region.

Figure 8. Ion density profile of point which located at z=0.235 mm.
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Figure 9. Frequency contents of sheath potential.

According to analysis the frequency range of Hall thruster
observed in experiments, we can find out that this frequency
value is consistent with the range of high frequency
oscillation (1-100 MHz). The high-frequency oscillation
located at channel outlet is caused by Kelvin-Helmholtz type
shear flow of electronic transverse shear motion. In addition,
the effect of external axial oscillating electric field on
electrons also can be considered as transverse shear motion
in the axial direction. Therefore, they perform the same
oscillation frequency.
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4. Conclusion
In this paper, the two-dimensional fully kinetic IFE-PIC
numerical models are developed in the z-r plane to investigate
the effects of multiple oscillations on the plasma sheath. The
following conclusions can be drawn:
1. The constant axial electric field have no effect on the
physical properties of wall sheath; the velocity of the particles
also have no change in the radial direction.
2. The sheath will show significant structure oscillations
with a axial oscillation electric field and a lower electron
temperature. This high-frequency oscillation may be caused
by Kelvin-Helmholtz type shear flow of electronic transverse
shear motion. When the electron temperature increases to a
higher value, the plasma sheath with the high frequency
oscillation will become to the classic sheath.
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