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Abstract: In this article we transmute the half logistic distribution using quadratic rank transmutation map to develop a transmuted
half logistic distribution. The quadratic rank transmutation map enables the introduction of extra parameter into its baseline
distribution to enhance more flexibility in the analysis of data in various disciplines such as reliability analysis in engineering,
survival analysis, medicine, biological sciences, actuarial science, finance and insurance. The mathematical properties such as
moments, quantile, mean, median, variance, skewness and kurtosis of this distribution are discussed. The reliability and hazard
functions of the transmuted half logistic distribution are obtained. The probability density functions of the minimum and maximum
order statistics of the transmuted half logistic distribution are established and the relationships between the probability density
functions of the minimum and maximum order statistics of the parent model and the probability density function of the transmuted
half logistic distribution are considered. The parameter estimation is done by the method of maximum likelihood estimation. The
flexibility of the model in statistical data analysis and its applicability is demonstrated by using it to fit relevant data. The study is
concluded by demonstrating that the transmuted half logistic distribution has a better goodness of fit than its parent model. We hope
this model will serve as an alternative to the existing ones in the literature in fitting positive real data.

Keywords: Half Logistic Distribution, Reliability Function, Hazard Rate Function, Parameter Estimation, Order Statistics,
Transmutation

1. Introduction ve o
gx) =——7 x>0 (1)

Half logistic probability model has a lot of applications in
the analysis of survival data and other disciplines such as
economics, biological sciences, insurance and finance.
Balakrishnan [1] studied order statistics from the half logistic
distribution. Balakrishnan and Puthenpura [2] obtained best
unbiased estimates of the location and scale parameter of the
distribution.  Balakrishnan and Wong [3] obtained
approximate maximum likelihood estimates for the location
and scale parameters of the half logistic distribution. Olapade
[4] presented some theorems that characterized the
distribution. Torabi and Bagheri [5] presented an extended
generalized half logistic distribution and studied different
methods for estimating its parameters based on complete and
censored data. The half logistic distribution which was
studied by Balakrishnan [1] and Balakrishnan and
Puthenpura [2] has the probability density function given by

a<1+eT>

Transmutation of distributions gained popularity over a
decade ago from the work of Shaw et al [6] to the work of,
Aryal and Tsokos [7], Aryal and Tsokos [8], Merovci et al [9],
Merovci [10], Merovci and Elbata [11], Merovci and Puka [12],
Granzoto et al [13], Rahman et al [14], to mention a few.

This work intends to study the transmutation of half
logistic distribution given in (1).

2. Transmuted Half Logistic Distribution

If a random variable X has half logistic distribution with
probability density function (pdf) in (1) with the cumulative
distribution function (cdf) given by
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Where u < x is the location parameter and o > 0 is the

scale parameter. We assume ¢ = 0 and o =1 with no loss of
generality.

The corresponding transmuted half logistic distribution,
using the quadratic rank transmutation map,

F(x) = (1+x)G(x) —AG*(x),|A| <1  (3)

where |A] < 1 is the transmutation parameter, is given by

(e¥*-1)(1+21+e*¥)
(1+e%*)2

F(x) = x>0, “4)
and the corresponding pdf is obtained by differentiating (4)
with respect to x which is given by

)’

2e*{(1-1)e*+31+1}
(1+eX)3

When A=0, we have the pdf of the half logistic distribution
given in (1) with parameters y = 0 and o =1.
Figure 1 and figure 2 illustrate the graphs of pdf and cdf of

transmuted half logistic distributions for different values of
parameter A.
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Figure 2. Cdf of transmuted half logistic distribution.

3. Moments and Quantiles

The k" order moment of a transmuted half logistic
random variable x, is given by

x {@-De*+32+1} dx
(1+e%)3

E[X¥]=2["x"e (6)
The result cannot be obtained explicitly. This is obtained
numerically using Maple software. Table 1 shows the
moments for various values of parameter A.
The ‘" quantile Xq of the transmuted half logistic
distribution can be obtained from (4) as

(q-D)+y(1+2)% —4Aq
Xqg=In e

()

The median of the transmuted half logistic distribution is
obtained when g = 0.5 in (7) to have

xo5 = In{(1—22) + 2(V1 + 22)} ®)

Table 1. The Moments of the Transmuted Half Logistic Distribution for
selected values of parameter 1.

2 E[X] E[X?] E[X3] E[X*] Var[X]
-1.0 2.0000 5.5452 19.7393 86.5481 1.5452
-0.75  1.8466 49814 17.5090 76.2755 1.5715
0.5 1.6931 44175 15.2789 66.0028 1.5510
025  1.5397 3.8537 13.0487 55.7302 1.4830
0.0 1.3863 3.2899 10.8185 45.4576 1.3681
0.25 1.2329 2.7260 8.5883 35.1849 1.2060
0.5 1.0794 2.1622 6.3582 24.9123 0.9971
0.75 0.9260 1.5984 4.1280 14.6397 0.7410
1.0 0.7726 1.0346 1.8978 43671 0.4377

4. The Skewness and Kurtosis of the
Transmuted Half Logistic Distribution

The coefficient of skewness of the Transmuted Half
Logistic (I) Distribution is denoted by
[ such that

_K4

Tt

Where u, = Var[X] = E[X?] — (E[X])?
E[X3] — 3E[X?]E[X] + 2(E[X])3.

The coefficient of Kurtosis of the Transmuted Half

Logistic (I) Distribution is denoted by
B, such that

B

and u; =

Hy
B ==
2 #5
Where p, = E[X*] — 4E[X3]E[X] + 6E[X?](E[X])? — 3(E[X])*
The skewness and kurtosis of the transmuted half logistic

(D) distribution for selected values of parameter A is shown in
Table 2.
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Table 2. The Skewness and Kurtosis of the Transmuted Half Logistic (I)
Distribution.

A us Uy Skweness(f,) Kurtosis(B;)
-1.0 2.4680 13.7164 1.65 5.74
-0.75 2.5066 13.9815 1.62 5.66
-0.5 2.5066 13.8549 1.74 5.76
-0.25 2.5483 13.3208 1.99 6.06
0 2.4646 12.3223 2.37 6.58
0.25 2.2538 10.7611 2.90 7.40
0.5 1.8718 8.5029 3.53 8.55
0.75 1.2757 5.3673 3.40 9.76
1.0 0.4222 1.1386 2.13 5.94

5. Random Number Generation and
Parameter Estimation
Using the method of inversion we can generate random
numbers from the transmuted half logistic distribution as

(e*—1)(1+22+e%)
(1+e%)2 -

O

where u~U(0,1). After simplifying (9) we have

n
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-y 1{n+(1—/1)z szn: e(i;‘? ]}=o -

x=1In {(u—l)+1/(1+/1)2 —4/1u}

= (10)

which can be used to generate random numbers when the
parameter A is known.

The maximum likelihood estimates of the parameters
A, uand o that are inherent within the transmuted half
logistic distribution function are given by the following:

Let X; X, ... X;, be a sample of size n from a transmuted
half logistic distribution. The likelihood function is given by

L = 2ngneZi=n("50) {1 - Dt (5 432 4 1}/

=R\ 3
no(1+ e2i=n(7)) (11)
Hence the log-likelihood function becomes

InL = nin2 —nlno + Z

i=n

+Zm (1 - D7) 1324 1)
i=1

~33p tn (14 X05) (12)

By differentiating (12) with respect to parameters i, o and
A and equating the result to zero we have

xt #)

[(1 el +3/1+1] i=1

=—0 {no+2(xl w—>0- A)Z

The maximum likelihood estimator 8 = (j1,8,1)" of
parameters 6 = (u,0,4)" can be obtained solving this non-
linear system of equations. It is usually more convenient to
use non-linear optimization algorithms such as quasi-Newton
algorithm to numerically maximize the log-likelihood
function in (12).

6. Reliability Analysis

The survival function, also known as the reliability
function in engineering, is the characteristic of the
explanatory variable that maps a set of events, usually
associated with mortality or failure of some system unto
time. It is the probability that a system will survive beyond a
specified time.

The transmuted half logistic distribution can be a useful
model to characterize failure time of a given system because of
the analytical structure. The reliability function R (t), which is
the probability of an item not failing prior to some time t, is
defined by R(t) = 1 — F(t). The reliability function of the
half transmuted logistic distribution is given by

2{(1+et)-A(et-1)}
(1+eh)?

R(t) =

Figure 3 and figure 4 illustrate the reliability behaviour of
transmuted half logistic distribution as the value of parameter

A varies from -1 to 1.

Lau) n
u)e N 3 u)e
[(1 Del™F) 131+ 1]

The other characteristics of interest of a random variable is

the hazard rate function also known as instantaneous failure
rate defined by

i= 1 [1+€

f@®
h(t) = ————
© 1-F(t)
which is an important quantity characterizing life

phenomenon. It can be loosely interpreted as the conditional
probability of failure, given it has survived to the time t. The
hazard rate function of a transmuted half logistic distribution
is given by

et{(1-Def+(3B1-1)}
(1+e)[(1+et)-A(et-1)]

h(t) =

Figure 2(ii) illustrates the behavior of hazard rate function
of a transmuted A log-logistic distribution for the selected
values of parameterA.

The cumulative hazard function of a transmuted half
logistic distribution is given by

H(t) = fot h(x)dx = ln{ (1+et)? }

2[(A+A)+a-A)etlS’
It is observed that

i. H(t) is a non-decreasing for all t = 0

ii. H0) =0

iii.lim,_, o, H(t) = oo.
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Figure 4. The hazard function of transmuted half logistic distribution.

Given that a unit is of age t, the remaining time after time t
is random. The expected value of this random residual life is
called the mean residual life(MRL) at time t. The mean
residual life (MRL) at a given time t measures the expected
remaining life time of an individual of age t. It is given by

m(t) =E(T—t/T =t)

- ﬁft‘”R(u)du (13)

Note that m(0) is the mean time to failure. The MRL can
be expressed in terms of the cumulative hazard rate function
as

[ee)

m(t) = f eHO-HE+0] gy

0

26X {(1-D)e*+3A+1}H{(e¥—1)(1+2A+e¥)) " H{(1+e¥)2-(e¥-1) (1+2A+e¥)}"

The mean residual life of the transmuted half logistic
distribution is obtained by substituting R (t) into (13) to have

_ (1+eH)? oo (1+e%)-A(e%-1)
m(t) - (1+e‘)—l(et—1) ft’ (1+€u)2 du (14)
The integral in (14) gives 2(1+e9)t1—(1+

Dinlet(1 +eH)™1].
By substituting this back into (14) it becomes

2—(1+A)(1+et)ln[et(1+et)_1]
1-A(et-1)(1+et)1

m(t) = (15)

7. Order Statistics

We know that if X1y < X(3) < -+» < X(,) denotes the order

statistics of a random sample X;, X, ... X;, from a continuous
population with cdf Fy (x) and pdf fyx (x), David 1970 gave
the probability density function of X,y as

fry @) = = [FT™[1 = FCOI™™ f(x) (16)

B(rmn—-r+1)

wherer = 1,2, ...n.
We have from (1) and (2) the pdf of the r** order half
logistic random variable X,y given by

2n—r+1ex(ex_1)r—1

‘gX(T) (x) = B(rn—-r+1)(1+eX)n+1 (17)

Therefore the pdf of the nth order half logistic statistic
X(n is obtained by taking r = n in (17) and it is given by

2ne¥(e¥-1)""1
(1+EX)‘H.+1

Gx gy () = (18)

and the pdf of the 15¢ order half logistic statistic Xy is
obtained by taking v = 1 in (17) and it is given by

Ixpy () = af:% (19)
Note that in a particular case of n = 2, (18) yields
ORE (20)
and (19) yields
Ixzy ) = % (21)

It can be observed that min(X;, X;) and max(X,, X,) are
special cases of (5) for A = 1 and A = —1 respectively.

We have from (4) and (5) the pdf of the rt" order statistics
for the transmuted half logistic distribution given by

fx(r) (x) =

B(rn—-r+1)(1+eX)2n+1

(22)
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Therefore the pdf of the largest order statistic Xy is given
by

__2ne*{(1-De*+3A+1}{(e¥-1)(1+24+e¥)}" "1
fX(n) (X) - (1+ex)2n+1

(23)
and the pdf of the smallest order statistic X4y is given by

Znex{(l—l)ex+3l+1}{(1+ex)2—(ex—l)(1+21+ex)}n_l o4
(1+ex)2”+1 ( )

frey () =

8. Application

The data represents the survival time of 72 Guinea Pigs
infected with virulent tubercle bacilli. The data set is
obtained from the work of Usman, Haq and Talib (2017)
[15].

The data are as follows:

0.1, 0.33, 0.44, 0.56, 0.59, 0.72, 0.74, 0.77, 0.92, 0.93,
0.96, 1.00, 1.00, 1.02, 1.05, 1.07, 0.7, 0.08, 1.08, 1.08, 1.09,
1.12, 1.13, 1.15, 1.16, 1.20, 1.21, 1.22, 1.22, 1.24, 1.3, 1.34,
1.36, 1.39, 1.44, 1.46, 1.53, 1.59, 1.60, 1.63, 1.63, 1.68, 1.71,
1.72,1.76, 1.83, 1.95, 1.96, 1.97, 2.02, 2.13, 2.15, 2.16, 2.22,
2.30, 2.31, 2.40, 2.45, 2.51, 2.53, 2.54,2.54, 2.78, 2.93, 3.27,
3.42,3.47,3.61,4.02,4.32,4.58, 5.55.

A quasi Newton algorithm was implemented in R package
and the performances of the models are shown in Table 3.
Akaike Information criterion (AIC), Corrected Akaike
Information criterion (AICC) and Bayesian Information
criterion (BIC) were respectively used to compare the
performance of type I generalized half logistic distribution
(THL) to its parent model (HL) in (2).

AIC = 2k — 2LL
2k(k +1)
AlCC = AIC + ——
n—k—-1

And
BIC = 2log(n) — 2LL

Where k is the number of parameters in the model, n is the
sample size and LL is the maximized value of log likelihood
function.

Table 3. Performance of the models.

Model Estimates -LL AIC AICC BIC
£=1.091

THL 6 =0.0062 151.321  308.642 308.995 306.357
A =0.9361
n=1.2152

HL 5= 11261 157341 314.682  315.035 316.539

It is observed that the transmuted half logistic distribution
(THL) performs better than its parent model (HL) in (1).

9. Conclusion

In this article, we have introduced a new generalization of

the half logistic distribution called transmuted half logistic
distribution. The distribution which is generalized by using
the quadratic rank transmutation map. Some mathematical
properties along with estimation issues are addressed. The
hazard rate function and reliability behaviour of the
transmuted half logistic distribution shows that the subject
distribution can be used to model positive real life data. We
hope that this study will serve as a reference and help to
advance future research in this field and other related
disciplines.
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