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Abstract: In this paper, we present the solution of nonlinear fractional Heat - Like equations by using Aboodh transform 

homotopy perturbation method (ATHPM). The proposed method was derived by combining Aboodh transform and homotopy 

perturbation method. This method is seen as a better alternative method to some existing techniques for such realistic 

problems. The results showed the efficiency and accuracy of the combined Aboodh transform and homotopy perturbation 

method. 

Keywords: Homotopy Decomposition Method, Nonlinear Fractional Heat - Like Equation, Aboodh Transform 

 

1. Introduction 

Nonlinear fractional partial differential equations (FPDEs) 

[1-3] are generalizations of classical differential equations of 

integer order. A great number of crucial phenomena in 

physics, chemistry, biology, biomedical sciences, signal 

processing, systems identification, control theory, 

viscoelastic materials and polymers are well described by 

fractional ordinary differential equations and nonlinear 

FPDEs. In the resent years many researchers mainly had paid 

attention to studying the solution of nonlinear fractional 

partial differential equations by using various methods. 

Among these are the Variational Iteration Method (VIM) [27-

28], Adomian Decomposition Method (ADM) [16-17], 

projected differential transform method [25], and the 

Differential Transform Method (ADM) [26], are the most 

popular ones that are used to solve differential and integral 

equations of integer and fractional order. The Homotopy 

Perturbation Method (HPM) [4-6] is a universal approach 

which can be used to solve both fractional ordinary 

differential equations FODEs as well as fractional partial 

differential equations FPDEs. This method was originally 

proposed by He [7, 8]. The HPM is a coupling of homotopy 

and the perturbation method. Recently, Khalid Aboodh, has 

introduced a new integral transform, named the Aboodh 

transform [18-24], and it has further applied to the solution of 

ordinary and partial differential equations. In this article, we 

use Aboodh transform and homotopy perturbation method 

together to solve Nonlinear Fractional Heat -Like Equations. 

2. Fundamental Facts of the Fractional 

Calculus 

In this section, some definitions and properties of the 

fractional calculus that will be used in this work are 

presented. 

Definition 1: 

The Gamma function is intrinsically tied in fractional 

calculus. The simplest interpretation of the gamma function 

is simply the generalization of the fraction for all real 

numbers. The definition of the gamma function is given by: 

Γ��� = � ��	
� �����, � > 0                     (1) 

Definition 2: 

A real function	����, � > 0, is said to be in the space �, 
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μ ∈ ℝ if there exists a real number � > μ, such that ���� =��ℎ���, where ℎ��� ∈ [0,∞� and it is said to be in space �� 

if ���� ∈ ��,  ∈ ℕ. 

Definition 3: 

The Riemann-Liouville fractional integral operator of 

order " ≥ 0, of a function � ∈ ��, � ≥ −1, is defined as 

&'���� = �(�'�� �� − 1�'��)� ������, " > 0, � > 0      (2) 

&'���� = ���� 
Some Properties of the operator: 

For � ∈ ��, � ≥ −1, ", * ≥ 0 and + > −1 

&'&,���� = &'-,����, &'&,���� = &,&'���� 
&'�. = Γ�+ + 1�Γ�" + + + 1� �'-. 

Lemma 1: 

If  − 1 < " ≤  , ∈ ℕ  and � ∈ �� , � ≥ −1  then 2'&'���� = ���� and, 

&'2�'���� = ���� − ∑ ��4����45� �0� )64! , � > 0           (3) 

Definition 3: (Partial Derivatives of Fractional order) 

Assume now that ����  is a function of 8  variables �9 , : = 1, … , 8  also of class �  on 2 ∈ ℝ< . As an extension of 

definition 2 we define partial derivative of order " for ���� 
respect to �9 
=>)'� = �(���'�� ��9 − 1���'��)?� >)?'�@�ABC)D5	��       (4) 

If it exists, where >)?'  is the usual partial derivative of 

integer order  . 

3. Fundamental Facts of the Aboodh 

Transformation Method 

A new transform called the Aboodh transform defined for 

function of exponential order we consider functions in the set 

A, defined by: 

A = {f�t�:	∃	M, k�, kM > 0, |f�t�| < Oe�QR                (5) 

For a given function in the set O  must be finite 

number,S�, SM  may be finite or infinite. Aboodh transform 

which is defined by the integral equation 

T[����U = V�W� = �X � ������X	
� ��, � ≥ 0, k� ≤ W ≤ kM  (6) 

The following results can be obtained from the definition 

and simple calculations 

1) T[�<U = <!XYZ[ 
2) T[�′���U = WV�W� − ]���X  

3) T[�′′���U = WMV�W� − ]^���X − ��0�. 
4) T`��<����a = W<V�W� − ∑ ]�6����X[bYZ6<��45� . 

Theorem 1: 

If V�W�  is Aboodh transform of ���� , we Knows that 

Aboodh transform of derivative with integral order is given 

as follows: 

T[�′���U = WV�W� − ��0�W  

Proof: 

Let us take the Aboodh transform �′��� = cc	 ���� , use 

integration by parts as follows: 

T d ��� ����e = 1Wf ��� ������X	

� �� = lim�→
 1Wf ��� ������X	�

� �� 
= lim�→
 kd1W ������X	e�

� + 1Wf ������X	�
� ��l 

= WV�W� − ]���X                                                       (7) 

Equation (7) gives us the proof of Theorem 1. When we 

continue in the same manner, we get the Aboodh transform of 

the second order derivative as follows 

T m �M��M ����n = T d ��� o ��� ����pe = WT d ��� ����e −
cc	 ����W q

	5�
 

= WT dWV�W� − ��0�W e − cc	 ����W q
	5�

 

= WMV�W� − �r�0�W − ��0� 
If we go on the same way, we get the Aboodh transform of 

the nth order derivative as follows: 

T`��<����a = W<V�W� − ∑ ]�6����X[bYZ6<��45�  for 8 ≥ 1     (8) 

or 

T`��<����a = W< sV�W� − ∑ ]�6����X[Z6<��45� t                (9) 

Theorem 2: 

If V�W� is Aboodh transform of ����, one can take into 

consideration the Aboodh transform of the Riemann-

Liouville derivative as follow: 

T[2'����U = W' sV�W� − ∑ uvb6]���Xvb6Z[<45� t ;	−1 < 8 − 1 ≤ " < 8   (10) 

Proof: 

T[2'����U = W'V�W� −xW4[2'�4����0�U<��
45�
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= W'V�W� −xW4��[2'�4��0�U<
45�

= W'V�W�
−xW4�M[2'�4��0�U<
45�

 

= W'V�W� − 1W�4-Mx[2'�4��0�U<
45�

= W'V�W�
−x 1W'�4-M�' [2'�4��0�U

<
45�

 

= W'V�W� −xW' 1W'�4-M [2'�4��0�U
<
45�

 

Therefore, we get the Aboodh transformation of fractional 

order of ���� as follows: 

T[2'����U = W' dV�W� − ∑ y�Xz'�4-M [2'�4��0�U<45� e  (11) 

Definition 4: 

The Aboodh transform of the Caputo fractional derivative 

by using Theorem 2 is defined as follows: 

T[2	'����U = W'T[����U − ∑ W4�'�M��4����45� �0�, − 1 < " <    (12) 

4. Basic Idea of Aboodh Transform 

Homotopy Perturbation Method 

(ATHPM) 

To illustrate the basic idea of this method, we consider a 

general form of nonlinear non homogeneous partial 

differential equation as the follow: 

2	'{��, �� = |@{��, ��B + }@{��, ��B + ���, ��, " > 0   (13) 

with the following initial conditions 

2�4{��, 0� = ~4 , S = 0,… , 8 − 1, 2�<{��, 0� = 0 and 8 = ["U 
Where 2	'  denotes without loss of generality the Caputo 

fraction derivative operator, � is a known function, } is the 

general nonlinear fractional differential operator and | 

represents a linear fractional differential operator. 

Taking Aboodh transform on both sides of equation (13), 

to get: 

T[2	'{��, ��U = T`|@{��, ��Ba + T`}@{��, ��Ba + T[���, ��U   (14) 

Using the differentiation property of Aboodh transform 

and above initial conditions, we have: 

T[{��, ��U = 	W�'T`|@{��, ��Ba + W�'T`}@{��, ��Ba + ~��, ��  (15) 

Operating with the Aboodh inverse on both sides of 

equation (15) gives: 

{��, �� = 	���, �� + T�� sW�'T`|@{��, ��Ba + W�'T`}@{��, ��Bat  (16) 

Where ���, �� represents the term arising from the known 

function ���, �� and the initial condition. 

Now, we apply the homotopy perturbation method 

{��, �� = ∑ �<{<��, ��
<5� .                (17) 

And the nonlinear term can be decomposed as: 

}{��, �� 	= ∑ �<�<�{�
<5�                 (18) 

Where �<�{� are He’s polynomial and given by: 

�<�{�, {�, {M…{<� = �<! �
Y

��Y [}�∑ �9{9��, ��
95� �U�5�, 8 = 0,1,2,… (19) 

Substituting equations. (18) and (17) in equation (16) we 

get: 

∑ �<{<��, ��
<5� =���, �� + � sT��`W�'T[|�∑ �<{<��, ��
<5� �U +W�'T[}�∑ �<{<��, ��
<5� �Uat                    (20) 

Which is the coupling of the Aboodh transform and the 

homotopy perturbation method using He’s polynomials. 

Comparing the coefficient of like powers of p, the following 

approximations are obtained: 

�� ∶ {���, �� = 	���, ��,	�� ∶ {���, �� 	= T��[W�'T[|�{���, ��� + ���{�UU,	�M ∶ {M��, �� = T��[W�'T[|�{���, ��� + ���{�UU,	�� ∶ {���, �� 	= T��[W�'T[|�{M��, ��� + �M�{�UU, �< ∶ {<��, �� 	= T��[W�'T[|�{<����, ��� + �<���{�UU, (21) 

Then the solution is; 

{��, �� = lim�→� {<��, �� = {���, ��+{���, �� + {M��, �� 	+	⋯ 	  (22) 

The above series solution generally converges very 

rapidly. 

5. Applications 

Example 5.1: 

Let consider the following one dimensional fractional 

heat- like equation: 

2	'{��, �� = �M �M{))��, ��, 0 < � < 1, 0 < " ≤ 1, � > 0 (23) 

with initial condition 

{��, 0� = �M                               (24) 

Applying the Aboodh transform of both sides of Eq. (23), 

T[2	'{��, ��U = T s�M �M{))��, ��t                (25) 

Using the differential property of Aboodh transform Eq. 

(25) can be written as: 
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W'@T[{��, ��U − W�M{��, 0�B = T s�M �M{))��, ��t     (26) 

Using initial condition (24), Eq. (26) can be written as: 

T[{��, ��U = W�M�M + W�'T s�M �M{))��, ��t      (27) 

The inverse Aboodh transform implies that: 

u�x, t� = xM + A�� dv��A s�M xMu���x, t�te       (28) 

Now, we apply the homotopy perturbation method, we get: 

∑ p�u��x, t�
�5� = xM + pE�� dv��E s�M xM�∑ p�u��x, t�
�5� ���te  (29) 

Comparing the coefficient of like powers of � , the 

following approximations are obtained; 

�� ∶ {���, �� = �M 
�� ∶ {���, �� = T�� dW�'T s�M �M{���, ��))te =T��`W�'T[�MUa = T��[�MW�'-MU = )[	v'! = )[	v(�'-��, 
�M ∶ {M��, �� = T�� dW�'T s�M �M{���, ��))te =

T�� mW�'T s )[	v(�'-��tn = )[	[v(�M'-��, 
Proceeding in a similar manner, we have: 

�� ∶ {���, �� = T�� dW�'T s�M �M{M��, ��))te = )[	�v(��'-��, 
�< ∶ {<��, �� = T�� dW�'T s�M �M{<��, ��))te = )[	Yv(�<'-��, 
Therefore the series solution {��, �� is given by: 

{��, �� = �M y1 + 	v(�'-�� + 	[v(�M'-��+ 	�v(��'-�� +⋯+ 	Yv(�<'-�� +⋯z (30) 

This equivalent to the exact solution in closed form: 

{��, �� = �M�'��'�                        (31) 

where �'��'� is the Mittag-Leffler function. 

Example 5.2: 

Consider the following tow - dimensional fractional heat 

like equation: 

2	'{ = {)) + {��	, 0 < �, � < 2�, 0 < " ≤ 2, � > 0  (32) 

With the initial conditions 

{��, �, 0� = sin � sin �	                          (33) 

Applying the Aboodh transform of both sides of Eq. (32), 

T[2	'{��, �, ��U = T`{)) + {��a                (34) 

Using the differential property of Aboodh transform Eq. 

(34) can be written as: 

W'@T[{��, �, ��U − W�M{��, �, 0�B = T`{��, �, ��)) + {��, �, ����a  (35) 

Using initial condition (33), Eq. (35) can be written as: 

T[{��, �, ��U = W�M sin � sin � + W�'T`{��, �, ��)) + {��, �, ����a   (36) 

The inverse Aboodh transform implies that: 

{��, �, �� = sin� sin� + T�� sW�'T`{��, �, ��)) + {��, �, ����at   (37) 

Now, we apply the homotopy perturbation method, we get: 

∑ �<{<��, �, ��
<5� = sin� sin� + �T�� sW�'T`�∑ �<{<��, �, ��
<5� �)) +�∑ �<{<��, �, ��
<5� ���at                               (38) 

Comparing the coefficient of like powers of � , the 

following approximations are obtained; 

�� ∶ {���, �, �� = sin � sin � 

�� ∶ {���, �, �� = T�� dW�'T s{�)) + {���te = −2 sin � sin �	�'Γ�" + 1�  

�M ∶ {M��, �, �� = T�� dW�'T s{�)) + {���te = 4 sin � sin �	�M'Γ�2" + 1�  

Proceeding in a similar manner, we have: 

�� ∶ {���, �, �� = �� ���) ��� �		�v(��'-�� , 

�< ∶ {<��, �, �� = ��M�Y ��� ) ����		Yv(�<'-�� , 

Therefore the series solution {��, �� is given by: 

{��, �, �� = sin� sin� y1 − �M	v�(�'-��+ �M	v�[(�M'-��− �M	v��(��'-��+⋯+ ��M	v�Y(�<'-��+⋯z 
(39) 

For the special case when " = 1, we can get the solution 

in a closed form 

{��, �, �� = ��M	 sin � sin �                    (40) 

Example 5.3: 

Consider the following three dimensional fractional heat-

like equation: 

2	'{��, �, �, �� = ������ + ��� @�M{)) + �M{�� +�M{��B, 0 < �; 	�, � < 1, 0 < " ≤ 1                               (41) 

With the initial condition; 

{��, �, �, �� = 0	                      (42) 

Applying the Aboodh transform of both sides of Eq. (41), 

T[2	'{��, �, ��U = T[������U + T s ��� @�M{)) + �M{�� + �M{��Bt  (43) 

Using the differential property of Aboodh transform 

Eq.(43), and using initial condition (42), Eq. (43) can be 

written as: 

T[{��, �, �, ��U = W�M������ + W�'T s ��� @{��, �, �, ��)) +
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{��, �, �, ���� + {��, �, �, ��))Bt                (44) 

The inverse Aboodh transform implies that: 

{��, �, �, �� = ������ + T�� dW�'T s ��� @{��, �, �, ��)) +{��, �, �, ���� + {��, �, �, ��))Bte                (45) 

Now, we apply the homotopy perturbation method, we get: 

∑ �<{<��, �, �, ��
<5� = ������ + �T�� sW�'T`�∑ �<{<��, �, �, ��
<5� �)) +�∑ �<{<��, �, �, ��
<5� ��� + �∑ �<{<��, �, �, ��
<5� ���at       (46) 

Comparing the coefficient of like powers of � , the 

following approximations are obtained; 

�� ∶ {���, �, �, �� = ������ 
�� ∶ {���, �, �	�� = T�� dW�'T s ��� y�M{�)) + �M{��� +�M{���zte = )�����	v(�'-�� , 

�M ∶ {M��, �, �	�� = T�� mW�'T d 136 y�M{�)) + �M{���
+ �M{���zen = �������M'Γ�2" + 1�  

Proceeding in a similar manner, we have: 

�� ∶ {���, �, �, �� = )�����	�v(��'-�� , 

�< ∶ {<��, �, �, �� = )�����	Yv(�<'-�� , 

Therefore the series solution {��, �� is given by: 

{��, �� = ������ y1 + 	v(�'-��+ 	[v(�M'-��+ 	�v(��'-��+⋯+ 	Yv(�<'-��+⋯z (47) 

Therefore the approximate solution of equation for the first } is given below as: 

{<��, �, �, �� = ∑ �)������	Yv(�<'-�� <5�                (48) 

Now when } → ∞ we obtained the follow solution 

	{<��, �, �, �� = ∑ �)������	Yv(�<'-��
<5� − �������� = ��������[�'��'� − 1U(49) 

Where �'��'� is the generalized Mittag-Leffler function. 

Note that in the case " = 1 

{��, �, �, �� = ������[�	 − 1U                (50) 

This is the exact solution for this case. 

6. Conclusion 

The main concern of this paper was to combine Aboodh 

transform and homotopy perturbation method (ATHPM). This 

method has been successfully employed to obtain an analytical 

solution for Nonlinear Fractional Heat -Like Equations. The 

results showed the efficiency and accuracy of the combined 

Aboodh transform and homotopy perturbation method. 
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