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Abstract: In this article, we considered the fuzzy hyperbolic differential inclusions (fuzzy Darboux problem), introduced the
concept of R-solution and proved the existence of such a solution. Also the substantiation of a possibility of application of partial
averaging method for hyperbolic differential inclusions with the fuzzy right-hand side with the small parameters is considered.
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1. Introduction

In 1990 J.P. Aubin [6] and V.A. Baidosov [7, 8] introduced
differential inclusions with the fuzzy right-hand side. Their
approach is based on usual differential inclusions. E. Hiillermeier
[20, 21] introduced the concept of R-solution similarly how it has
been done in [34]. Later, the various properties of fuzzy solutions
of differential inclusions, and their use in modeling various
natural science processes were considered (see [1, 4, 5, 17, 18, 26,
27] and the references therein).

The averaging methods combined with the asymptotic
representations (in Poincare sense) began to be applied as the
basic constructive tool for solving the complicated problems
of analytical dynamics described by the differential
equations. After the systematic researches done by N. M.
Krylov, N. N. Bogoliubov, Yu. A. Mitropolsky etc, in 1930s,
the averaging method gradually became one of the classical
methods in analyzing nonlinear oscillations (see [10, 25, 40,
42] and references therein). In works [36-39], the possibility
of application of schemes of full and partial averaging for
fuzzy differential inclusions with a small parameter was
proved.

In papers [2, 3, 9, 11, 13, 18, 22, 30, 32, 33, 35], authors
investigate classical models of partial differential equations
with uncertain parameters, considering the parameters as

fuzzy numbers. It was an obvious step in the mathematical
modeling of physical processes. Study of fuzzy partial
differential equations means the generalization of partial
differential equations in fuzzy sense. While doing modelling
of real situation in terms of partial differential equation, we
see that the variables and parameters involve in the equations
are uncertain (in the sense that they are not completely
known or inexact or imprecise). Many times common initial
or boundary condition of ambient temperature is a fuzzy
condition since ambient temperature is prone to variation in a
range. We express this impreciseness and uncertainties in
terms of fuzzy numbers. So we come across with fuzzy
partial differential equations. Also obviously, these
equations can be written in as fuzzy partial differential
inclusions.

In this work we consider fuzzy hyperbolic differential
inclusions (fuzzy Darboux problem) and introduce the
concept of R-solution similarly how it has been done in [36,
40, 50, 52, 53]. Also we ground the possibility of application
of partial averaging method for fuzzy Darboux problem. This
result generalize the results of A. N. Vityuk [40, 52] for the
ordinary hyperbolic differential inclusions and M. Kiselevich
[23], D. G. Korenevskii [24] for the ordinary hyperbolic
differential equations.
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2. Preliminaries

Let comp(R")(conv(R")) be a family of all nonempty
(convex) compact subsets from the space R" with the
Hausdorff metric

h(A4,B)= mjgl{B 0S,(4),408,(B)},

where A4,BOcomp(R"), S,(A) is r-neighborhood of set
A.

Let E” be a family of all u:R" - [0,1] such that u
satisfies the following conditions:
1) 4 is normal, i.e. there exists an x, JR" such that

u(x,)=1;

2) u is fuzzy convex, ie.
u (/lx +(1 —/l)y) > min{u(x),u(y)} for any x,yOR"
and 0<A<1;

3) 4 is upper semicontinuous, i.e. for any x, JR" and
£>0 where exists O(x,,6)>0  such that

u(x) <u(x,)*+€& whenever || x—x, ||<d(x,,&),xOR";
4) the closure of the set {x OR"u(x)> 0} is compact.

If uOE", then u is called a fuzzy number, and E" is
said to be a fuzzy number space.

Definition 1. The set {xl]R” :u(x)Za’} is called the a
-level [u]” of a fuzzy number uOE" for 0<a <1. The
closure of the set {xDR":u(x) >0} is called the 0 -level
[u]’ of a fuzzy number uOE".

It is clearly that the set [u]a Oconv (R”) forall 0sa<l.

Theorem 1. (Stacking Theorem [31]) If uOE" then
1) [u]” Oconv(R") forall aO[0,1];
2) [u]™ Ofu]™ forall 0<a,<a, <1;

3)if {a,} is a nondecreasing sequence converging to

a >0, then [u]” = n[”]ak .

k=1

Conversely, if {Aa:a D[O,l]} is the family of subsets of

R" satisfying conditions 1) - 3) then there exists uE"
such that [u]” =4, for 0<a <1 and [u]’ = | ] 4, O 4,.

O<as<l

Let 6 be the fuzzy number defined by &(x)=0 if
x#0 and 6(0)=1.

Define D:E"XE" - [0,00) by the relation

D(u,v)= sup h([u]a ,[v]a).

0<as<l

Then D is a metric in E”. Further we know that [41]:
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i). (E ”,D) is a complete metric space,
ii). D(u +w,v+w) = D(u,v) for all u,v,wdE",
iii). D(Au,Av)=|A|D(u,v) forall u,yvOE" and AOR.

3. Fuzzy Hyperbolic Differential
Inclusion. R-solution
Consider the fuzzy hyperbolic differential inclusion (or in
other words, fuzzy Darboux problem)
u, (x, ) UF(x,y,u(x,y)),
u(x,0) = ¢(x), x0[0,a], )
u(0,y) =¢(y), y 1J[0,5],4(0) = ¢(0),

0'u(x, y)
0x0y

- E"¢:[0,a] - R" ¢ :[0,b] - R"

uDR",uxy(x,y)= ,F :[0,a]%[0,b]xR"

where

We interpret fuzzy Darboux problem (1) as a family of
set-valued Darboux problems

g (x,y) OLF (x, y,u’ (x, )],

u(x,0) =¢(x),x0[0,a], 2
u?(0,y) =y(y),yd[o,b],
#(0) =(0),a0[0,1].

Qualitative properties and structure of the set of solutions of
the set-valued Darboux problem have been studied by many
authors, for instance [12, 14-16, 28, 29, 40, 44-53] and
references therein.

Definition 2 [28, 43]. A function u:[0,a]%[0,b] - R" is
[0,a]x[0,5]
absolutely

said to be absolutely continuous on

( u(LDUAC([0,a]*[0,0]) )
continuous functions ¢@:[0,a] - R" and ¢ :[0,b] > R" ,
and Lebesgue integrable function g :[0,a]%[0,b] -» R" such
that

if there exist

u(x,y) = PO+ () - e+ [ [g(E.C)d¢d E.4(0) = (0) = c.

Definition 3. An a —solution u” ([I) of (1) is understood
to be an absolutely continuous function
u” :[0,a]%[0,b] - R" that satisfies (2) for almost every
(x,y)0[0,a]%[0,b] and the boundary conditions for any
x0[0,a] and y0][0,5].

Let U? denote the a— solution set of (2) and
Uf(x,y) =’ (x,p)  u® (CDIOU} .
subsets U(x,y)={U"(x,y):a 0[0,1]} may not satisfy to

Clearly a family of

conditions of Theorem 1, i.e. U(x,y) 4 E". For example,



International Journal of Systems Science and Applied Mathematics 2016; 1(4): 42-49 44

U (x,y)0comp(R") and U“(x,y) 4 conv(R") for any
a [o0,1].
R-solutions for fuzzy Darboux problem (1).

Therefore, we introduce the definition of

sup h([R(t+0,5+7))",

Definition 3. The upper semicontinuous fuzzy mapping
R:[0,a]x[0,b] — E" that satisfies to the following system

al0,1]
t+o s+n (3)
U {v(l +o)+r(s+n)-u+ j j [F(,v,u)]"dv d{}] =o(an),
IR (1) t s

is called the R-solution of fuzzy Darboux problem (1), where
v(x)UACt+0), 1(y)UAC(s,s+17), v(x)O[R(x,9)]",

x0[t,t+0a], r(y)O[RE], yUls,s+n],
V() =1(s) = u, z}%lO(JL:) =0.

70,

Now we are interested in the following question: Under
what conditions, there exists a unique R-solution to (1). In the
next theorem we find the existence result for a unique
R-solution of fuzzy Darboux problem (1).

Theorem 2. Suppose the following conditions hold:

1) fuzzy mapping F(LLl) is measurable, for all ¥ OR";

2) there exists A >0 such that for all »',u" OR"
D(F (x,y,u"), F(x, p,u")) < Alju’ ="
for every (x,y)U[0,a]x[0,5];

3) there exists V>0 such that D(F(x,y,u),@)<y for

every (x,y,u)0[0,a]x[0,h]XR" ;
4) for all £A0[0,1],«",«"0OR" and
(x,»)0[0,a]x[0,5]

every

BE(x,y,u’)+ (1= B)F (x, y,u") O F(x, p,Bu’ + (1= Bu");

5) functions @() and @(0] are absolutely continuous
functions on [0,a] and [0,5].
Then there exists a unique R-solution R([LI) of fuzzy
Darboux problem (1) defined on the set [0,a]%[0,b].
Proof. By [29,49], every set-valued Darboux problem of
family (2) has solution u” (LI} on the set [0,a]x[0,5], i.e.

U‘(x,y)#0 forevery (x,y)0[0,a]%[0,b] and a O[0,1].
Also by [40] and [50], U“(x,y)0comp(R") for every
(x,»)0[0,a]%[0,b] and a O[0,1].
By [40] and [51], if «“(CDIOU® then

X3 1y
U (33, 3) =1 (3, 3) = (5, 0,) 0 (5, 3) O [ [ IR, 0 (x, )17 dvd

for every [x,,x,]%[y,,»,10[0,a]x[0,b].

XN

Consider any solutions " ([Dlu; ((NOU” and any A0[0,1]. Let ug (LD be such that

ug (x,y) = Buy (x, )+ (1= By (x, )

for every (x,y)0[0,a]x[0,b].

Then

ug(xzayz)_ug(xzs%)_ug(xpyz)'i'ug(x]ayl) =

:/Buf(xz’yz)_:Bula(xzayo_ﬂula(xl’yz)+/8ula(x15y1)+

+(1_,B)ug(xz’yz)_(1_,8)”;(x2’y1)_(1_:B)ug(xpyz)+(1_18)u§(x1’y1)|]

Ry)

2o

0B JLF Gy (e DI dyde + (1= B) | [IF (x, v (x, ) dyd O

N

2o

R

)

O [ JLFx, v, Bu (x, )+ (1= Byug (x, )7 dyd = [ [LF(x, y,5 (x, y)])° dydx

N

N
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i.e. u;(xzayz)_uZ(x2:y1)_uZ(x17y2)+uZ(x17y1)DJ.J.[F(xay:ug(xay))]adydx for every (x,»)U[0,a]%[0,b] and

N

AO[0,1].

By [40] and [51], function uz(CI) is solution of set-valued Darboux problem (2), i.e. uy(x,y)0U(x,y) for every
(x,y)0[0,a]x[0,b] . Consequently U (x,y)Oconv(R") for every (x,y)0[0,a]*[0,h] and a O[0,1].

Since, [F(x,y,u)]? O[F(x,y,u)]" for all 0@, <a, <1 and (x,y,u)0[0,a]x[0,6]xR", then U™ (x,y) DU (x, )

for all 0sa, <a,<1 and (x,y)0[0,a]x[0,5].

By [50, 52], every Darboux problem of family (2) has
one R-solution R?(LI) on the set [0,a]*[0,b] and we hav
e R(x,y)=U%xy) for every aO[0,1]
(x, »)U[0,a]x[0,0] .

and

By [20, 53], we get that a family of subsets
R(x,y)={R%(x,y):a0[0,1]} satisfies to conditions of The

orem 1, i.e. R(x,y)0E" for every (x,y)0[0,a]x[0,b]. T
his concludes the proof.

4. The Method of Partial Averaging

Now consider fuzzy Darboux problem with the small
parameters

u, (x, ) 0EEF (x, y,u(x,y)),
u(x,0)=¢(x),x0OR,, 4)
u(0,y)=¢(»), yOR,,9(0) = ¢(0),

where & >0,&, >0 - small parameters, R, =[0,+c0).

In this work, we associate with the problem (4) the
following full averaged fuzzy Darboux problem

Zyy (x, )0 &6,G(x,y,2(x, ),
z(x,0)= ¢(x),xOR,, 5)
2(0,y) =¢(»), y OR,,$(0) = ¢(0),

where G:R" - E" such that

T T- T T

1 172 l 172
limD| — | | F(x,y,z)dydx,— | |G(x, y,z)dydx |=0. (¢
e (TT” Al ©

The main theorem of this section is on averaging for fuzzy
Darboux problem with the small parameters. It establishes
nearness of R-solutions of (4) and (5), and reads as follows.

Theorem 3. Let in the domain
O={(x,y,u):x0OR,,yOR,,ullBOR"} the
conditions hold:

1) fuzzy mappings F(LLk) and G(LLk) is continuous

on R, xR,

following

2) fuzzy mappings F(x,»,01 and G(x,y,0 satisfy a

Lipschitz condition

DCF(x, ), F (3, v,u) < A =
D(G(X, yau,)a G(x, Y, U")) <A ||u' —u""

B

with a Lipschitz constant A>0;
3) there exists V>0 such that

D(F(x,y,u),0)<y D(G(x,y,u),0) <y

for every (. ) HR, xR, and every uJR";

4) for all S0[0,1],u",u"0OR" and every (x,y)0R, XR,
BF(x,y,u)+(1=LB)F(x,y,u") O F(x,y,Bu' +(1-B)u"),

BG(x,y,u')+(1=BG(x, y,u") U G(x, y,Bu’ + (1= Bu");

5) limit (6) exists uniformly with respect to ; in the
domain pg.

6) functions @() and ¢ (0l are absolutely continuous
and ¢(x)0B.¢(y)0B'

where .
B'+§,(0)U B;
7) the R-solution of the Darboux problem

functions on R, for all

x,yUR,,

u,, (x, ) DEETF (x, y,u' (x, )],
u'(x,0) = ¢(x),x 0[0,00),

u'(0,) = ¢(y),y 0[0,e0), $(0) = (0),

together with a p—neighborhood belong to the domain B for
£, 0(0,8].

Then for any 7U0(0,0] and L > 0 there exists
&(,L)0(0,€] such that for all &,& 0(0,&] and
(x,»)0[0,L&'1%[0,L&;"'] the following inequality holds

D(R(x,y),R(x,y)) <1 (7)

where R(CD] R(CI)Y are the R-solutions of initial and partial

averaged Darboux problems.
Proof. By theorem 2, we have unit R-solution of Darboux

problem (4) on [0,L&']%[0,L&;'] and unit R-solution of
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Darboux problem (5) on [0, L&' ]%[0,L&;'].

Let , =Lg ', J,=Ls,', K, ={(x[,yj):x[ =ih,y, = jl, i,j=0,1,...n,h

K =[x,%,1%[y,,¥,] and K =[0,L&']x[0,L&;']. We denote fuzzy mappings P"(CI) and Q" (LI} such that

where VU(X)DAC()CI.,XHI), T,-j(J/)DAC(yjayjﬂ), V,-,-(X)D[P"(xayj)]a, xm[xi’

ugp" (x[:y,' )]11 Xy

P = U {vi,- @ +r,(0)-urgs [ | [F(c,Z,u)]”dch},

00" (%,,Y;) % ¥

o'@nr= U {ﬁ,- ()+7,0)-2+&8 ] [[G(6.¢, z)]"dcdz},
]a
P"(x,0)=0"(x,0) = §(x), P" (0,y) = 0" (0, ) =¢(»),

Xl T,-j(y)D[P"(xiay)]a, y[l[yj’yjﬂ]a

v,(x)=1,(y)=u, v;(x)0AC(x,.x.), T,(0MUAC(y,.y..), v,(x)0O[0"(x,y)]", x0O[x,x,1, T,(0)O0"(x.»],
YO, yml, vx)=T,(y)=z.

By [52], it follows that the sequences {[P"(CDI“};,,and {[Q"(GCD]"} ., are equicontinuous and fundamental and their limits
are @ — levels of R-solutions [R(CIJ” and [R(CD]® of the problems (4) and (5).

Consequently, the sequences {P"(CD}™, and {Q"(CDL", meet by R(CI) and R(GI).

By [52], for any /7, >0 there exists 0 <&, <& such that

h([P" (x, )17, [Q" (x, I7) S AT exp(AL),

®)
a n a 3VL2 2
A([R(x, »I",[P" (x, ¥)] )ST(HGXP(/M ) ©))
n arp a 3VL2 2
h(Q" (x, )", [R(x, y)] )ST(HeXP(/lL ) (10)

for any @0[0,1], (x,y)0K and &, 0(0,&,].

2 + 2
Combining (8), (9) and (10), choosing n = YL U*XPAL)) -,

The theorem is proved.

5. Conclusion.

A
p nd 77, <m we obtain

D(R(x,y),R(x,)) <
< D(R(x,), P"(x,y)) + D(P"(x,),0" (x,)) + D(Q" (x,¥),R(x, ) =

= SDI[lori]h([R(x, WP (e 0)]7) + SDI[J(R]h([P" (x, I[Q" (x, »)]T) +

S

+sup (10" (xR < L+ LT -y
afo,1] 3 3 3

We conclude with a few remarks.
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Remark 1. In this work, we considered the fuzzy differential inclusion, when fuzzy mapping F([Lk) is measurable o
n [0,a]%[0,b]. If F(LLk) is continuous on [0,a]%[0,b] then instead of the equation (1) it is possible to consider the fo
llowing more simple equation

sup i ([R(t +o,s+n)°,

amo.1]

(11)

U {ve+ror+as+m-u+onlF.s.u)} |=oon),

ulR(t,s)%

and similarly we can prove all results received earlier.
Remark 2. If the condition 4) of Theorem 3 is not true, then the R-solutions can not exist. But there are valid the following
conditions:
1)for any a -solution u?([I) of inclusion (4) there exists a @ -solution z%(LI) of inclusion (5) such that

2)for any a -solution z?(LI] of inclusion (5) there exists

"u” (x,¥)—z(x, y)” <n forall (x,y)0[0,L&']%[0,L;'] and

Ju (e, 3) =2 (e, )| <1 forall (x,y)0[0,Le'1x[0,L&;'] and
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