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Abstract: Diarrhea is the third most fatal disease in the developing countries. Approximately 611,000 children die each year
due to effect of rotavirus infection. Rotavirus also causes gastroenteritis in adults and it is the main cases of travellers’ diarrhea.
After initial contact, children are more susceptible to be affected with diarrhoeal illnesses of any kind, but the repeatition of
infections with rotavirus tend to be less severe than the original infection. Rotavirus continues to persist, is attributed to the
different modes of transmission among the pathogens. To fight against this problem, several rotavirus vaccines have been
developed. Federal Drug Administration (FDA) approved drugs within the last two years are currently in use. These vaccines
present a degree of protection from rotavirus infection. We formulate a model of the spread of rotavirus diarrhea based on a
continuous time ordinary differential equations model. We further expand the model to investigate the effects of pulse
vaccination. We use computer simulations to further analyze the effect of vaccination as a controlled method. We find the
minimum levels of vaccination necessary in this model to eradicate severe rotavirus disease.
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Diarrhoea or vomiting which are caused by other germs will
not be prevented by Rotavirus vaccine. But it is very good at
preventing diarrhoea and vomiting caused by rotavirus. Most
babies who get the vaccine will not get rotavirus diarrhea at
all, and almost all of them will be protected from severe
rotavirus diarrhea. The development of rotavirus vaccines is
used for the control of diarrheal disease in children, and the
impact of the introduction of these wvaccines at the
population-scale is uncertain [3].

A few mathematical studies about Rota virus till today
have been addressed as the disease transmission, vaccine and
drug options [4-10]. Atkinsa et al. [7] worked on the
reduction in RVGE incidence. They observed that if vaccine-
induced protection does not wane over three years, severe
RVGE in children under five years of age could be
eliminated within two years after the introduction of Rota
virus vaccination. Skim et al. [8] worked on the role of breast
feeding (maternal antibody) on rotavirus control,
incorporating the seasonal variation in transmission rate
factors. Zelata et al. [9] presented deterministic as well as
stochastic models for the transmission of rotavirus in a
pediatric hospital ward and draw on published data to
compare the efficacy of several possible control measures in

1. Introduction

Rotavirus is a virus for which babies and young children
suffer from diarrhea. The common symptoms are vomiting
and fever. Due to dehydration and its symptoms including
vomiting and watery diarrhea usually last for 3 - 8 days.
Rotavirus is not the only cause of diarrhea, but it is one of the
most common symptoms to diagnose the disease. Worldwide
95% of children are infected before their 5 years of age and
between ages of 4 months to 36 months it reaches its
extremity [3]. In developed countries there are fewer deaths
associated with rotavirus. But the financial burden of the
disease is considerable [2].

The dynamics of rotavirus infections are very complicated.
The predominant mode of rotavirus transmission is fecal-oral
[5]. The infection spreads through respiratory secretions and
person-to-person contacts [6]. The period of incubation of
rotavirus disease is near about for 2 days. Contaminated
environment is the major cause for the endemic infections
but high rates of infections among infants younger than three
years old have been identified regardless of sanitary
conditions [5].

Rotavirus vaccine is an oral (swallowed) vaccine.
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reducing the number of infections. Roldao et al [10], in their
works studied the production of rotavirus virus-like particles
(VLP) using the baculovirus expression vector system
(BEVS). But control theoretic Mathematical modelling and
effect of impulsive vaccination have been received relatively
little attention.

This article has been arranged in the following manner.
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The model without vaccination to examine various dynamics
of the system is considered in the section 2. A mathematical
model on the basis of perfect drug adherence is analyzed as
well as numerical results of this model are discussed in
Section 3 and 4 respectively. Implication of the results is
discussed in Section 5.
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Figure 1. Left Panel: Schematic explanation for the model (1) showing the effect of high drug levels. Right Panel: Contour plot for Ry as a function of /. and p.

2. The System Without Vaccination

In this section a mathematical model by the effect of rota
virus has been propose by considering the three population-
susceptible population (S), Infected population (I) and
Vaccinated population (V)respectively. Here the system of
ordinary differential equations have been obtained by
assuming the population mix homogeneously. Thus, the
equation of the model becomes:

ds
E=/1—u5—[)’51—95+a)V

& = BSI — pl + avlV (1)

W _ 6S —uv %4 114
i uw —w av
where the system parameters are defined in the Table 1.
Existence condition and stability analysis of the basic
model:
Using the model (1), the disease free equilibrium
A(u+w) A0
24 u(w+86)’ 'u2+u((u+9)) - The
endemic equilibrium values for E*(S*,[*,V*) are defined

below:
§* = u—avv® I = Ou—(Bav+Bw+pu)v*
- T avpv*

B
from the quadratic equation given below:

population values are: E, = (#

and V* is defined

(avw — avp)V*? + [avA + avlu + pv + a®v2(u + 0)]V*
— [u?6 + pav(u + 6)] = 0,

where n = abv + fw + fw.
To study the local stability of the model (1), linearising the
system and obtained the following jacobian matrix. | =

—u—pIr—6 pBS w
Bl BS —uS+avl avl
6 —avV —u—w—avl

For the disease free equilibrium E, the Jacobian becomes

-u—0 pBS W
_ [ Bl BS —uS+avV avi
J(Eo) = ] —avV —pn—w—avl |

The characteristic equation of the matrix is
2
E+u+OC+uto)E+u-H=0 @

Eigen values are §; = —(u+6) < 0,{, =—-(u+w) <0,

and &5 = % -u<o, ifﬁ—'z1 < 1. All eigen values are negative
if the basic reproduction ration R, = % <1

Hence it can be concluded that the disease free equilibrium
E, stable if the basic reproduction number is less than unity.
Other wise the system is unstable.

At the endemic equilibrium E*,

—-u—pIr—6 ps- W
“~ _ | BI” pS* —uS* +avV* avl®
JED = 0 —avV* —u—w—avl* |

The characteristic equation for E™,
E+mé?+mét+a(aasta)+n;=0 (3)
where
na=a,+a,+a;>0,

N, = (a0, + aya; + aja; + a, + B2S T — wh) > 0, (4)
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N3 = a,(azas + a,) + B2S*I*a; + apvOS*I* + afvwV*
—wla, >0,

and
a; =u+6+pI,
a, =pu—pBS*—avl’,
as; = u+ w+ avl’, %)
a, = a’viV-rr.

The endemic equilibrium E* is stable if n; > 0,1, >
0,1m1m, —n3 > 0. Otherwise, the endemic equilibrium E* is
unstable.

3. The System with Vaccination

Now emphasising the system with pulse vaccination given
regular intervals of time say T, to a proportion of the
susceptible human population p the impulsive system, in
ordinary differential equation form is illustrated below:

ds
—=A1—uS—BSI+wV —-206S

dt

dr

— = BSI — ul + aviV (6)
dV—BS vV %4 IV

G 0S-w-oV—av

— 1
S(tk+1) - 3ff1(s)ds|s:tk+1 [

fort #t,.

The impulsive conditions are given by

AS = —pS
AV =pS @)
fort =ty

The susceptible population is considered as S(t), where

ds
—=A4+wV-(u+0+BDS

dt
_ AU +pw+wd) _
T u(utw) hS ®)
which implies that
d —
E(gefﬁ(S)dS) = [T el i(s)ds 9)
AU +uw+wb)

where IT; = e

Then it follows that, for t;, <t < tj44,

1 t =
Sit) = effl(s—)d-ﬂsﬂ [S(t;)e.’.fl(s)dﬂs:tk + ftk Heffl(s)dS]' (10)

and after setting t = ¢4,

S(tE)el M| o 4 [ Tlel de] (11)

Let S(ty) = ﬁS(O), where S(0) is the initial population of S(t).

Then,

S(tl ) = effl(s)dslsztl

[(1 - p)S(to)e! 1)ds|_

t1

t0+f el 145 g

to

t1 ty

1
2) = T — (- - fi(s)d fle/ i)a fiol f1(5)d
S(tZ)_effl(S)d5|S=t2 [(1-p)[(1 p)S(tO)ef 1(s Sls:t0+f fel fiGs S]+f fied f1(s sds]

Thenfort > t,, f1(t) = ¢, fork > ¢,

S(te) =

to t1

- 1 - P rtk—j
S(ty) = m [(1- p)ks(tﬂ)effl(s)ds|s=to + Z;c:& (1-p)/ ftkk—j]—1 l_leffl(s)dsds], (12)
Let € be the smallest integer such that, for t > t,, for which all population approximately at their equilibrium values.
e=1 fi(1 _ p\k—e+j (te—j [ fi(s)ds
(1= p)S(to)el 10y, Zjo A —p) ™, T, €T POds
eCitk eCitk
. fi(1- j Cltk—j_ Cltk—]'—l
+25g=g 1 I(1-p)/(e e ) (13)

_ (A —p)*S(t)el 1%,

eCitk

crefitk

T2 (A =p) [ el Atsgs

0 41— p)*e )

eCitk
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+Z?;§_1 (1 —p)es(1—e™)

51
_ Ctei
(1- p)ks(to)effl(s)dsls—to R . }‘E:é (1-p) ft jl . el f1()ds g ¢
— = _ —e e—j—
- eCitk + H(l p) eCitk

1’—‘[(1_8—511:) 1_(1_p)k—£e—clt(k—£)
c1 1-(1-p)e=c17

(14)

As koo, (1-p)*->0,1-p)k—-e)—>0 and
e~c1t(k-®) 5 0 so:

. (1 —e %) 1
-
= S a e
_ E _ pe—ClT
= (1 —1_(1_17)8_51,). (15)

For the Vaccinated population

S =05— (u+w+avhV. (16)
Assuming f,(t) = u + w + avl,
_Z_‘: =06S — f,(t)V. 7

By using impulsive effects and setting t = t;,,

av  6Mm, pe~1?
gﬁ\ —C1T
Sﬁ(l—ﬁ)—(u+w)V (18)
1-e~ €17

Asp — 1and t — 0 then — 0, the upper and

1-(1-p)e~€17

lower bounds Z—‘: will converges to % — (u+ w)V ().
1

U o5t — ul + aviv
ac - PST—ultav
=[(BS +avV) —pu]l

BA(u + w) + aBvd — u?(u + w)

< 11
pp + w)
I(t) < ezt (19)
BA(u+w)+a8vA—p? (u+w) _H
where [ o 1 =1II,.
T can be isolate to obtain the other identity and hence
Z ) pe~¢®
Wt o I-arpea
_ 1 plp(ptw)=(1+p)ca 64
== o e e (20)
As p—-1 and 7-0 , I(t) converges to 0 if

A (p+w)+abv]
U2 (utw)
Population count in extreme cases
In this section the effect of perfect adherence of the drug

<1

on the susceptible and infected population can be verified.
The following lemmas are very much important to find the
extreme population count.

Lemma 1 : For x(t) satisfying x'(t) < c — q(¢)x(t)
where c is a constant and q(¢) is independent of x and t,
then,

c [
1. X(O) < @ = X(t) < M, for all t,

c . _

2. 1Ifx(0) < @and }I;_T{})CI@) =o=x(t)2>0as¢p >0
for all t.

Proof: See the Lemma 4.1 of [13] for the proof.

Lemma 2: Suppose x(t) is a variable satisfying x'(t) >
c(t) — qx(t) where q is a constant and c(t) is bounded as
t - oo. Hence x(t) > x(0)e™ 9 + % - %fot c'(we "Wy —
%”, as t — oo, with ¢, = gimc(t).

Proof: See the Lemma 2 of [11] for the proof.

Remark: If the above inequality are reversed then lemma

also holds. Let N(t) be the total population such that
N=S+4+1+4+V.Then

dN _ ds

ar , av _ .,
dt_E+E+E_A ,LL(S+1+V) (21)
SS+I+V < % (22)
Hence the extreme value of the total population is %
Now, for the infected population
a_ SI+ aviV — ul
a P @ K
< (u+av) ﬁ —ul (23)
A A
=>I1<(pu+ av)ﬁ+ [1(0)— (u+ av)l?]e_’“
S I < (u+av) % (24)
Also, for the vaccinated population
dv
—=0S—avlV — (u+ w)V
dt
< 2y (Ut + W)V
<——(Q@utow
u
6
<
=> V() < T (25)

Hence the extreme values for infected population and

. M A
ted lat ~ and
vaccinated  population are (u + av) 2 Al e

respectively.
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4. Numerical Simulation are taken from Table 1. The initial condition are assumed as

) ) ) S(0) =200,1(0) =80,V(0) =0 and the unit of the
. In numerl'cal .51mulat10n, the perfef:t drug adherence of rota .\, antration is person/day.
virus vacccination have been described. All the parameters
Table 1. List of parameters for system (1), and (6).
Parameter Definition Value (Units)
A Recruitment rate 5 ( Personday™t)
» Rate at which vaccine waves 0.15 (mm3day™1)
0 Vaccine uptake rate 0.3—0.7 (day™?)
u Natural death rate 0.02 (day™%)
I Infection rate 0.02 (Personday™1)
v Vaccine efficacy 0.7 (unitless)
a Infection death rate 0.1 (day™)
200 100 80
150 - 60
— _ 60 -
7 100 = S 40
40
50 L 2 20
0 n n : n : 0 . . . ; , 0 . . : : ;
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500

Time (Days)

Time(Days)

Time (Days)

Figure 2. Change of concentration with respect of time in absence of impulsive vaccination. Parameters are valued together with the initial conditions are as
in Table 1 with these parametric conditions Ry < 1. Thus the disease free equilibrium exists.
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50 »
0 : ' : ' 50 ‘ : ' A ] 0 A : : A '
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Figure 3. Change of concentration with respect of time in absence of impulsive vaccination. Parameters are valued together with the initial conditions are as
in Table 1 with these parametric conditions Ry > 1. Thus the disease free equilibrium exists.

It has been observed that for a high natural death rate
(p=0.1), Ry <1, ie. the disease free state is stable.
However, for the low natural death rate (u = 0.05), Ry > 1
and the system moves towards instability. Thus infected
population increases and as a result the system moves from
disease free to endemic state. The change of concentration
with respect of time in the absence of impulsive vaccination
reflects in Figure 3 for the conditions Ry = 2.5 > 1. Thus,
the endemic equilibrium exists. Figure 4. shows the change

of concentration for each model variables with respect of
time in presence of perfect adherence. In this figure the
dosing interval is fixed at T = 10. This means the vaccine is
taken at ten days interval. From this figure we can easily
conclude that after introducing the vaccination, the
susceptible population as well as infected population reduces.
Also during the treatment the vaccinated population enhance
comparatively with the presence of perfect drug adherence.

100 250 S0r
)
80 200 0 \ )
@ 1 : l| |l||l| |||. l‘||| ||l|l‘||“l|ll|l
7z s ;.‘0
40 100
20 50 .’.0
omww 0 n . . J lo L L L L )
0 100 200 300 400 500 0 100 200 300 400 500 0 100 200 300 400 500

Time (Days)

Time (Days)

time (days)

Figure 4. The impulsive system behavior for the perfect adherence with t = 10.
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5. Conclusion

A basic mathematical model has been formulated to study
the infection for Rota Virus on human population. In this
model, susceptible population, infected population and
vaccinated population have been considered. It has been
observed that the system has two equilibriums, one is disease
free and another is endemic equilibrium. The disease free
equilibrium is asymptotically stable if the basic reproduction
number is below the unity. But if the basic reproduction
number is more than unity, then the disease free equilibrium
becomes unstable.

The impulsive differential equations have also been
formulated as the vaccination period is not instantaneous. It
has also been worked on the optimal interval of vaccination
period and weightage of the dosage, by using the impulsive
differential equation so that disease can be controlled.

In a nutshell, vaccination against Rota Virus can reduce the
infectability of the disease, but is unable to eradicate the
disease. The critical vaccination period suggests that careful
follow-up must be taken. Hence optimal level of vaccination
period as well as weightage of pulse vaccination affect the
disease progression and disease replication.
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