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Abstract: The measurement of portfolio VaR has been a hot issue in the field of the academic and the industry. This paper
applies three kinds of Vine Copula model to describe high-dimensional dependency structure between multiple assets,
introduces mixed binary copula function to improve the accuracy of tail dependence structure. We use six important stock
markets as stock portfolio to test this model. The empirical results show that introducing mixed Copula function can improve
the measurement reliability of Vine Copula model, and the reliability of mixed R-Vine model is highest in three kinds of mixed

Vine Copula models.
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1. Introduction

Financial risk management has always been a hot and
difficult issue for investors, government financial
management and financial academia [1]. Especially in recent
years, the outbreaks of global risk crisis highlight the
importance of financial risk management and urgency. In
financial risk management, the most critical job is how to
accurately measure financial risks. Only measuring financial
risks accurately can we ensure the effectiveness of risk
management. At present, the mainstream approach in a single
asset or portfolio risk measure is VaR (Value at Risk) [2].
Measuring the VaR of a single asset is simpler, but because the
financial institution and the investor tend to invest in the form
of a portfolio, and to measure the VaR of the portfolio, it must
first depict the high-dimensional structure of the portfolio.
Therefore, how to accurately characterize the interdependence
between the portfolio will be the key to measuring the
portfolio VaR.

Many scholars have shown that financial assets have many
typical characteristics such as spikes and fat tail,
non-normality, volatility aggregation and leverage. At the
same time, the dependent structure between financial assets is
non-linear [3]. Therefore, the linear correlation model,
Granger causality test and other linear model cannot

accurately describe the non-linear dependent structure of
financial assets [4]. And then based on the above model is
difficult to accurately measure the portfolio VaR. Copula
function effectively overcomes the shortcomings of the above
linear model, not only can describe the nonlinear dependency
structure between financial assets, but also can include typical
fact characteristics into the study constraints. Since then,
Copula function has been widely used by scholars in the fields
of financial risk management and risk measurement, and has
achieved many important practical achievements.

At present, Scholars use binary copula functions in the
financial research. When the number of variables is more than
two, the binary copula function will face dimension curse.
Although the multidimensional Copula function is used to
solve the problem of high-dimensional dependency structure,
the multivariate Copula function assumes that the dependent
structure between different financial assets is same, and this is
not consistent with the actual situation, so that the multivariate
Copula function cannot accurately depict the interdependent
structure between multiple assets [5].

Recently, the Vine Copula model has effectively solved
the problem of high-dimensional dependency structure of
multiple financial assets, and vine copula function has more
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flexibility than multivariate Copula function. Joe, Bedford
and Cooke have made groundbreaking work for the
construction of the Vine Copula model [6] [7] [8]. Vine
copula model is layered to depict the dependent structure,
and the model greatly reduce the difficulty of characterizing
high-dimensional dependent structure. In addition, the Vine
Copula model can be used to select the appropriate binary
Copula function according to the different characteristics of
the object-dependent structure, so that the Vine Copula
model has more flexibility and practicability in
characterizing the high-dimensional dependency structure.
Bedford and Cooke proposed R-Vine, R-Vine Copula is
more flexible and complex, the difficulty of estimation is
relatively large. The application is far less than its two
special circumstances: C-Vine and D-Vine [8] [9]. Therefore,
to highlight the flexibility and advantage of R-Vine model in
characterizing  the  structure of  high-dimensional
dependencies, this paper not only uses C-Vine and D-Vine,
but also uses R-Vine.

In the use of vine copula model to describe
high-dimensional dependent structure, they chose binary
copula function based on the AIC and other indicators.
Although a relatively optimal Vine Copula model can be
selected, this will increase the risk of Vine Copula's model.
In addition, a single binary Copula function is usually only
able to describe some of the tail dependent structure or
cannot describe the tail dependent structure, and tail
dependent structure represents the degree of financial assets
in extreme cases, the tail-dependent structure is of great
importance to accurately measure the extreme financial risks
of financial assets. Clayton, Frank and Gumbel can
characterize the lower end dependent structure, symmetric
dependent structure and upper tail dependent structure [10].
To make full use of the characteristics of Copula function,
this paper construct a mixed copula function to describe the
dependent structure of two-dimensional variables in the vine
Copula model.

Based on the above analysis and understanding, this paper
will take the world's six major stock markets as the study
object, using the ARMA-GJR-t model to capture the
important typical factual characteristics of the yield and
volatility of financial assets; aiming at the complex
high-dimensional dependency structure between the portfolio,
three Vine Copula models are introduced, At the same time,
the mixed Copula function is used in the Vine Copula model to
describe the asymmetric tail dependent structure between the
binary variables, in order to carry out the VaR dynamic risk
measure; And then use the rigorous likelihood ratio test to test
the reliability of the stock market portfolio risk model. And
tries to prove the following two conclusions through the
relevant theoretical analysis and empirical research: The
R-Vine Copula model is more reliable than the C-Vine and
D-Vine Copula models in the risk measure. The hybrid Copula
function can improve the reliability of the Vine Copula model
for the dynamic risk measure.

So far, many scholars have used a variety of methods to
carry out a lot of research on portfolio risk measurement, and

Measurement of Dynamic Portfolio VaR Based on Mixed Vine Copula Model

achieved fruitful research results. Aloui et al. used the binary
Copula function to study the financial risk of the financial
crisis between the BRIC countries and the US stock market,
and measured the risk of the binary portfolio [11]. Deng et al.
used the Pair Copula model to measure portfolio risk, while
also using Mean-CVaR to optimize the portfolio [12]. Zhou et
al used multiple Copula function to measure the risk of
multiple financial portfolio [13]. Brechmann et al. used the
R-Vine Copula model to predict the portfolio risk value. The
results show that the R-Vine model measures better than the
DCC model [14]. Weil} et al. used the Vine Copula model to
predict the portfolio risk. The results show that the Vine
Copula model can accurately measure the risk of portfolio
[15]. Fan Guobin et al. used the C-Vine Copula model to
characterize the nonlinear dependencies between multiple
financial assets. The empirical results show that the C-Vine
Copula model can describe the complex tail-dependent
structure of financial assets more accurately than the
traditional multi-Copula function [16]. Gao used the vine
Copula model to measure the risk of multiple assets [17].
Zhang et al. used the R-Vine, C-Vine and D-Vine models to
explore the interdependent structure of different financial
assets in China. The empirical results show that China's
financial market shows thick-tailed correlation and
asymmetry [18]. Ma Feng used the Vine Copula model to
carry out dynamic risk forecasting of the stock market
portfolio [19]. Zhao Lu used the multivariate t-Copula
function to measure the risk of the energy portfolio and
optimize the weight of the portfolio [20].

Although these scholars have achieved satisfactory results
in the relevant studies, these studies still have the following
two shortcomings: these scholars use only multiple elements
to describe the same dependent structure of the Copula
function, but between financial assets Dependent structure
may not be completely consistent, then the use of multiple
Copula function will be questionable; Although there are a
few scholars using Vine Copula function to describe
high-dimensional dependent structure, but they used binary
copula function in vine copula model, and these binary Copula
function cannot describe the asymmetric tail dependent
structure. This article not only uses C-Vine, D-Vine, but also
uses more flexible and complex R-Vine in characterizing the
portfolio structure. In addition, the hybrid Copula function is
introduced into the Vine Copula model, and a new mixed Vine
Copula model is constructed. Therefore, compared with other
scholars, the hybrid vine copula can measure the dependent
structure more accurate especially in the financial crisis,
which has a prominent advantage in measuring the dynamic
risk of the portfolio.

The logical structure of this paper is roughly arranged as
follows, the following is the second part of this article,
constructing the dynamic VaR measure model based on the
mixed vine copula model. The third part uses the constructed
risk forecasting model to carry on the dynamic risk measure to
the portfolio, the last part is the conclusion.
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2. Construction of Dynamic Risk
Measurement Model of Portfolio

2.1. Vine Copula Model

Sklar theorem suggests that the d-dimensional cumulative
distribution function F, can be decomposed into an edge

distribution function and a Copula Function C, which can be
expressed as [21]:

F(X,, X,, M, ) = C(F(x), T, (x,) (1)

The corresponding joint density function can be expressed
as:

S (x5, My, ) = c(F (xl),DﬂDFd(xd))Zfi(xi) 2

Where c is the Copula function density function and f; is
the edge density function.

As the number of variables increases, it is increasingly
complicated to measure the joint distribution between these
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variables. Joe, Bedford and Cooke proposed the Vine Copula
model, the high-dimensional joint density function is
decomposed into several binary joint distribution density
functions and corresponding edge density functions, so that
the joint distribution of multivariate variables is simplified.
there are a variety of logical structure in the vine copula model
decomposition, Bedford et al. introduced the vine to describe
these decomposition structure. The commonly used
decomposition structures include Canonical Vine (C-Vine),
Drawable Vine (D-Vine) and Regular Vine (R-Vine) [22]. The
structure of C-Vine and D-Vine is more fixed and simple than
R-Vine, and the structure of R-Vine is more flexible.

A d-dimensional C-Vine or D-Vine decomposition structure
can be represented by a d-1 tree, where the j-th tree has d + 1-j
nodes, d-j edges, and each edge corresponds to a binary
Copula function.

The edge of the tree T, becomes a node in the tree 7, . For

the d-dimensional joint density function can be decomposed
into the d(d —1)/2 edge and the corresponding edge density

function according to C-Vine and D-Vine. The C-Vine and
D-Vine density functions can be expressed as follows:

xi+1 > Dmxi+j—1 )a F(xi+j

Xis1 mmxﬁj—l ) (3)
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Where i is the hierarchy of the tree, and j is the edge of each tree.
Compared with C-Vine and D-Vine, the decomposition structure of R-Vine is not fixed, So R-vine is relatively more flexible.

The density function of R-Vine is:
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f(xl i d) = ; fk (xk )Z Z cmk,k’mi,/c ‘mi+l,/c’[[mmn,/c (ka,/c ‘mi+l,/c’[[mmn,/c ’P‘mi,k‘miﬂ,k’mﬂmn,k ) (5)

k=1i=k+l

2.2. Mixed Vine Copula Model Construction and Parameter
Estimation

When using the Vine Copula model studies the
d-dimensional financial asset-dependent structure, except that
the appropriate decomposition structure is selected, it is also
necessary to further determine the binary Copula function in
the decomposition structure. At present, in the relevant
research, scholars often in terms of AIC and BIC. The binary
Copula functions in the decomposed structure are selected one
by one from the binary Copula functions such as Gauss and
t-Copula. Gumbel, Clayton and Frank constitute a hybrid
Copula function just to accurately measure the asymmetric tail
dependent structure, Therefore, this paper will use the hybrid
Copula function in the Vine Copula model to describe the
binary variable dependent structure.

The mixed Copula function distribution function is shown
below:

C(u,v;W) =mC, (u,v;0) + m,C,(u,v;A)+C,(u,v;a) (6)

where C, is Clayton function, C, is rank function, C, is

Gumbel function, W is the parameter to be estimated,

w,i=1,2,3 is weight of three Copula functions, i w=1-

this paper will use the maximum likelihood parameter
estimation method to estimate the mixed Vine Copula model
parameters, the specific estimation process is as follows:

1) To sort the nodes in the decomposition structure. For the
C-Vine decomposition structure, this paper determines
the order of the nodes based on the sum of the Kendall
coefficients of each tree. When the order of the nodes in
the first layer tree is determined, the nodes in the
remaining trees will be fixed. In this paper, the D-Vine
node ordering will be determined based on Brechmann’s
method [22]. R-Vine is more flexible than C-Vine and
D-Vine, and it is necessary to first find the optimal
R-Vine matrix (RVM) to determine the order of the
nodes. In this paper, we refer to the "maximum spanning
tree" method proposed by Brecchmann to select the
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appropriate RVM, and then determine the arrangement
of nodes in R-Vine decomposition based on RVM
content.

2) Estimate the parameters of each edge in tree j. Based on
the decomposed structure that has been determined, the
parameters of the binary mixed Copula function
represented by each edge are estimated using the
maximum likelihood estimation method, and the
corresponding conditional distribution function. R-Vine
model conditional distribution function needs to be
determined according to the decomposition structure.

3) The Copula function parameters for each edge on tree
j+1 are estimated based on the calculated conditional
distribution function until the Copula function
parameters are mixed for each edge of all trees.

2.3. Marginal Distribution Model

As the stock market returns often have fat tail, non-normal,
autocorrelation, volatility asymmetry and other characteristics,
Therefore, this paper chooses the student t distribution to
describe the distribution characteristics of the stock market
returns. The ARMA (1, 1) -GJR (1, 1) -t model is used to
characterize the autocorrelation, heteroskedasticity and
fluctuation asymmetry of stock market returns. marginal
distribution model is as follows:

R,=u,+@R,  +OE&,  +& (7)

n“n,t-1 nt

“:m = 0-," Elll (8)

nt = wn +Bna-2 +a, Ez +y82 I(gn,l—l < O) (9)

n,t—1 n=n,t-1 n=n,t—1

Where o, is conditional variance , ¢, is standard

residual and obey the standard student t distribution. 7(Dlis

the instruction function. When the condition is satisfied, the
value is 1, otherwise it is 0.

2.4. Portfolio Dynamic VaR Measure

At present, the risk management mainly uses VaR (Value at
Risk) to measure, VaR measures the maximum possible loss of
a portfolio at a given confidence level for a certain period in
the future. The mathematical expression is as follows:

d
PO wX, <VaR,(a)|Q,.)=a
=1

i

(10)

Where d is number of assets, « is the weight of the i-th

1
t d
asset 3 g =1 -

i=1
As direct estimate of portfolio VaR is very difficult, most
scholars use Monte Carlo simulation method.
Therefore, this article will also use Monte Carlo simulation
method, the specific steps are as follows:
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(1) Use ARMA (1, 1) -GJR (1, 1) -t to estimate the yield of
each asset in the portfolio, Extracting the volatility g, , of

each stock market conditions. On this basis, the standard
yield series is transformed by probability integral, and
the uniform distribution sequence of i. i. d (0, 1) is
obtained, expressed as Udata ;

(2) Using the resulting sequence Udata , the nodes of
R-Vine, C-Vine and D-Vine are sorted first. Then the
parameters of the three mixed Vine Copula models are
estimated by using the maximum likelihood estimation
method. Monte Carlo simulation based on the estimated
model parameters was simulated 5000 times per day,
and finally the 7'x5000x6 dimension array was
obtained.

(3) The simulation array is inversed based on student t
distribution. The distribution of the residual value
(z,,,[k,,) of the combined assets is obtained, and then

the distribution of the daily returns of the combined
assets is obtained according to the formula (7).

X, =

i

@,

it

a-i,tZi,t)

6
(11)
=1
(4) Finally, according to Equation 10, we can get the
dynamic VaR value of the portfolio every day during the
research period.

3. Empirical Results and Analysis
3.1. Sample Selection

In this paper, the Shanghai Composite Index (SSEC), the
Hang Seng Index (HSI), the Nikkei 225 Index (N225), the
Frankfurt DAX Index (DAX), the London Financial Times
100 Index (FTSE100), the S & P 500 Index (S & P500) are
taken as important stock market representatives. The study
sample is the daily closing price from January 3, 2012 to
December 31, 2015. The data comes from the Resset database.
As each stock market trading time is not the same, to maintain
the six stock market yields data length consistent, this paper
eliminates the inconsistency of each stock trading data, and
finally the sample number is 711.

As can be seen from the descriptive statistical analysis
results in Table 1, The six stock market sequences show
significant "spikes" and "fat tail" characteristics, and do not
obey the normal distribution assumptions, The J-B test results
also confirm the non-normality of the stock market income
sequence. In addition, the ARCH effect test statistic LM
indicates that the six stock markets have a significant ARCH
effect, that is, the six stock market sequences have fluctuating
aggregation  effect and  fluctuating  time-varying
characteristics.
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Table 1. The results of descriptive statistical analysis of log yields in each stock market.

Mean Std Skewness Kurtosis J-B LM(5) LM(10) LM (15)
SSEC 0.0143 1.0060 -0.0404™" 4.9705™" 1152172 49.6730™ 50.1325™" 70.7780™"
HSI 0.0694 1.9499 -1.1909™" 12.7604™" 2990.3"" 38.9607"" 51.2324™" 53.8874™"
N225 0.0219 1.2358 0.0256™" 6.0380™" 273.4957"" 43.8700™" 48.6460™" 77.3747""
DAX 0.1124 1.5652 -0.5343" 5.9404™" 289.9660™" 31.1976™" 37.1481™" 51.2971™"
FTSE100 0.0793 1.3308 -0.2467"" 42661 54.7002"" 29.4465™" 32.1903™" 40.3854"™
S&P500 0.0685 0.9767 -0.5133™" 9.5420™" 1299.1°" 38.9313™ 39.9355™" 51.8063""

Note: ***_** respectively, at 1%, 5% significant level of significance, J-B t is Jarque-Bera statistics, LM is Engle's ARCH test statistics (brackets indicate the lag

order).
3.2. Marginal Distribution Model Estimation Results

Table 2. Parameter of marginal distribution model.

SSEC HSI N225 DAX FTSE100 S&P500
u 0.0301  0.0342  0.0738  0.0427  0.0969 0.1551
[ -0.7617 -0.7618 -0.8606 0.7082  0.0001 -0.8433
g 0.7958  0.7818  0.8860  -0.6965 0.0209 0.8151
w 0.0954  0.0721  0.0833  0.2963  0.0421 0.0881
B 0.7645 09217  0.8889  0.7485  0.905 0.7216
a 0.0621  0.0563  0.0000  0.0126  0.0354 0.0021
4 03182  0.0131  0.1080  0.2475  0.1501 0.4084
v 49712 38751 59664 58737  5.4258 5.2567
Q(5) 03297  0.6279 03541  0.6432  0.8998 0.8997
K-S 0.4342 04944  0.8165 0.9921  0.9091 0.7123

Note: K-S is Kolmogorov-Smirnov test P value.

As there are non-normality, spikes and fat tail and other
characteristics in the six stock market returns sequence. In this
paper, the ARMA (1, 1)-GJR (1, 1) -t model is used to analyze
the marginal distribution of the six stock markets. The
parameters result of the marginal distribution model is shown
in Table 2. And then extract the stock market standard rate of

transformation. To test the fitting ability of the marginal
distribution model for the six stock market return series,
ensuring that the series after the probability integral
transformation is uniformly distributed by i. i. d (0, 1). We
also used the Kolmogorov-Smirnov (K-S) test, which showed
that the series is uniformly distributed. In addition, we also
used the Ljung-Box Q test, the test results show that the stock
market series does not exist autocorrelation after the integral
transformation. Therefore, the marginal distribution model
ARMA (1, 1) -GJR (1, 1) -t can describe the six stock market
returns series. On this basis, the Vine Copula model can be
used to analyze the interdependent structure between the six
stock markets, measure the dynamic risk of portfolio.

3.3. Portfolio Risk Measurement Model Reliability Test

As this paper taken the world’s six major stock market as
research object, at the same time this paper uses mixed Copula
function in the Vine Copula model. Therefore, whether it is
C-Vine, D-Vine or R-Vine, the estimated parameters are up to
80, considering the article space constraints, here we no longer

return  sequence, perform the probability integral give three types of rattan structure.
or —R
R-mixed
4+ C-mixed
—-—- D-mixed
2 [
ol 1
= w . ; . ‘ ;
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Figure 1. Stock market portfolio VaR.
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Figure 1 shows the VaR measurement results for the stock
market portfolio based on the mixed C-Vine, D-Vine and
R-Vine models at the 5% quantile level during the sample
period'. It can be seen from Figure 1 that the three mixed Vine
Copula models can accurately measure the dynamic risk of the
stock market portfolio.

After measuring the dynamic risk of the stock market
portfolio through different models, an important job is to test
the reliability of the risk measurement model. In this paper,
we will use the conditional coverage LR test proposed by
Christoffersen (1998) [23], because the conditional coverage
LR test considers the failure number and independence, so
the test has a more comprehensive. To be able to compare the
differences between the mixed Vine Copula model and the
Vine Copula model in the portfolio risk measure, we will
backtest three Vine Copula models. The backtesting results
are shown in table 3 under the same weight conditions.

Table 3. Portfolio Risk Measurements Back-testing.

Measurement of Dynamic Portfolio VaR Based on Mixed Vine Copula Model

Vine Copula model, especially the mixed R-Vine Copula
model in measuring the dynamic risk of the portfolio assets.

Table 4. Portfolio Risk Measurements Back-testing.

1% 5% 10%

K1(K2) LR, KI1(K2) LR, KI1(K2) LR,
C-mixed 6(7.11)  0.6672 43(35.55) 03187 73(71.1) 03911
D-mixed 6(7.11)  0.6672 35(35.55) 09728 56(71.1) 0.0354
R-mixed 8(7.11)  0.7422  34(35.55) 09231 70(71.1) 0.1360
R-Vine  10(7.11) 0.1817 46(35.55) 0.1162 79(71.1) 0.0107
C-Vine  14(7.11) 0.0395 46(35.55) 0.1162 80(71.1) 0.0124
D-Vine  10(7.11) 0.1817 46(35.55) 0.1162 79(71.1) 0.0107

1% 5% 10%

K(E) LR, Ki(K2) LR, KI(K2) LR,
C-mixed 6(7.11)  0.6672 34(35.55) 02364 72(71.1) 0.5636
D-mixed 6(7.11)  0.6672 37(35.55) 0.3657 70(71.1) 0.8932
R-mixed 7(7.11) 09668 36(35.55) 0.5645 74(71.1) 0.9254
R-Vine  8(7.11)  0.1901 41(35.55) 0.1800 72(71.1) 0.3523
C-Vine  10(7.11) 0.1817 40(35.55) 0.4003 73(71.1) 0.3911
D-Vine  7(7.11)  0.1534 40(35.55) 0.4003 72(71.1) 0.3523

Note: K and E represent the actual failure of VaR measure and the number of
theoretical failures, respectively, for the conditional coverage test P value, The
higher the P value, the higher the reliability of the model.

It can be seen from Table 3 that the reliability of the three
mixed Vine Copula models is higher than three Vine Copula
models at three confidence levels, which shows that the binary
hybrid Copula function can more accurately describe the
interdependence structure between binary financial assets,
especially the extremely dependent structure between
financial assets. Finally, the mixed Vine Copula model is more
accurate and reliable in measuring the dynamic risk of a
portfolio asset. In addition, we can see that the reliability of
the mixed R-Vine model is higher than the mixed C-Vine and
D-Vine model, which shows that the mixed R-Vine model is
more accurate in describing the dependent structure of
multicomponent financial assets than mixed C-Vine and
mixed D-Vine models.

Since the equal weight is a very special case. To ensure the
robustness of the test results in this paper, we refer to the
Mean-CVaR method to optimize the weight of the portfolio
and yield a new portfolio weight. The new weights for the
portfolio are: 0.5223, 0.1081, 0.02, 0.0199, 0.1441, 0.1856.
And then backtest again, the result is shown in Table 4. It can
be seen from Table 4 that the test results not only prove the
reliability of the backtesting result under the same weight
condition, but also further prove the superiority of the mixed

1. To be able to observe the VaR measure of the combined asset clearly, we only
report the results of the VaR measure under the condition of 5% quantile and three
mixed Vine Copula models.

Note: K and E represent the actual failure of VaR measure and the number of
theoretical failures, respectively, for the conditional coverage test P value, The
higher the P value, the higher the reliability of the model.

4. Conclusion

It is a hot topic to study the high-dimensional dependency
structure among many financial assets, especially the
tail-dependent structure of financial assets during the financial
crisis. Therefore, we introduce a more flexible and accurate
Vine Copula model, and we use the mixed Copula function
composed of Clayton, Frank and Gumbel to describe the
binary dependency structure to measure asymmetric tail
dependent structure between financial assets accurately. And
taking the world’s six major stock markets as research object,
using Monte Carlo simulation technology, applying three
mixed vine Copula model to measure the dynamic risk of
stock portfolio, carrying out a rigorous Back-testing. The
empirical results show that the reliability of the three mixed
Vine Copula models is significantly better than other three
types of Vine Copula models. In addition, the reliability of the
mixed R-Vine model is superior to the mixed C-Vine and
mixed D-Vine models, which shows that the mixed R-Vine
model can measure the stock portfolio dependence structure
accurately.
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