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Abstract: More than 150 years research groups from different countries have been studying the effect of various factors
on the productivity of the plants described by so-called productivity functions (PF). Interest to PF stems from the needs of
economists, agronomists, agricultural chemists and environmentalists who use the PF modeling as a basis for solving their
problems. The article describes development of models of productivity for agricultural chemistry and approaches to its calibration. The phenomenon of quasi-linearity (R2> 0.998) of Mitscherlich-Von Boguslawski functions within the range of
30 to 90% efficiency after logarithmic transformation of the argument and practical applications of the method were considered. The limitations were considered in the use of recommendations in relation to the properties of the scale of the studied factors. The approach proposed is applicable to only the values belonging to an absolute scale (ratio scale). The analysis of the possibility and feasibility to assess the so called critical levels of mobile phosphates was made using modeling
with recently published Rothamsted long-term experimental data.
Keywords: Function Of Productivity, Modeling, Model Selection, Available Phosphate

1. Introduction
A large number of factors (light, temperature, availability
of water, nutrients, etc.) influences the plant productivity
complicating the detailed understanding. More than 150
years research groups from different countries have been
conducting pilot studies and try to find the best ways to
describe the effect of these factors on the productivity of
the plants - so-called productivity functions (PF). Interest in
productivity functions is versatile; they are needed by
economists, agronomists, agricultural chemists and environmentalists as a basis for solving their problems with the
use of modeling. Approach to defining the productivity
functions evolves with accumulation of knowledge, ideas,
tools and requirements. The priority work on the productivity functions in agricultural chemistry is the work of Liebig,
1855 [1], although so-called model of Liebig (FPL) in the
linear and partially smoothed form, took the mathematical
form of a linear function with a subsequent plateau later
[2-6 etc.]. Beginning in 1909, the works of Mitscherlich
[7] and independently from 1923 works of Spillman [8]
offered a model (productivity functions of Mitscherlich-Spillman PFMS) based on the inverse exponent, which
has also a plateau as productivity function of Liebig, but it

has damped response within the break point. Further development of theoretical concepts of the FP was made by
Baule in 1918 (multifactor model of Mitscherlich-Baule
[9]), Bray since 1944 (the concept of influence of mobility
of food compounds on PF [10-12], Von Boguslawski E., &
B. Schneider, refinement of Mitscherlich model [13-16]
and many other researchers [2-4, 17-29]. It is necessary to
recognize the technical complexity of calibration of PFMS,
especially for two or more variables. That is why, from the
mid-twentieth century, methods and approaches to the
modeling of PF on the basis of empirical regression models
developed intensively [28]. However, analyzing publications one can notice a strong interest in classical FPL and
FPMS models and in modifications based on them. It
should be noted that in 1895 Liebscher [30] proposed a
theory that can now be seen as an early synthesis of concepts (models) of Liebig and Mitscherlich. In 1971,
Greenwood et al. [26] using the well known chemical kinetics function of Michaelis-Menten [31] presented a new
formalization of Liebscher ideas, further developed in later
publicatins [32]. In earlier studies [7, 10, 11, etc.] because
of the complexity in data obtaining and processing, PF related mainly to the effect of one factor (nitrogen, phosphate,
potassium). However, taking into consideration the com-
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plex character of the influence of factors on yield, PF with
two or more such relatively dynamic factors, e.g. combination of water and nitrogen fertilizer [24-26] draw our attention. In this paper, the main focus is on the factor of phosphorus. Phosphorus compounds are often one of the limiting factors in plant productivity [1, 7, 13, 33]. Their low
mobility in soil determines prolonged aftereffect of phosphate fertilizers, which allows them to “store” [12, 34].
Increase in the phosphate content in the soil using phosphate fertilizers increases the efficiency of the use of other
fertilizers, especially nitrogen [7, 33-35]. However, on
sloping lands it also increases the risk of run-off into waterways, leading to eutrophication [6, 36-41]. The second
important aspect of the use of phosphate fertilizers is their
high price compared to other types of fertilizers. Thus, both
economic and environmental factors contribute to the optimal use of phosphate fertilizers limiting doses to the point
when the soil reaches the so-called critical level (CL)
beyond which additional phosphorus fertilization doesn’t
significantly increase the productivity, is not economically
feasible or environmentally unacceptable [39]. Recently
published works of researchers from Rothamsted contain
data with long-term studies of the effect of residual soil
phosphate (by Olsen) on the productivity of spring barley,
winter wheat in three contrasting type soils, and an assessment of critical level based on the model PFMS [42-44].
However, it was considerable uncertainty (up to 5-8 times
in the phosphates CL by years), which caused the need for
additional investigation of the possible causes of published
fluctuations.
One of the approximate methods to determine CL according to agronomic criteria was proposed by Cate and
Nelson [19]). Availability of model FP formally simplifies
determination of CL, but the accuracy of its estimation is
still low and depends largely on the chosen criteria, the
quality of the source data and the type of FP. Comparison
of several types of the most important FP for an assessment
of CL and development of practical recommendations is the
main purpose of this work. In [34,35, 45-48] we have considered various PFs. In [45] main FPs and their development are discussed. Further review and bibliography on this
subject can be found in [2-6, 36, 49] and recently published
works [27, 32].

2.2. Details of Logarithmic Approach
In recent work, most researchers give preference to
theoretically based models of PF, primarily PFL, PFMS and
their modifications. However, taking into consideration the
complexity of the direct calibration of such PF even in a
single factor case, for practical purposes we proposed a
new calibration method based on a logarithmic transformation of the data [45]. To illustrate this approach (table 1),
the results of model analysis are presented for different
values of variable X, and the transformed variable (lg (X))
and calculated PF (fig.1 and fig. 2) in accordance with equations (1) and (2):
PFMS as assumed in [7]
Y/Y0 = 1-exp (-a X)

(1)

Where Y- yield, Yo – maximal yield, a = 1
PFMSB as assumed in [45]
Y/Yo = exp (- (lgX- 0.68) 2/2σ2))

(2)

Where σ2 = 1.
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Figure 1. Graphics of PFMS and PFMSB, depending on the disposal
variable of X.
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The main research method (as in the previous studies
[34,35, 45-48]) is PF modeling based on the previously
published data from field experiments on the effects of
agrochemical factors on productivity of field crops with the
use of Microsoft Excel.
The study uses the recently published works of researchers from Rothamsted which contains data of long-term studies of the effect of residual soil phosphate (by Olsen) on
the productivity of spring barley [42-44].
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Figure 2. Graphics of PFMS and PFMSB, depending on the value of lg X.
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In the traditional format (figure 1) PFMS and PFMSB
graphics practically merge, both of these functions being
nonlinear, which causes the problem of the direct calibration. With logarithmically transformed argument (figure 2),
plots of PFMS and PFMSB functions in the Y/Y0 range
from 0,3 to 0,9 have quasi-linear sections that are practically identical to the parameters of models. It should be
noted that Y/Y0 range from 0,3 to 1,0 is the most agronomically important, i.e. most experimental data do not go
beyond those limits. The interval from 0,3 to 0,9 is described adequately by a linear function of log-transformed
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argument, which can be easily calibrated and one can restore the original model for an adequate prognosis for out
of range of the linear approximation through its parameters
[45].
2.3. Calculations with Rothamsted LONG-TERM FIELD
EXPERIMENT
Table 1 and figures 3–4 shows a comparison of the experimental data obtained in field tests in Rothamsted [42-44]
with the results of PF modeling.

Table 1. Experimental data on the dependence of the average production of winter barley on the content of labile phosphates and their comparison them
with the results of different PF modeling (abbreviations see in fig.3 and 4).

Content of
Average
labile phosphates
production,
(according to
t/ha
Olsen), mg/kg

Results of modeling

PFL

PFC

PFLM

PFMS

PFSB

PFLC

2

2

2,32

2,68

2,14

1,89

2,15

1,79

3

2,26

2,62

2,88

2,67

2,54

2,72

2,65

4

3,3

2,92

3,07

3,05

3,04

3,13

3,18

5

3,47

3,22

3,26

3,34

3,43

3,45

3,53

7

3,85

3,81

3,60

3,78

3,97

3,90

3,99

7

4,28

3,81

3,60

3,78

3,97

3,90

3,99

10

4,25

4,71

4,04

4,25

4,41

4,32

4,36

13

4,76

4,81

4,41

4,59

4,62

4,56

4,57

14

4,79

4,81

4,52

4,69

4,66

4,62

4,62

14

4,62

4,81

4,52

4,69

4,66

4,62

4,62

15

4,46

4,81

4,61

4,78

4,69

4,67

4,66

16

4,57

4,81

4,70

4,81

4,72

4,71

4,69

17

4,75

4,81

4,78

4,81

4,74

4,75

4,72

22

4,71

4,81

5,04

4,81

4,79

4,86

4,80

23

4,91

4,81

5,06

4,81

4,79

4,87

4,81

26

4,82

4,81

5,09

4,81

4,80

4,89

4,83

27

4,92

4,81

5,08

4,81

4,80

4,89

4,83

30

4,84

4,81

5,00

4,81

4,80

4,89

4,83

35

4,75

4,81

4,68

4,81

4,81

4,86

4,81

4,76

4,81

4,39

4,81

4,81

4,84

4,79

R =

0,923

0,847

0,945

0,968

0,960

0,965

s=

0,25

0,35

0,21

0,16

0,18

0,16

38
2

of function (model) of productivity
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Figure 3. Comparison of experimental data (exp) with PFL (linear function with a plateau, PF of Liebig), CPF (empirical quadratic model),
PFLM (PF of Liebig modified by the author, a linear approximation of the
argument in logarithmic form with the plateau), PFLC (logarithmic
quadratic PF, empirical quadratic model of ln-transformed arguments)e.
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bly high value of these models in critical conditions assessment. As it was mentioned above, evaluation of critical
conditions is not absolute. Depending on the selected model of PF and criteria, the results of this evaluation may bear
various level of uncertainty. For example, with seemingly
right choice of the most adequate PFMS for data in the table 1, uncertainty of critical conditions in [42-44] proved to
be unexpectedly high. Analyzing the situation, the author
found that in addition to the agronomic explanation proposed in [42-44], two statistical factors could play a certain
role. The first factor is the choice of high approximation to
maximum productivity (Y/Y0 = 0.98), which requires the
accuracy virtually unattainable in field experiments, as Y0 is
estimated with a rather large uncertainty. In earlier studies
(e.g. [19]), more realistic value of Y/Y0 = 0.90 was proposed.
The second factor is the asymptotic approach of the
PFMS derivative to zero near the selected point. This, along
with the flat (undefined) maximum of PFMS statistically
determines the high uncertainty of critical conditions (figure 5). The lines show the intersection with curves at
Y/Y0 = 0.9 and Y/Y0 = 0.98. In this respect, the use of PFL
and PFLM (with a much higher value of the derivative
prior to the plateau compared to PFMS) appears to be more
correct from a practical point of view to reduce the estimation uncertainty to an acceptable level.
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Figure 4 Comparison of experimental data (exp) with PFMS (PF of Mitscherlich -Spillman), PFMSB (PF of Mitscherlich -Spillmana modified
Boguslawski [45]), PFLK (empirical quadratic model of log-transformed
argument).

3. Discussion
The adequacy of the model PF can be estimated by conventional statistical criteria S (standard deviation) and R2
(coefficient of determination) [25].
According to these criteria, in this example PFMS
showed the highest correlation (table 1 and figures 3, 4),
followed in descending order by PFLC, PFMSB (this models in figure 4 practically coincide), then PFLM, PFL, PFC
(worst value). The high efficiency of the empirical PFLK
and PFLM (with log-transformed argument) should be also
noted. It confirms the feasibility of ln-transformation of the
argument (restrictions will be discussed below) and proba-

Figure 5 The integral and differential forms of PFMS.

At the same time in order to select the PF one should
take into account that the calculated value of critical conditions can be more precise for selected significance level (if
it is approaching the plateau), but less correct (in terms of
the standard ISO 5725). This situation is to be expected for
PFL, and is less likely for PFLM, given the significantly
different levels of adequacy for this models in the example
(table 1). Residual incorrectness of PFLM is less significant
for properly selected level Y/Y0. For example (table 1 and
figure 5), the level of accuracy in the evaluation of critical
conditions at Y/Y0 = 0.90 (which, in our opinion, is more
realistic than the Y/Y0 = 0.98, taking into account environ-
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mental constraints) for PFMS and linear-logarithmic approximation would be almost the same both in terms of
precision and accuracy. As to the estimation of critical conditions it should be noted that in the agronomy it is almost
impossible to receive precision critical conditions at Y/Y0 =
0.98. The reason for this for PFMS was discussed above. If
we consider the problem within the framework of PFMSB
or its empirical approximation of PFLK, according to [46],
the maximum of the curve of maximum productivity increases with an increasing of rates of other nutrients. This
phenomenon is seen in other studies, for example [33]. Rather, speaking of the critical conditions under present circumstances, the priority in their evaluation should be given
to the most restrictive economic and environmental constraints [37, 38, 39, 40].
Concluding remark concerns the possibility and advisability of using the logarithmic argument in the PF. While
employing the method of "boundary curve", Sumner in [50]
used the logarithmic scale of the argument. It resulted in a
more symmetric representation of PF. A similar phenomenon has been shown in [14-16, 46]. As it was shown in [34,
35, 47, 48], logarithmic scaling the argument is a very effective and powerful method (but rarely used by agrarian
scientists), provided that the argument is an adequate physical quantity in describing the acting factor of PF. This
physical quantity is measured on absolute scale (the
so-called ratio scale). Then the logarithmic transformation
is meaningful, unambiguous, and highly efficient [47].
However, very often the dose of fertilizer is an argument of
PF in field experiments. This dose is superimposed on the
background of mineral nutrition. The direct logarithmic
transformation in this case would be incorrect, and bringing
these two components to a common denominator is not
always easily achievable. Some factors, such as in-soil and
introduced nitrates can add up quite well removing this
uncertainty. However, similar factors will often disagree on
a quantity level. For example, the content of soil phosphate,
determined by the chemical method, will not agree with
doses of phosphorus fertilization on the scales used, and
therefore can not be simply added without additional assumptions or appropriate calibrations.

The author is grateful to colleagues from Rothamsted
Research, especially Dr. P.R. Poulton, for kindly providing
materials and a discussion of the main issues of this work,
and to the referee Professor N.F. Khokhlov for critical
commentst, and to Dr. Yu.Kolomiiskiy for reading and correcting of the manuscript.

4. Conclusion
Agronomic constraints for the phosphates are not well
defined. This does not allow accurate evaluating the critical
conditions. For this reason, while evaluating the CE, one
should most probably choose the most stringent economic
or environmental restriction.
Correct logarithmic transformation of the argument is an
effective technique in PF modeling.
The correctness of the logarithmic transformation of the
argument is determined by the scale and is limited by the
values measured in the ratio scale.
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