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1. The Failure Flow Parameter 

the Working Time 

The failure flow parameter changes during the time of 

work, as shown in Fig 1.1 [1]. This process can be divided 

into three stages: 

Stage I - running clearance:  

After the start of use or after the repair of equipments

failure flow parameter increases sharply, and then will 

gradually decrease to a level determined. This characteristic 

of the relationship ω(l) is due to the quality of manufactured 

parts and details, the existence of hiden defects, the 

violations of technology when manufacturing or repairing.

Stage II-normal use: 

This stage is characterized by the unchanged 

parameter. In this stage appear the extraordinary damage

which mainly occur due to random causes and 

relatively evenly during the working time. Failure flow 

parameter in this stage is determined by the characteristics 

and structural perfection of equipments, as well as the 

conditions and exploitation mode of equipments.

Stage III - increased wear or aging: 

The basic features of this stage are 

parameter increased that are caused by several factors such as:

- The abrasion and aging of the parts and details lead to an 

increase in the probability that the pulse load exceeds the 

limit of their strength; 

- The increase in the gap within the assemblied elements 
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The Failure Flow Parameter during 

The failure flow parameter changes during the time of 

rocess can be divided 

After the start of use or after the repair of equipments, their 

failure flow parameter increases sharply, and then will 

gradually decrease to a level determined. This characteristic 

is due to the quality of manufactured 

parts and details, the existence of hiden defects, the 

f technology when manufacturing or repairing. 

unchanged failure flow 

appear the extraordinary damages, 

which mainly occur due to random causes and are distributed 

relatively evenly during the working time. Failure flow 

is determined by the characteristics 

and structural perfection of equipments, as well as the 

conditions and exploitation mode of equipments. 

 the failure flow 

increased that are caused by several factors such as: 

The abrasion and aging of the parts and details lead to an 

increase in the probability that the pulse load exceeds the 

The increase in the gap within the assemblied elements 

leads to the increase in the vibration, shock and momentum;

-The occurrence of the excessive within the moveable 

joints leads to the decrease in their mechanical strength;

-The decrease in electrical resistance of electro

materials. 

Figure 1.1. The change of the failure flow parameter during the working 

time 

To prevent the failure of parts and weared details we set 

the preventive-planned repairing system, in which w

undertook to restore or replace the details and components 

with the technical specs close to the critical values [6]

On the other hand, the establishment of the planned repair, 

which is before the stage of wear and aging with the increase 

in damages, is meaningless. 

For example, the implementation of the planned repair at 

the time of L1 (Fig. 1.2) is not only beneficial, but harmful. 

At this time the number of unscheduled repairs increases due 

to the occurrence of the damages of running clearance
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Figure 1.2. The change of the failure flow parameter in difference distances 

running to repair 

Here, the scheduled repair is logical if it is made at the 

time of any L2, where the number of damages ∆m

than the number of damages of running clearanc

(characterized by the growth of the failure flow parameter).

Should determine a reasonable time to conduct the planned 

repair, in which the total cost for the conduct of repair 

(planned and unplanned) is minimal [2]. 

If at the planned repair we carry out the fully restore of the 

parts, i.e. the function ω(l) will be restored completely after 

repairs as had earlier, then during the long enough working 

time of the means, the relationship ω(l) will have the form as 

shown in Fig 1.3. Here, L, 2L, 3L ... correspond to the times 

of the planned repairs. 

Figure 1.3. The change of the failure flow parameter within the intervals 

between repairs. 

Because the relationships ω(l) in the intervals [0,L], [L,2L], 

[2L,3L] ... are completely the same, so just consider

interval [0, L] is sufficient. 

The number of unscheduled repairs in the interval [0, L] is 

equivalent to the amount of damages: 

H(l) = � ����. ���	  ,                     
Thus the average number of damages within the long 

enough working time l will be: 

NDX = H(l) = 
�� � �����	

The number of times to repair NKH planned 

[0, l] is:  

NKH =  
�� ,                            
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The change of the failure flow parameter in difference distances 

Here, the scheduled repair is logical if it is made at the 

where the number of damages ∆m2 is greater 

than the number of damages of running clearance ∆m1 

(characterized by the growth of the failure flow parameter). 

Should determine a reasonable time to conduct the planned 

repair, in which the total cost for the conduct of repair 

out the fully restore of the 

will be restored completely after 

repairs as had earlier, then during the long enough working 

will have the form as 

orrespond to the times 

 

The change of the failure flow parameter within the intervals 

in the intervals [0,L], [L,2L], 

[2L,3L] ... are completely the same, so just consider an 

The number of unscheduled repairs in the interval [0, L] is 

,                       (1.1) 

Thus the average number of damages within the long 

� �. �� ,              (1.2) 

planned in the interval 

,                                     (1.3) 

Let CKH is the average cost for one planned repair, and C

is the average cost for one unscheduled repair considering the 

loss of the stopping of the means, then the total cost for the 

conduct of both planned and unplanned (unscheduled) repairs 

in the interval [0, l] is: 

C = CDX 
� � � ��	

Upon dividing this expression for 

total cost for the repair: 

q(L)= � � ��� . � ��	
The quantity q(L) is the optimum target of the interval 

between repairs of the elements of the means, and it is 

received from their failure information. 

optimum target q(L) by Eq. 1.5 

relationship of the failure flow parameter ω with wo

time l. In general form, this relationship can be approximated 

in high accuracy with the polynomial of n

ω(l ) =�   �	 � �����   ��                   �� � ���� �
To simplify, this relationship can be approximated with the 

piecewise-linear method. This approximation can satisfy in 

the real situation [1, 2]. 

We assume that (0, l1) and 

wear will intensively increase in the sta

function will be: 

ω(l) = �     �	 � �����     ��                    �� � ���� �
In this case, the compolsary repair should be planned at the 

appropriate period uppon the severe wear 

is increased rapidly, i.e. L > l2.

are splitted into three: 

� ����. ���	  = � ��	 ���	
+  � ��� � �����

Upon transforming with a1 = 

� ����. ���	 � ��.���
Upon replacing (1.6) into (1.5), we obtain

q (L) =  ��� .��

� ���� .���

Indeed, the function q(L) is the polynomial of 2

with one minimum point (see Fig. 1.4)
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is the average cost for one planned repair, and CDX 

the average cost for one unscheduled repair considering the 

loss of the stopping of the means, then the total cost for the 

conduct of both planned and unplanned (unscheduled) repairs 

����. �� + CKH ��  ,               (1.4) 

Upon dividing this expression for l, we obtain the average 

����. �� � � !  "  ,             (1.5) 

is the optimum target of the interval 

between repairs of the elements of the means, and it is 

their failure information. To calculate the 

Eq. 1.5 we need to know the 

relationship of the failure flow parameter ω with working 

. In general form, this relationship can be approximated 

in high accuracy with the polynomial of n-th degree:  

� �#        ,    � % ��                     ,   �� & � % �� � � ���# , �� & �           ' 
To simplify, this relationship can be approximated with the 

linear method. This approximation can satisfy in 

and (l2, L) are small enough, the 

wear will intensively increase in the stages I and III, the 

� �            ,    0 % � % ��             ,    �� & � % �� � � ���  ,   �� & �           '  

In this case, the compolsary repair should be planned at the 

d uppon the severe wear - when the damage 

. Then, the integral in Eq. 1.4 

����. �� + � ��. ������  + 

��� � ���). �� 
= 

*+,*���   we have  

�� � ��- � ��.��,����
� ,        (1.6) 

Upon replacing (1.6) into (1.5), we obtain 

� 
 ��.�� ��,����

�� � 

� ./��0.123
�  ,                          (1.7) 

is the polynomial of 2
nd

 degree 

Fig. 1.4).  
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The second term 
.��.��,����

��   is positive increased with 

the distance between the repairs L, while the third term  

���� .�� ./��� 0.123
�   is negative; the term C

within the full range of variable of the interval between the 

repairs and it does not affect the horizontal

minimum point, but affects the release of q(L

Figure 1.4. The Relationship between the total units cost with the interval 

between repairs 

To determine the optimal interval between the repairs we 

take the derivative of q(L) and give it equal to 0:

4 5�-� � ������- � � ����2- � � ��������2 -�
Of which: 

L0 =  7������� � ��� � �.12��.��     

From the expression (1.8) in particular, we found that 

planned repair should be conducted in the stage 

damages, as L0> l2. 

Also, when there is no damage specific to the wear and 

running clearance, i.e. when a1→0, a2→0, ω

the optimal interval between repairs L0→

carry out planned repairs, because it does not prevent the 

unexpected failures. 

The unexpected failures affect the absolute value of the 

total unit cost for both the planned and unplanned 

(unscheduled) repairs. 

This is seen from expression (1.5), because of which the 

CDXω1, where ω1 is the value of failure flow parameter during 

the stage of normal use, in which the unexpected failures of 

the considered components are overwhelming.

However, the abscissa of the minimum point of the total 

unit cost does not depend on the value of ω

expression (1.8), but is determined mainly by the speed of the 

changes of the failure flow parameter within the 

running clearance (a1) and within the stage 

wear or aging (a2). 

The time for running clearance l1 depends greatly on the 

type of previous repair, so there will not any information 

about it, while the structure of the repairing cycle is b

determined. 
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is positive increased with 

the distance between the repairs L, while the third term   
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, but affects the release of q(L0).  

 

the total units cost with the interval 

To determine the optimal interval between the repairs we 

and give it equal to 0: 

� � !� � 0 

                        (1.8) 

From the expression (1.8) in particular, we found that 

stage of increasing 

Also, when there is no damage specific to the wear and 

0, ω(l)→ω1= const, 

→∞, i.e. no need to 

carry out planned repairs, because it does not prevent the 

The unexpected failures affect the absolute value of the 

both the planned and unplanned 

This is seen from expression (1.5), because of which the 

is the value of failure flow parameter during 

of normal use, in which the unexpected failures of 

ents are overwhelming. 

However, the abscissa of the minimum point of the total 

unit cost does not depend on the value of ω1, as shown in 

8), but is determined mainly by the speed of the 

changes of the failure flow parameter within the stage of 

stage of the increased 

depends greatly on the 

type of previous repair, so there will not any information 

about it, while the structure of the repairing cycle is being 

In addition, the period of the running clearance 

represents only a fraction of normal use period 

can ignore the first term in the expression (1.8).

Thus, the optimal interval between the repairs is 

determined primarily by the time of the normal use period

l2] and depends on the relationship (ratio) of the cost of the 

planned repair CKH and the cost of the unplanned repair 

(unscheduled) CDX , as well as the speed of the increase in the 

failure flow parameter in the stage 

a2, i.e. the intensity of these processes.

This intensity allows forecast the life of the components 

which are under wear and aging

failure flow parameter with the working time has been shown 

in several studies (e.g. [1, 2, 6])

Featuring change of such 

function can be expressed as straight lines:

The expression of the function ω

coefficients (a1, a2, a3, l1, l2, b1, 

by the ready empirical relationships ω

experimental failure flow parameter

several redundant factors, so 

continuity of the function ω

equations as follows:  

ω 1(l1) = ω 2(l1)   and    ω

From this, we have:  

b2 = a1l1

b3 = a2 (l2 - l1)

Finally, the function of the failure flow parameter

form as:  

ω1(l) = a1 l + b1   ,  

ω2(l) = a2(l - l1) + a1 l1 + b

ω3(l) = a3(l - l2) + a2(l2 - l1) + a

Here, the expression of ω(l) 

a1, a2, a3, b1, l1, l2, but to define the problem we have to 

approximate the empirical chart of the experimental 

flow parameter ω
*
(l) with the theoretical ω(

The approximation, (i.e. replacing the empirical function 

ω
*
(l) with the theoretical ω(l),

accurate results, if the amount of damages, calculated in 

accordance ω
*
(l) and ω(l) will have a minimum deviation, i.e. 

considering the requirements of the least squares method.

The objective function for the approximation of the 

flow parameter would be  

): 69-75  71 

In addition, the period of the running clearance l1 

represents only a fraction of normal use period [l1, l2], so we 

can ignore the first term in the expression (1.8). 

Thus, the optimal interval between the repairs is 

y the time of the normal use period [l1, 

and depends on the relationship (ratio) of the cost of the 

and the cost of the unplanned repair 

, as well as the speed of the increase in the 

age of increased wear or aging 

the intensity of these processes. 

This intensity allows forecast the life of the components 

which are under wear and aging. Such the relationship of the 

failure flow parameter with the working time has been shown 

). 

Featuring change of such failure flow parameter, its 

function can be expressed as straight lines: 

           (1.9) 

The expression of the function ω(l) consists of eight 

 b2, b3) and should determined 

the ready empirical relationships ω
*
(l), i.e. the graph of 

failure flow parameter. However, there are 

, so due to the conditions of 

continuity of the function ω(l), we have the boundary 

)   and    ω 2(l2) = ω 3(l2) 

1 + b1 ; 

) + a1 l1 + b1 . 

failure flow parameter has the 

     0 ≤ l ≤ l1 

+ b1 ,   l1 < l ≤ l2 

+ a1l1+ b1 ,    l2 <  l ,   (1.10) 

 consists only of six constants: 

but to define the problem we have to 

approximate the empirical chart of the experimental failure 

) with the theoretical ω(l).  

i.e. replacing the empirical function 

),) in this case will give more 

accurate results, if the amount of damages, calculated in 

) will have a minimum deviation, i.e. 

considering the requirements of the least squares method. 

The objective function for the approximation of the failure 
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( )
2

*

1

n

i i

i

y s s
=

= −∑ ,                   (1.11) 

of which:  

Si and Si
*
- the corresponding numbers of theoretic and 

empirical damages counted in the i-th interval of working 

time;  

n - number of working time interval (i.e. the steps of the 

diagram).  

The number of empirical damages Si
*
 will determined by 

the rectangular area of the i-th interval of the ω
*
(l) chart: 

Si
*
= ω i ∆i

*
l ,                            (1.12) 

Using piecewise-linear approximation the theoretic 

amount of damages Si is determined by the trapezoidal area 

of li–1; ω(li - l); li , i.e.  

Si = ω(Xi) ∆l  ,                           (1.13) 

of which:  

ω(Xi) - theoretical value of the function ω(l) at the 

midpoint (median) of the i-th interval; 

∆ l - the average line of the trapezoid. 

Replacing (1.12) and (1.13) into (1.11), we get: 

8 � 9���:;�∆� � �;∗∆�)�#
;>�

� 

∆�� ∑ ���:;� � �;∗)�#;>� ,                   (1.14) 

Because that ∆l
2
 is constant, the optimal condition of Eq. 

1.14 is equivalent to the minimum objective function:  

@ = ∑ ���:;� − �;∗)�#;>�  → BCD,            (1.15) 

Whereas, the graph approximation of the failure flow 

parameter is changed into the piecewise-linear approximation 

of the empirical function ω
*
(l), which is given by n points 

coordinated of (xi; ω
*

i), where xi is the middle point of the i-

th interval of the ω
*
(l) chart; 

ωi
*
 - is the value of the failure flow parameter in the i-th 

interval 

Replacing with (1.11), we can write the (1.15) as following: 

@ = 9 E�
�FG ��

+ 9 H�
��I�FG ��

+ 9 ��
��I�F

 

where: A, B, C - the deviation of the failure flow parameters’ 

function, compared with the corresponding empirical values, 

on the changing intervals of  working time respectively:  

A = a1 xi + b1 - ω1
*
; 

B = a2 (xi - l1) + a1l1 + b1 - ωi
*
; 

C = a3 (xi - l2) + a2(l2 - l1) + a1l1 + b1 - ωi
*
 

The objective function (1.15) depends on the parameters a1, 

a2, a3, l1, l2, b1, but note that l1 and l2 coincide with the 

boundaries of the range of the ω
*
(l) graph, then their defining 

region is limited by the l1, l2, ..., ln . 

So to degrade the system of variables, we should fix the 

values of l1 and l2 and determine the local minimal of the 

objective function z. We should repeat the solution with 

different combinations of l1 and l2, etc. … then chose from all 

of the answers the solution that ensures the minimum value 

of the objective function. Thus, while fixed l1 and l2, the four 

variable function z=(a1, a2, a3, b1)  is minimal. 

2. Determine the Optimal Working Time 

To treat the integral function of the failure flow parameter 

within Eq. 1.5, we insert one, two or three integral 

components depending on the type of the function ω(l) 

within [0, L]: 

-
∑  
0

���� �� = � ���� + J�� ����
	  + 

+ K ����� − ��� + J� )��
��

��
+ 

+ K ��L�� − ��� + JL )��
� 

��
 

Uppon calculating the integral we obtain (2.1):   

K ������
�

	
= 0.5 ����� + J��� + 

+0.5 �� ��� − ���� + J���� − ��� + 

+0.5 �L �- − ���� + JL�- − ��� ,                 (2.1) 

Replacing expressions of the coefficients b2 and b3 into 

(1.6), then  

K ������
�

	
= 0.5 ����� + J��� + 

+0.5 �� ��� − ���� + J���� − ��� + 

+� ���� − J� ���� − ��� + 0.5 �L �- − ���� + 

+������ − ��� + ��� �� + J� �)�- − ���,      (2.2) 

We replace (2.2) into (1.5), then take the derivative by L 

and give it equal to 0, we get the expression, which 

determine the optimal interval between the repairs: 

Lo = 7N�����0������,����O
, �P + ��� + �..12

�P.��  ,            (2.3) 

Analysis of the expression (2.3) shows that the optimal 

interval between the repairs depends significantly on the 

relationship of the costs for carrying out repairs planned CKH 

and unplanned CDX. 

The planned repair cost includes the cost for materials or 

spare parts C1, the cost for wages C2 and the cost for stop of 
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the means C3, i.e.:   CKH=C1+C2+C3. 

The cost for unplanned repair, in addition to the stated 

quantities C1, C2 and C3, also includes the cost C4, which is 

caused by damage of the vehicle during operation, i.e.: 

CDX=C1+C2+C3+C4. 

Thus, CDX ≥ CKH , and CDX = CKH only happens to the 

elements, whose damages do not cause to the vehicle’s loss 

during operation. 

So far, still no formal studies on the determination of 

damage caused by the stop of the means halfway due to their 

failures. So if there were, they would not fully reflect the 

damages caused due to failures [5, 6, 7]. 

So, although the companies of transportation have 

information about the time to stop the means due to failures, 

it did not allow assessment of the C4 within the unplanned 

repairing cost. Consequently, it can not compute the absolute 

value of the average total cost of the repairs. 

However, using the relative values of CDX and CKH, we can 

determine the optimal interval between the repairs L0, 

corresponding to the minimum value of the average total unit 

costs q(L0). 

The ratio K of repair costs for planning and unplanned is: 

Q = .�� 
.12 ,                              (2.4) 

Because CDX≥ C KH   then  K ≥1. 

Perform CDX by K and CKH , then replace it into Eq. 1.5, 

we get: 

q(L) =  
.12  � *���R�0�S

+ "
�      ,               (2.5) 

On the physical sense, the quantity, located in the 

numerator of the fraction (2.5), is the total cost of both types 

of repairs. So, the expression in parentheses is the number of 

total converted repairs, i.e. the quantity Q � �������
	    turns 

the total number of unplanned repairs � �������
	   into the 

cost-equivalent amount of planned repairs. 

The relationship S(L) is called the number of converted 

unit repairs during one unit of working time: 

S(L) = 
  � *���R�0�S

+ "
�  ,                    (2.6) 

From the above theoretical basis, we set the algorithm for 

the approximation of the failure flow parameter, as shown in 

Fig 2.1. 

 

Figure 2.1. Algorithm for piecewise-linear aproximation 
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Uppon enterring the number of values n – the amount of 

experimental data of the failure flow parameter (block 1), 

then assigning N - the number of repetitions of the 

coefficients until they were stable and the value of the 

objective function does not fall again . 

Then, enter the experimental values of the failure flow 

parameter ω*
i and the initial values of the coefficients a1.1, a2.1, 

a3.1, b1.1 of the failure flow parameter (in the blocks 2 and 3). 

Given (in the block 4) the large initial values of the 

objective function, which later will be compared with the 

squared deviation of the theoretical from the experimental 

values of the failure flow parameter after the first calculation 

(in block 19). 

Given (in the blocks 5 and 6) the initial boundary values l1 

and l2 of the failure flow parameter and the initial calculating 

values; the variables used for the accumulation of totals is 

given by 0 (in the block 8). 

Then we perform one cycle of counting to determine a1, a2, 

a3, b1 (through the blocks 9 to 17) and the value of the 

coefficient λ (block 18) . 

We remember the coefficients corresponding to the 

minimum value of the objective function z (through the 

blocks 19 to 22), and then calculate the new values of the 

coefficients a1, a2, a3, b1 (block 23). 

The calculations by the "steepest descent method" should 

repeat (the blocks 24-27) until the total squared errors z will 

not decrease further during the N cycles. 

Conduct one cycle of counting for all possible values of l1 

and l2 (in the blocks 28 and 29). We send the calculated 

values of a1, a2, a3, b1 and the working times l1, l2 to the 

printer (block 30). 

To calculate the value of the function S(L) by the 

coefficient K, we enter the value of K in the block 31; 

calculate the value of S(L) and L0, in the block 32, and then 

print the L0. The loop will proceed with all the input values of 

K. Finally, the program plots the graphs of S(L) and ends in 

the block 34. 

Based on the theory mentioned, we can build the program 

for calculation of the function S(L), which denotes the 

relationship of the number of total converted unit repairs 

during the working time S(L) with the different values of K - 

the ratio of the cost of unplanned repairs to the cost of 

planned repairs. Corresponding each value of K we should 

find the optimal values of the repairing cycle and plot the 

graphs. 

3. Conclusion 

The programs, which calculating the relationships between 

the failure flow parameter ω(l) and the number of the total 

converted units repairs with the working time S(L) will be 

useful tools for the determination of the optimal repairing 

cycle of the parts and components of the means with regard 

the unexpected failures and the correlation between the costs 

of planned and unplanned repairs respectively. 

Following the studies [2-4] and [8-10] on the optimal 

repairing system based on the reliability, this paper is a part 

of the R&D project on the optimizing repairing cycle based 

on the reliability [11] and is funded by Vietnam National 

University Ho Chi Minh City (VNU-HCM) under grant 

number C2014-20-04 . 
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