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Abstract: The original mechanism of Fano resonance spectrum dip resulting from the system of metallic 

multinanoparticles-thin film belonging to C3v and C4v is deduced in detail using group theory. Based on our previous study, this 

paper verifies that there is only four LSPP electric dipole moment resonant modes in the system of Cnv mutinanoparticles-thin 

film according with the same irreducible representation E when illuminated by linearly polarized light: only three of them lie in 

the plane where the multiparticles locate, and among them, the ring-particles own two, the central particle is one. These results 

are completely the same with that of Dnh. The direction of the electric dipolar moments is perpendicular to the multiparticles 

plane although the last one has the same symmetry with the other three, and it is not applied usually to the experimental study or 

application of surface plasmon resonance relative to the other three. In addition, the systems of metallic nanoparticles-thin film 

belonging to Cnv and the metallic nanoparticles belonging to Dnh point groups hold the similar spectrum lineshape, however, there 

is some redshift or blueshift of spectrum dip(peak) in the system of nanoparticles-thin film if the thin film exists. This work can 

provide some references for designing the optical properties and its extended applications about the system of metallic 

multinanoparticles-thin film. 
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1. Introduction 

Surface plasmon polariton (SPP) has been the focus since 

its prediction before half a century [1], SPP has become one of 

the hot spots during the recent decades based on the unique 

optical responses and the extensive practical applications, 

springing out a great quantity of theoretical, simulated and 

experimental study [2-18]. Localized surface plasmon 

polariton (LSPP) confined to the metallic nanoparticles has 

turned gradually into the hot research because of the tunable 

optical responses and the super sensitivities, thus resulting in 

the wide applications of LSPP on surface enhanced Raman 

spectroscopy [19-20], light harvesting [21], bio-chemical 

sensing [22-23] and medical applications [24]. The optical 

properties of metallic nanoparticle-thin film have attracted a 

great deal of interest [25-26], and some important research 

improvements have emerged from the early study of P. K. 

Aravind [27], W. R. Holland [28] and Howard R. Stuart [29] 

to the recent researches [4-5, 30-34]. There has been some 

developed theoretical and experimental study within the 

system of metallic single nanoparticle-thin film, while the 

researches about the system of metallic nanoparticles-thin 

film mainly focus on the simulation and experiment. The 

existing theoretical study mostly based on surface plasmon 

hybridization and discrete electric dipole coupling, but the 

mathematical calculation possesses a little of complexity. 

Since the first being proposed by Ugo Fano in 1961, there is 

a continuous study of Fano resonance about its production 
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mechanism and extensive application [35], and the concept of 

Fano resonance has been expanded gradually from the early 

quantum system of physics to surface plasmon nanoparticle 

system including the symmetric one, the symmetry-breaking 

one, the plasmon metamolecule system within/without the 

substrate [36], optical crystal and electromagnetic 

metamaterial. The Fano resonance dip of symmetric plasmon 

metamolecule attracted especially more and more interests [23, 

37]. As regards the origin of Fano resonance dip, there is a 

generally accepted view that the Fano dip results from the 

coupling of wide super-radiation bright mode and narrow 

low-radiation dark mode. While there is also some different 

viewpoints suggested in recent years [38-39], and we consider 

the difference resulting from the different base vectors based 

on the different resonant modes. 

Group theory has been applied to the study of plasmon 

metamolecule in recent ten years, it has a wide range 

application on SPP because of its simplicity. The researchers 

of [11] set forth that how to structure the symmetric 

multiparticles plasmon mode resulting from the single particle 

one based on the principle from atomic orbital theory to 

molecule orbital theory, but this work did not involve the 

center particle and the substrate. The paper of [40] expounded 

in detail how to construct different symmetric multidiscs 

plasmon mode resulting from the single disc one making use 

of molecule point group character table, and this method is 

then used to the hierarchical multidiscs. The article of [36] 

accounted for the splitting subgroup and Fano resonant dip of 

symmetric multiparticles with center one utilizing group 

theory. Our paper thinks about the effect of substrate on the 

spectrum of plasmon metamolecule based on the study of [36], 

and provides the particular computation using the group 

theory, at last we demonstrate a more uniform view of Fano 

resonant dip in metal nanomultiparticles-thin film. 

2. The Basic Principle of Group Theory 

Figure 1 shows the symmetric metal four/five nanoparticles 

on the surface of thin film belonging to ���/��� point group 

(Appendix 1 shows their character tables respectively). The 

irreducible decompositions of four/five nanoparticles systems 

based on the equation (2) of [36] are as follows (Appendix 2): 

Γ� � 3A	 
 �� 
 4�                (1) 

Γ� � 3A	 
 �� 
 B	 
 2�� 
 4�           (2) 

This paper talks about the resonant spectra of four/five 

nanoparticles systems under the linearly polarized 

stimulation light, that is to say the electric dipole moment of 

LSPP and the extra electric field must satisfy P��� � ��� � 0, and 

they have the same irreducible decomposition: 

Γ��� � Γ���                       (3) 

Because the direction of the extra electric field is along x/y, 

we have Γ��� � Γ�� . According to Appendix 1, the two 

nanoparticles systems both have the same two-dimension 

irreducible decomposition E whose base vector is x/y. That is: 

Γ��� � Γ��� � Γ�� � E                (4) 

So from equation (1) and (2), the four/five nanoparticles 

systems on the thin film both have 4 two-dimension 

degenerate LSPP electric dipolar moment resonant modes E. 

 

Figure 1. System of metallic multinanoparticles on thin film, the radius of the 

cylinders is 70nm and the height is 60nm, the distance between the central 

particle and the ring-particles is 20nm. 

As pointed out in [11], the symmetric LSPP electric dipolar 

moments in x/y plane based on ���/��� point group are the 

same with those of ���/��� point group. C point group is 

short of the symmetric operation of mirror reflection 

according to D point group, thus it produces that the LSPP 

electric dipolar moment out of x/y plane is the same with that 

in x/y plane which are both belonged to irreducible 

representation �, this means that the LSPP electric dipolar 

moment out of x/y plane is no longer dipole transition 

forbidden and could interact with the extra stimulation electric 

field. In addition, we can see from [36] that four/five 

nanoparticles of D point group only have three two-dimension 

degenerate LSPP electric dipolar moment resonant symmetric 

modes �! or �" in x/y plane, and the ring particles have two 

modes, the center particle owns one independent resonant 

symmetric mode which is the same with that of the ring 

particles. So the four/five nanoparticles in this work also only 

have three two-dimension degenerate �! or �" modes in x/y 

plane, although the other one mode has the same symmetry 

with that three modes, its electric dipolar moment direction is 

along z direction, which is perpendicular to that of extra 

electric field, and this is out of our discussion in our paper. 

Figure 2 shows the LSPP electric dipolar moment resonant 

symmetric modes of four/five nanoparticles, the electric 

dipolar moment direction of modes (a), (b) and (c) is located in 

x/y plane(shown in two dimension), and the direction of mode 

(d) is in z plane(shown in three dimension). 
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Figure 2. Schematic of LSPP dipolar resonance symmetric modes for ��� and ��� multinanoparticles. The modes (a) and (b) are built respectively from the 

radial and angular vector basis; the modes (c) are the only one belonging to the center particle. The modes (d) are built by the LSPP electric dipole moments 

aligned in #. The lengths of arrows in modes (a) and (b) represent the magnitude of the dipole moments; a different kind of arrows is used for modes (c); 
according to modes (d), the lengths of red unidirectional arrows in out-ring particles represent the magnitude of the dipole moments, and the red bidirectional 

arrows in the center particles stand for the uncertainty of the magnitude and the direction of the electric dipole moments 

3. Analysis and Discussion 

Figures 3 and 4 show the electric field distributions of the 

four/five nanoparticles with and without the substrate. We can 

see from figure 3-(2), (4) that the two kinds of four 

nanoparticles have nearly the same electric field distributions 

at the long exciting wavelengths. They both could be 

combined by mode (a) and mode (c) in Figure 2, and the 

coefficient of without the substrate is larger than that of with 

the substrate resulting from the intensity of the electric field. 

At the same time, the two kinds of four nanoparticles also 

have relatively the same electric field distributions at the short 

exciting wavelengths, they both could be combined by mode 

(a), mode (b) and mode (c) in Figure 2. The coefficient of 

mode (a) must be negative while the others are positive when 

the extra electric field is along x direction based on the study 

of [36]. Provided that the coefficient of mode (b) is fixed 

beforehand, the absolute value of mode (a) coefficient without 

the substrate is larger than that of with the substrate resulting 

from the intensity of the electric field, and the coefficient of 

mode (c) with the substrate is far smaller than that without the 

substrate. According to Figure 4, the demonstration is the 

same with that of Figure 3, we will do not discuss in our paper. 

It can be seen from above that the Fano resonant spectrum 

of four/five nanoparticles system with thin film could be 

analyzed by the four/five nanoparticles model without thin 

film in [36], that is to say that the actual LSPP electric dipolar 

moment modes must be the linear combination of three basic 

resonant symmetric modes (a), (b) and (c) in Figure 2 when 

the exciting electric field is in x/y plane, however, the group 
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theory cannot provide the coefficients precisely, and we must 

seek help from theoretical numerations or experimental results. 

The Fano resonant dip also comes from the destructive 

interference of two neighboring modes which contain the 

same orthogonal base vectors in x/y plane. 

In addition, it could be seen from Figure 5 that the two finds 

of Fano resonant spectrum line shapes in four/five 

nanoparticles with and without the substrates are essentially 

the same. According to the four metallic nanoparticles without 

the substrate, the exciting wavelengths are 560nm and 760nm, 

and that with the substrate are 650nm and 850nm respectively. 

With respect to the five metallic nanoparticles without the 

substrate, the exciting wavelengths are 580nm and 800nm, 

and that with the substrate are 640nm and 880nm respectively. 

Thus we can conclude that both of the same multiparticles 

have the similar spectrum line shape, and the mainly 

difference is that there is some redshift or blue shift [4] of the 

exciting wavelength when adding the substrate to the four/five 

nanoparticles. The red shift of four nanoparticles is always 

90nm, and that of five nanoparticles is always 80nm. The shift 

can be defined by the detailed parameters instead of the group 

theory. 

 

Figure 3. Electric field intensity distributions on different exciting wavelengths, the exciting wavelength of (1) and (3) is 650nm, (2) and (4) is 850nm; the electric 

field intensity distributions of (1) and (2) is about the model of four particles, (3) and (4) is about the four particles on the thin film; (3) and (4) are adapted from 

Ref. [37]. 
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Figure 4. Electric field intensity distributions on different exciting wavelengths, the exciting wavelength of (1) and (3) is 640nm, (2) and (4) is 880nm; the electric 

field intensity distributions of (1) and (2) is about the model of five particles, (3) and (4) is about the five particles on the thin film; (3) and (4) are adapted from 

Ref. [37]. 

 

Figure 5. (a) is the simulated transmission spectrum of the four/five particles without the existence of the base, (b) and (c) are the simulated extinction spectra of 

the four/five particles located on the base; (a) is adapted from Ref. [41], (b) and (c) are adapted from Ref. [37]. 



 Optics 2018; 7(1): 54-60 59 

 

 
4. Conclusion 

This paper demonstrates detailedly the Fano resonant dip 

spectrum line shape of symmetric metallic nanoparticles on 

the surface of thin film based on the group theory, and this 

method possesses some universality because of its simplicity. 

The system of metallic nanoparticles-thin film have more 

variables on the designing of Fano resonant line shape with 

respect to metallic nanoparticles model in [36]. Apart from the 

nanoparticles shape, size, material and symmetry, there are 

some others including the thin film size, structure, material 

and the gap between the nanoparticle and the thin film, and it 

can provide some references on the fields of optical designing, 

optical-electric sensor and biomedicine. Whether this method 

is fit pervasively for the Fano resonant spectrum of �$� point 

group nanoparticles, the relationship between red/blue shift 

and the symmetry of nanoparticles, the variables of the thin 

film needs more study in the future. 

Appendix 

Appendix 1    

Table 1. ��� Character table. 

C3ν E 2C3 3σν   

A1 1 1 1 z x2 + y2, z2 

A2 1 1 -1 Rz  

E 2 -1 0 (x, y) ( Rx, Ry) (x2 – y2, xy) (xz, yz) 

Table 2. ��� Character table. 

C4v E 2 C4 C2 2 σν 2 σd   

A1 1 1 1 1 1 z x2 + y2, z2 

A2 1 1 1 -1 -1 Rz  

B1 1 -1 1 1 -1  x2 – y2 

B2 1 -1 1 -1 1  xy 

E 2 0 -2 0 0 (x, y) (Rx, Ry) (xz, yz) 

Appendix 2    

���: 

%&'
�

1

6
*12 × 1 × 1 + 0 × 1 × 2 + 2 × 1 × 3, = 3 

%&- =
1

6
	[12 × 1 × 1 + 0 × 1 × 2 + 2 × (−1, × 3] = 1 

%� =
1

6
	[12 × 2 × 1 + 0 × (−1, × 2 + 2 × 0 × 3] = 4 

���: 

%&' =
1

8
	[15 × 1 × 1 + 1 × 1 × 2 + (−1, × 1 × 1 + 1 × 1

× 2 + 3 × 1 × 2] = 3 

%&- =
1

8
[15 × 1 × 1 + 1 × 1 × 2 + (−1, × 1 × 1 + 1

× (−1, × 2 + 3 × (−1, × 2] = 1 

%4' =
1

8
	[15 × 1 × 1 + 1 × (−1, × 2 + (−1, × 1 × 1 + 1

× 1 × 2 + 3 × (−1, × 2] = 1 

%4- =
1

8
[15 × 1 × 1 + 1 × (−1, × 2 + (−1, × 1 × 1 + 1

× (−1, × 2 + 3 × 1 × 2] = 2 

%� =
1

8
	[15 × 2 × 1 + 1 × 0 × 2 + (−1, × (−2, × 1 + 1

× 0 × 2 + 3 × 0 × 2] = 4 

    

References    

[1] Halas N J. Plasmonics: an emerging field fostered by Nano 

Letters [J]. Nano Lett, 10,10,2010,3816-3822. 

[2] Prodan E, Nordlander P. Plasmon hybridization in spherical 
nanoparticles [J]. J Chem Phys, 120,11,2004,5444-5454. 

[3] Nordlander P, Oubre C. Plasmon hybridization in nanoparticle 
dimers [J]. Nano Lett, 4,5,2004,899-903. 

[4] Nordlander P. Plasmon hybridization in nanoparticles near 
metallic surfaces [J]. Nano Lett, 4,11,2004,2209-2213. 

[5] Papanikolaou N. Optical properties of metallic nanoparticle 

arrays on a thin metallic film [J]. Phys Rev B, 
75,23,2007,235426. 

[6] Chen Jun, Ng Jack, Ding Kun, et al.. Negative optical torque [J]. 

Sci Rep, 4,2014,6386. 

[7] Kale M J, Christopher P. Plasmons at the interface [J]. Science, 
349,6284,2015,587-588. 

[8] Tame M S, Mcenery K R, Ozdemir S K, Lee J, et al.. Quantuun 
plasmonics [J]. Nature Phys, 6,9,2013,329-340. 

[9] Yu Jie, Zhang Junxi, Zhang Lidde, et al.. Surface plasmonic 

micropolarizers based on Ag nanorod arrays [J]. Acta Optica 
Sinica, 34,7,2014,0723001. 

[10] Li Xiaoming, Fang Hui, Weng Xiaoyu, et al.. Electronic 

spill-out induced spectral broadening in quantum hybrodynamic 

nanoplasmonics [J]. Opt Express, 23,23,2015,29738-29745. 

[11] Brandl D W, Mirin N A, Nordlander P. Plasmon modes of 

nanosphere trimmers and quadrumers [J]. J Phys Chem 
B,110,25, 2006,12302-12310. 

[12] Chuntonov L, Haran G. Trimeric plasmonic molecules: the role 
of symmetry [J]. Nano Lett, 11,6,2011,2440-2445. 

[13] Hopkins B, Liu Wei, Miroshnichenko A E, et al.. Optically 

isotropic responses induced by discrete rotational symmetry of 

nanoparticle clusters [J]. Nanoscale, 5,14,2013,6395-6403. 

[14] Huang Yunhuan, Xue Baoping. Research of multiple Fano 

resonances in plasmonic octamer clusters [J]. Laser & 
Optoelectronics Progress, 52,6,2015,062401. 

[15] Lei Dandyuan, Fernandez-Dominguez A I, Sonnefraud Y, et al.. 

Revealing plasmonic gap modes in particle-on-film systems 

using dark-field-spectroscopy [J]. ACS NANO, 

6,2,2012,1380-1386. 



60 Mengjun Li and Xiaoming Li:  Group Theory Analyses of Fano Resonance Spectra in the System of   

��� and ��� Metallic Multinanoparticles-Thin Film 

[16] Fan J A, Bao Kui, Lassiter J B, et al.. Near-normal incidence 

dark-field microscopy: applications to nanoplasmonic 

spectroscopy [J]. Nano Lett, 12,6,2012,2817-2821. 

[17] Shafiei F, Monticone F, Le K Q, et al.. A subwavelength 

plasmonic metamolecule exhibiting magnetic-based optical [J]. 
Nature Nanotech, 8,2,2013,95-99. 

[18] Wang Yue, Wang Xuan, Li Longwei. Properties of light trapping 

of thin film solar cell based on surface plasmon polaritons [J]. 

Laser＆Optoelectronics Progress, 52,9,2015,092401. 

[19] Kneipp K, Kneipp H, Itzkan I, et al.. Ultrasensitive chemical 

analysis by Raman spectroscopy [J]. Chem Rev, 
99,10,1999,2957-2975. 

[20] Zhang Weihua, Fischer H, Schmid T, et al.. Mode-selective 

surface-enhanced Raman spectroscopy using nanpfabricated 

plasmonic dipole antennas [J]. J Phys Chem C, 

113,33,2009,14672-14675. 

[21] Nishijima Y, Rosa L, Juodkazis S. Surface plasmon resonances 

in periodic and random patterns of gold nano-disks for 

broadband light harvesting [J]. Opt Express, 
20,10,2012,11466-11477. 

[22] Anker J N, Hall W P, Lyandres O, et al.. Biosensing with 
plasmonic nanosensors [J]. Nature Materi, 7,6,2008,442-453. 

[23] Halas N J, Lal S, Chang Weishun, et al.. Plasmons in strongly 

coupled metallic nanostructures [J]. Chem Rev, 
111,6,2011,3913-3961. 

[24] Hirsch L R, Stafford R J, Bankson J A, et al.. 

Nanoshell-mediated near-infrared thermal therapy of tumors 

under magnetic resonance guidance [J]. PNAS, 
100,23,2003,13549-13554. 

[25] Yan Bo, Boriskina S V, Reinhard B M. Design and 

implementation of noble metal nanoparticle cluster arrays for 

plasmon enhanced biosensing [J]. J Phy Chem C, 
115,50,2011,24437-24453. 

[26] Thomas M, Pierre-Michel A, Gaetan L. Coupling between 

plasmonic films and nanostructures: from basics to applications 
[J]. Nanophoto, 4,1,2015,361-382. 

[27] Aravind P K, Metiu H. The effects of the interaction between 

resonances in the electromagnetic response of a sphere-plane 

structure: applications to surface enhanced spectroscopy [J]. 
Surface Science, 124,2,1983,506-528. 

[28] Holland W R, Hall D G. Frequency shifts of an electric-dipole 

resonance near a conducting surface [J]. Phys Rev Lett, 
52,12,1984,1041-1044. 

[29] Stuart H R, Hall D G. Enhanced dipole-dipole interaction 

between elementary radiators near a surface [J]. Phys Rev Lett, 

80,25,1998,5663-5666. 

[30] Garcia de Abajo F J. Colloquium: light scattering by particle and 
hole arrays [J]. Rev Mod Phys, 79,4,2009,1267-1290. 

[31] Vernon K C, Funston A M, Novo C, et al.. Influence of 

Particle-Substrate Interaction on Localized Plasmon 
Resonances [J]. Nano Lett, 10,6,2010,2080-2086. 

[32] Campione S, Guclu C, Ragan R, et al.. Enhanced magnetic and 

electric fields via Fano resonances in metasurfaces of circular 

clusters of plasmonic nanoparticles [J]. ACS Photonics, 
1,3,2014,254-260. 

[33] Gilbertson A M, Francescato Y, Roschuk T, et al.. 

Plasmon-induced optical anisotropy in hybrid grapheme-metal 
nanoparticle systems [J]. Nano Lett, 15,5,2015,3458-3464. 

[34] Nicolas R, Leveque G, Marae-Djouda J, et al.. Plasmonic mode 

interferences and Fano resonances in metal-insulator-metal 

nanostructured interface [J]. Sci Rep, 5,2015,14419. 

[35] Lukyanchuk B, Zheludev N I, Maier S A, et al.. The Fano 

resonance in plasmonnic nanostructures and metamaterials [J]. 
Nature Materi,9,9, 2010,707-715. 

[36] Li Mengjun, Fang Hui, Li Xiaoming, et al.. Subgroup 

decomposition analyses of C3v and C4v plsamonic metamolecule 

Fano resonance spectrum [J]. Acta Physica Sinica, 
65,5,2016,057302. 

[37] Rahmani M, Lei D Y, Giannini V, et al.. Subgroup 

decomposition of plasmonic resonances in hybrid oligomers: 

modeling the resonance lineshape [J]. Nano Lett,12,4, 
2012,2101-2106. 

[38] Frimmer M, Coenen T, Koenderink A F. Signature of a Fano 

resonance in a plasmonic metamolecule’s local density of 
optical states [J]. Phys Rev Lett, 108,7,2012,077404. 

[39] Hopkins B, Poddubny A N, Miroshnichenko A E, et al.. 

Revisiting the physics of Fano resonances for nanoparticle 
oligomers [J]. Phys Rev A, 88,5,2013,053819. 

[40] Gomez D E, Vernon K C, Davis T J. Symmetry effects on the 

optical coupling between plasmonic nanoparticles with 

applications to hierarchical structures [J]. Phys Rev B, 
81,7,2010,075414. 

[41] Rahmani M, Lukiyanchuk B, Tahmasebi T, et al.. 

Polarization-controlled spatial localization of near-field energy 

in planar symmetric coupled oligomers [J]. Appl Phys A, 
107,1,2012,23-30. 

 


