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Abstract: This paper presents the analytical solution to Richards’ equation of hydrology for unsaturated soils. In order to
facilitate the design and analysis of a real-time automatic irrigation system, an accurate model must be developed for the
system. Richard’s equation of water hydrology may be used to model part of the irrigation system. The major problem with the
application of Richard’s equation is in the linearization of the non-linear partial differential equation (PDE). In this paper, an
empirical relationship stated by Gardner [1] was used to linearize the nonlinear PDE. The solution for the PDE was obtained
using separation of variables technique.
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1. Introduction
In order to develop an analytical model for automatic
irrigation systems, it is necessary to obtain the analytical
solution to Richards’ equation of water hydrology for
unsaturated soils. Water flow is governed by Richards’
equations while constitutive laws are typically supplied by
the van Genucthen model [2] Over the years, a lot of works
have been done in the area of manufacturing and installation
of automatic irrigation system but none has been seen in the
area of development of a complete analytical model for a
real-time automatic irrigation system. Consequently, to
adequately design a real-time automatic irrigation system, an
accurate analytical model is necessary to facilitate the
simulation, prediction and control analysis of the system
which largely depends on the development of accurate soil
moisture content and plant water uptake models. Richard’s
equation of water hydrology, which can be used to model
part of the irrigation system, is an important equation which
governs the flow of water into the soil. In other words,
modelling one-dimensional flow process in unsaturated soils
is usually based on the solutions of Richards’ equation [3].

2. Automated Irrigation System
The main purpose of irrigation system should not only be
to supply irrigation water to plants, but to do so in a very
efficient and adequate way. Bearing in mind that excess or
inadequate supply of irrigation water to plant causes damage
in one way or the other to plant, there is need for the use of
an automatic irrigation system for effective and adequate
supply of irrigation water to plants [4].
An automatic irrigation system is an irrigation system
designed to be operated by a programmable controller which
is programmed to operate automatically with minimum
manual intervention, especially in the sensing of the level of
soil moisture content. It consists of the following
components: piping, sprinkler heads or dripper heads and
other parts that are associated with a standard irrigation
system along with automated components such as controller,
soil moisture sensor and supervisory control system. An
automatic soil moisture based irrigation system uses the soilwater sensor to sense the level of soil moisture present in the
soil, so that when the soil becomes dry to certain level, say
the critical moisture content ( ), the irrigation system
operate and provide the soil with water. The sensor also acts
as rain sensor which does not turn on the irrigation system
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when the soil moisture level is enough for plant survival [5].
Over the years, a lot of works have been done in the area
of manufacturing and installation of automatic irrigation
system but none has been seen in the area of development of
a complete analytical model for a real-time automatic
irrigation system. Consequently, to adequately design a realtime automatic irrigation system, an accurate analytical
model is necessary. Richard’s equation of water hydrology is
an important equation which governs the flow of water into
the soil. The major problem usually encountered with the
application of Richard’s equation in the analysis of the flow
of water into the soil is in the linearization of the non-linear
partial differential equation. Hence, it is necessary to develop
an analytical solution for Richards’ equation [3].

3. Derivation of Richards’ Equation
Considering an elemental volume of the soil having the
edges of length ∆ , ∆ and ∆ . The difference between the
volume of water flowing into the elemental volume and
volume of water that is flowing out is equal to the water
content in the element within time change of ∆ . The rate of
inflow in direction is . Assuming that the rate of change
for
is continuous so the rate of outflow is
+

The inflow volume is
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The change in water content for the entire representative
soil volume is the sum of Equations 4, 4 and 6, meaning
that:
∆

∆

As

∆ ∆ ∆ ∆ =−

+

→ 0, Equation 7 becomes
=−
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Where H represents the total hydraulic head, z represents
the vertical distance from the soil surface downwards and is
the soil hydraulic conductivity.
Combining Equation 8 with Equation 9, Equation 10 is
obtained as:
= −!
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Considering one dimensional analysis and assuming that
the soil is isotropic then
=
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In non-rigid soil when the soil swells or shrinks due to the
water content, Equations 11 stated cannot be used.
Considering water diffusion through the elemental soil
volume, a parameter called soil water diffusivity can be
introduced into the above equation [7]. Let this parameter be
defined as:
$
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Also, from the derivation of Darcy’s equation for saturated
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The connection between soil water diffusivity (&), soil
moisture content ( ), and hydraulic conductivity ( ) is given
as:
( ) = &( )

direction

Similarly, the differences between inflow and outflow in y
and z direction are:
−

(9)

Substituting Equation 12 in Equation 11, Equation 13 is
obtained

The difference between inflow and outflow in
is:

∇ = −

(1)

∆ ∆ ∆

And the outflow volume is:

soils, the following relationship holds [6]:

$

(14)

Substituting Equation 14 in Equation 13, Equation 15 is
obtained
=

&( )

−

%

(15)

Equation 15 called Richard’s equation of water hydrology
for unsaturated soils [8]

4. Methodology
Analytical Solution of Richard’s Equation
The main objective of this section is to obtain an analytical
solution for the boundary valued problem shown in
Equations 15, that is, the equation is subject to appropriate
boundary and initial conditions. The soil moisture, , is a
function of both time and location [9]; therefore, the
governing equation is partial differential equation (PDE). The
governing equation cannot be integrated directly, since it is a
PDE and not an ordinary differential equation (ODE). One
way to solve this kind of boundary valued problem is to use a
technique called “separation of variables”. Another way is to
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transform the PDE into a simpler equation, by carrying out
operations on the PDE that will convert it into an ODE or an
algebraic expression that can be easily solved [10]. These
operations are called integral transforms; they transform one
or more of the derivatives into an algebraic function.
In summary, the following steps will be taken to solve the
problem analytically.
i. Provide a function of hydraulic conductivity and soil
moisture content (Richard’s equation).
ii. Establish initial and boundary conditions.
iii. Perform a change of variables to linearize Richards'
equation.
iv. Solve this new PDE for the steady-state solution.
v. Use separation of variables.
vi. Transform back to the original variables.
Hydraulic Conductivity and Soil Moisture Content
Gardner's equation [1] shown in Equation 16 will be used
to linearize the nonlinear PDE shown in Equation 15.
'( =

=

) *

+) *

,

=

%

%+

[11]

%

(17)

Where is the true hydraulic conductivity of the soil and
is the hydraulic conductivity when the soil becomes
saturated with water.
Initial and Boundary Conditions
Suppose Equation 15 is subjected to the following initial
and boundary conditions
i. ( , 0) = 0 ( = 0, = 0) Initial Condition
ii. ( , 0) = . ( = 0, > 0) Lower Boundary
Condition (Phreatic surface)
iii. (0, ) = - − . ( = 0, > 0) Upper Boundary
Condition (root zone),
Where 0 is plant root zone from the phreatic surface, . is
moisture content when the soil is dry, and - is the saturated
moisture content.
Linearization of Richard’s Equation
Equation 15 is a nonlinear PDE and as such, it is necessary
to simplify the equation by applying change of variables to
%
the term [12].
Combining Equations 16 and 17, the true hydraulic
conductivity of the soil can be expressed as:
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If a constant c is defined as follows:
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The only nontrivial solution occurs when the left- and
right-hand sides of Equation 23 are set to the same arbitrary
constant, 9 [13]. Thus,
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This leads to the following characteristics equations
&< 5 + < − 9 = 0, − 9 = 0

(25)

The solutions for Equation 25 are
<6 =

)=>?= 1 >@AB
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, <5 =

)=)?= 1 >@AB
5A

The general solution to ( , ), become

,
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(26)

2 = C6 D ,E + C5 D ,1 , 3 = D

( , ) = 23 = (C6 D ,E + C5 D ,1 )D

(27)

Where C6 and C5 are determined by initial and boundary
conditions.
For a physically realizable system, < 0 . To keep the
problem real and eliminate any complex part in the solution,
then the choice,
9=

Differentiating both sides of Equation 18 with respect to z,
%

.

Application of Separation of Variables to Richard’s
Equation
In order to solve the linearized Equation 22, the method of
separation of variables is applied and the following steps are
adopted.
Step 1: Assume that ( , ) = 2( )3( ) , i.e., can be
written as the product of two functions, one depends only
on , the other depends only on . This leads to

-

=

=

Substituting Equation 21 in Equation 15, the nonlinear
PDE is linearized as:

(16)

Where '( = , is the relative hydraulic conductivity. The
relative hydraulic conductivity is expressed as shown in
Equation 17.
,

Then Equation 20 becomes
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Substituting Equation 28 in Equation 26,
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Also, substituting Equation 29 into Equation 27, the exact
solution is expressed as:
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Applying the initial and boundary conditions stated
Section 3. 1. 3 to Equation 30, the coefficients of the solution
is thus determined as:
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Moisture Content. Such a model is necessary for the design
of a real-time automatic irrigation system.
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