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Abstract: Hemirings appear in a natural manner, in some applications to the theory of automata, the theory of formal
languages, graph theory, design theory and combinatorial geometry. Recently, the notions of hemirings with special structures
were introduced. But still now there are no complete structural properties of hemirings. In this paper we try to investigate some

structures of hemirings. This is done by introducing some examples of hemirings.
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1. Introduction

Hemirings which are regarded as a generalization of rings
have been found useful in solving problems in different areas
of applied mathematics and computer sciences [2, 3, 5]. So

many researchers have studied different aspects of hemirings.

J. S. Golan [1] quoted some special classes of hemirings such
as idempotent hemiring, zerosumfree hemiring, regular
hemiring and so on. M. Gulistan et al. [7] characterize the
gamma hemirings through level cuts in terms of generalized
fuzzy (left, right, prime, semiprime) gamma ideals of gamma

hemirings. Zhan et al. [4] gave the concept of A
-hemiregularity of hemirings and investigated some
properties in terms of fuzzy theory. Yin et al. [10] gave the

notions of /1 -semisimple hemirings and invested the
characterizations by fuzzy ideals. Also some researches on
hemirings are focused on fuzzy ideals [6, 12, 14- 16], soft set
theory [11] and bipolar fuzzy theory [17]. In this paper we
characterized some classes of hemirings especially
zerosumfree hemiring, idempotent hemiring, regular
hemiring and simple hemiring also counter examples are
given. This paper is organized as follows: in section 2 we
describe some preliminaries on hemirings, in section 3 some
structures on hemirings are given, in section 4 the structures
of simple hemirings are described.

2. Preliminaries

Definition 2.1 [12]: Let R be non empty set with binary
operation[ . Then the algebraic structure (R;L) is called a
semigroup if Oa,b,c0R; al(bLc)=(alb)lc.

Definition 2.2 [1]: A hemiring is a nonempty set R on which
operations of addition and multiplication have been defined
such that the following conditions are satisfied:

[H,]: (R;+)is a commutative monoid with identity

element 0,

[H,]: (R)is a semigroup;

[ H ;] : Multiplication distributes over addition from either

side;

[H,]:The element 0 is the absorbing element of the

multiplication i.e., 0.7 = 0 = r.0.

Example 2.2 (a): The set 27 is an infinite hemiring with
usual addition and multiplication.

Example 2.2 (b): (R = {0,a,b};+,l) is a finite hemiring,
where addition operation (+) and multiplication operation
() are as follows:
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Example 2.2 (c): The set S ={0,1,2,3} with the following
Cayley Tables:

is a finite hemiring

Definition 2.3: If R is a hemiring then an element1 0 R (if
1 exists) and 1 # 0 is called an identity element of R if
1tk =a=a0;0a0R. And if R contains an identity
element then it is called a hemiring with identity.

Example 2.3 (a): The set of natural numbers with zero is a
hemiring with identity.

Definition 2.4: If R is a hemiring, then a non-empty
A O R is called a sub-hemiring of R ifit contains zero and
is closed with respect to the addition and multiplication of R.

Example 2.4 (a): If R is a hemiring, then

P(R)={0} 0 {r +1:r0R} is a sub-hemiring of R.

Definition 2.5: A hemiring R is said to be commutative if
(R;]) is commutative i.c.,

alb =blk; Oa,b UR.

Example 2.5 (a): Consider the set R = {0, a, 1}
with the following two operations:

Then (R;+,0lis a commutative hemiring
Proposition 2.6: Aset R containing two distinct elements
0 and 1 and where operations + and Uare defined, is a
commutative hemiring iff the following four conditions are
satisfied:
Oa,b,c,d,edR,;
(1) a+0=0+a
2) al=a
3) 0a=0
@4 [(ale+b)+c]ll =db+[aleld)+clH]
Proof: Surely any commutative hemiring satisfied
conditions (1)-(4). Conversely, assume that these four
conditions are satisfied. If
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b,dOR=bLd =[(00+b)+0]L
=dBOMOLH)+0Ld]
=db
So multiplication is commutative. If
a,b0R=a+b=[(a0+H)+0]0
=1b+[al(l])+0I[1]
=b+a
And so additive is commutative. If
a,e,d UR= (al&)ld =[(al2+0)+0]L
=d0+[alfeld)+0[H]
=0+[alfeld)+0]
=al(eld)
Multiplication is associative. If
a,b,cOR= (a+b)+c=(b+ta)+c
=[(b+a)+c]O
=1le+[pIQ1O)+c O]
=a+(b+c)
And so addition is associative. Finally if
a,b,dUR= (a+b)+d =[(a0+b)+0][H
=db+[al(1ld)+cld]
=dbb+ald
—ald+blH
And so multiplication distribute over addition. Thus R is
a commutative hemiring.
Definition 2.7 [I]: An element r of a hemiring R is
additively idempotent if r+r=pr;0rOR. The set
I"(R) of all additively idempotent elements of R is
non-empty since it contains (0. The hemiring R is
additively idempotent if /*(R) = R.
Example 2.7 (a): The fuzzy algebra (F =[0,1];0,7);
where [=max and T

idempotent hemiring.
Definition 2.8 [I]: An element a of a hemiring R is

multiplicatively idempotent if a* = a;0a O R. The set

is t-norm is an additive

I (R) of all multiplicatively idempotent elements of R is
non-empty since it contains (. The hemiring R is
multiplicatively idempotent if /*(R) = R.

Example 2.8 (a): The hemiring R = {0,a,l} with the

following two operations:

is multiplicatively idempotent.
Definition 2.9 [1]: The hemiring R is idempotent if it is
both additively and multiplicatively idempotent i.e.,
I(R)=1"(R)n I"(R).
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Example 2.9 (a): The hemiring R = {0,a} and addition
and multiplication defined as maximum and minimum
respectively is an idempotent hemiring.

Example 2.9 (b): Let R be set. The set of subsets of R ,
P(S) or the set of finite subsets of P’ (S§) where
addition and multiplication define as union and intersection
respectively are both idempotent hemiring. Here 0 = ¢.

Definition 2.10 [18]: A semigroup (R;+) satisfying the
identity @ =a + b + a is a rectangular band.

Definition 2.11 [18]: A semigroup (R;) satisfying the
identity a = aba is a rectangular band.

Definition 2.12 [I]: An element a of a hemiring R is
multiplicatively sub-idempotent if a+a*>=a , and a
hemiring R is multiplicatively sub-idempotent if each of its
elements is multiplicatively sub-idempotent.

Example 2.12 (a): The hemiring

(R ={0,a,};+,0) is multiplicatively
where addition operation (+) and multiplication operation

sub-idempotent

([) are defined as follows:

Definition 2.13 [18]: An element @ of a hemiring R is

almost idempotent if a+a® =a’, and a hemiring R is

almost idempotent if each of its elements is almost
idempotent.

Example 2.13 (a): The hemiring (R = {0,b,};+,) is
almost idempotent where addition operation (+) and
multiplication operation ([) are defined as follows:

Definition 2.14: A hemiring (R;+,[)] is said to be
zerosquare hemiring if (x 0 R such that x> = 0.

3. Some Structures of Hemirings

In this section, we discuss about zerosumfree hemiring,
idempotent hemiring and hemiregular hemiring.

Definition 3.1: A hemiring (R;+,[] is said to be
zerosumfree hemiring if [Ix [ R such that x +x =0.
implies that x =0.

Example 3.1 (a): The hemiring

(R ={0,a,b};+0), where addition operation (+) and
multiplication operation ([) defined as follows:

is a zerosumfree hemiring.
Example 3.1 (b): The set N, of non-negative integers

with usual addition and multiplication of integers is a
zerosumfree hemiring.

Proposition 3.2: An additively idempotent hemiring R is
zerosumfree iff Or,7' O R such that r +r =0 implies
that » =7 =0.

Proof: If r +r' =0 then

r=r+0=r+(r+r)=(+r)+r'=r+r' =0 and
similarly, ' = 0.

Conversely if, » =r' =0,
then, » +7 =0.

Proposition 3.3: Ahemiring R with unity is a zerosumfree
if Or0OR satisfyingz =¢+1,if » +r' =0 implies that
r=r"=0; for r,r OR.

Proof: 0=(r+r')t=rt+r't

=r(l+t)+r'(1+1)
r(l+6)+r'(1+1+1)
r(l+6)+r'(1+1+1)
(r+ry+r' +(r+r'
=
andso, » =7 +r =0 aswell

Proposition 3.4: 1f (R ;+,[)is a zerosumfree hemiring. Then
a+ab =a;0a,b0Rff ab =0.

Proof: Considera + ab = a;0a,bOR ;

=ata+tab=a+a

=ab=0. [ 8§ is
ata=o]

Conversely, suppose ab =0;0a,b R

=a+ab=a+0

= a+ab=a.

Theorem 3.5: Suppose R is zerosumfree hemiring. Then
R is multiplicatively sub-idempotent hemiring iff R is
zerosquare hemiring.

Proof: By definition of zerosumfree hemiringa +a =0 ;
Ua OR.

Also we havea +a”> = a;0a OR.

=a+a+a’ =a+a.

=a’ =0 [va+a=0]

Thus R is zerosquare hemiring.

zerosumfree hemiring, so

To prove the converse part let us take a> = 0

= a+a’=a+0.

=a+a’ =a;0a0R.

Therefore R is multiplicatively sub-idempotent hemiring.
a+ab=a;0a,bUR.

Lemma 3.6: If a, b are two idempotent elements of a
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hemiring R , then ab is also idempotent.
Proof: Since a, b are two idempotent elements of a
hemiring, then we have
a’ =aandb® = b.
Now, (ab)® =a’b’
=ab
Hence ab is an idempotent of R .
Proposition 3.7: 1f a, b, ¢ and are elements of an additively
idempotent hemiring R satisfying a +c¢ =5 and
b+d =a,then g =b.
Proof: 1f is additively idempotent hemiring. i.e,
a+a=0.

Now, a=a+b+d [a=b+d]
=at+ta+c+d [sb=a+tc]
=—a+c+d [-a+ta=a]
=b+d+c+d
=b+d+d+c
=b+d+c
=a+tc
=b [vb=a+c]

Proposition 3.8: Let R be a multiplicatively idempotent

hemiring satisfying the condition that

atrab+a=a=a+ba+a;Ja,b0R.
Then R is additively idempotent and in addition, satisfies
the condition that
ab+ba =ab; a,b OR.
Proof: If alJR then,
a+a =(a+a)y =a+a+a+a
=a+a’+a’ +a
=ata(ata)ta
=a
And so R
a,b R then

ab + ba = ab + ba + ab [by lemma]
= (ab + ba + ab)’
=ab(ab +ba + ab) +ba(ab + ba + ab)
+ab(ab + ba + ab)
=[ab(ab)a + ab) |+ [bab + (bab)a + bab)
+[ab + (ab)a + ab]
=ab +b(ab)+ab
=ab
Theorem 3.9: Let R be a hemiring with multiplicatively
identity 1 satisfying the identity a + b =1;0a,b 0 R.
If (R;+)
idempotent hemiring.
Proof: a+b =1
=a’+ab=a
=a’+ab+a’=a+ad’
=a(a +h+a)=a+a’

is additively idempotent. Moreover, if

is rectangular band then R is almost

=a’=a+ad’
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Again, a+b =1

=ab+b>=b

= b>+ab+b> =b’+b

= (b +a+b)b=b>+b

= b>=b"+b

Hence R is almost idempotent hemiring.

Proposition 3.10: If (R;[) is a rectangular band, then ab is
multiplicatively idempotent a,b 0 R .

Proof: Since (R;])] is a rectangular band, so there exists an
element b in R such that

aba = a.

Now, (ab)’ = abab = (aba )b = ab.

Hence ab is multiplicatively idempotent.

Definition 3.11: A hemiring R is said to be & —hemiregular
hemiring if for each g 00 § , there exists x, v,z R
such that

ataxa +z=aya + z.

Example 3.11 (a): Let R be the set of all non-negative
integers with an element o suchthat o > x;0x 0 N .

Consider two operations: @ +b =max{a,b} and
alb =min{a,b} then (R;+,00 is
hemiring.

Definition 3.12: The hemiring R is h-intra hemiregular iff
foreach X[JR there exists @, ,a;. ,bj ,b;. ,ZUR such that

an h-hemiregular

x+Yax’a +z=) bx’b +z.
i=l =
Example 3.12 (a): Let R ={0,a,b} be a set with an

addition operation + and multiplication operation []as
follows:

Then R is an A-intra hemiregular hemiring

4. Structure of Simple Hemirings

Definition 4.1: An element a of a hemiring R is infinity if
a+r=a;0rdR.

Example 4.1 (a): In the hemiring (R = {0,a};+,0) the
element « is an infinity element of R.

Definition 4.2: A hemiring R with unity is simple if 1 is
infinity, that is to say

a+1=10a0R.

Example 4.2 (a): The hemiring (R = {0,1};+,0] is a
simple hemiring, where + and [dre defined by
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Theorem 4.3: A simple hemiring is an additive idempotent
hemiring.
Proof: Let (R;+,0lbe a simple hemiring.
Since (R;+,[) is simple, for any (e O R, we have
atl=1
Now, a =a.l=a(l+1)=a+a
a=a+ta
Therefore, (R;+,[) is an additive idempotent hemiring.
Proposition 4.4: The following conditions on a hemiring R
are equivalent:
(1) R is simple;
(2) a =ab +a; Ua,bUR,;
(3) a =ba +a; Ua,b 0R.
Proof-(1) = (2).
Assume (1), if a,h R, then,
a=a.l=a(l+b)=a+ab,proving (2).
Conversely, if (2) holds, then
1+b=1+1b=1; b O R, proving (1).
M) = ().
Assume (1), if a,b R, then,
a =1Lk = (b+1)a =ba + a,proving (3).
Conversely, if (3) holds, then
b+1=H[1+1=1; 0b0R, proving (1).
Theorem 4.5: For a hemiring R the following conditions
are equivalent:
(1) R is simple and multiplicatively idempotent;
(2) (atb)a+c)=a+bc; Ua,b,cR;
3) a,b0R,then a+b=a = ab =b =ba.
Proof: (1) = (2).
Assume (1) by proposition 4.4 we have,
(a+b)a+c)=a’+ba+ac+bc
=a +ba+ac+bc
=a +ac+bc
=a +bc
Thus, we have (2).
Conversely, assume (2).

If alJR then by (2)
a’=(a+0)(a+0)=a+0.0=a
I"(R)=R.
If a,b0R, then,
ab+a=(a+0)b+1)=a+00=a and so, by
proposition 4.4, R is simple.
1) = ).
Assume (1), and let a and b are element of R.
If a +b =a then, by (2) we have
ab=(b+a)b+0)=b+all=5b
Similarly,
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ba=Mb+0)b+a)=b+0la=b

Conversely, if ab = b then by proposition 4.4,
atb=a+ab=a.

Now assume (3).

If pOR then,

1b=b

So,

1+b=1.

Therefore R is simple.

In particular, it is additively idempotent.

Hence for each a [1 R we have a + a = @ and so
a’ =a.

Thus is multiplicatively idempotent as well.

Theorem 4.6: For each element a of a simple hemiring, let
S(a)={0}0{rUOR:r+a =1}.Then
S@)={0}0{rdR:r+a=1}isa

sub-hemiring of R for each g O R;

S(a)n S(b)=S(ab);Ua,bTR.

Proof: Since R is simple, we clearly have 1[0 .S (a).
Therefore we must show that if 7,7'0S(a), then

r+r'
and rr'belong to S (a). This is immediate if one of 7, 7'
is 0 and so we can assume that both are non-zero.

In that case,

r+a=1=r"+a

And so
r+r'+a=(r+r)+al
=(r+r)y+alll+1)

=(r+ r') +a+ta
=(r+a)+(r'+a)

=1+1

=1

Establishing that  + ' [0S (a).
Moreover,

I=1+a

=10+a
=(r+a){r'+a)+a
=rr'+ra+ar' +a’ +a
=rr'+(ra+a)+ar' +a’
=r'+a+ar'+a’ [By proposition 4.4]
=r'+(a+ar)+a’

= +a+a? [By propostion 4.4]
=rr'+(a+ az)
= +a [By propostion 4.4]

Proving that r7' 0 S(a).
Thus S (a) is a sub-hemiring of R.
(2.If 0#rdS(ab), then r+ab =1.

So by proposition 4.4,
I=1+a
=r+ab+a

=r+ta
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Proving that » [ S(a).

Similarly » [0 S(b) and so,

raS(a)n S().

Conversely suppose,0 Z » 1 S(a) n S(b),

then,

1=1+r

(r+a)(r+b)+r
=r’+ar+rb+ab+r
=ab+r

Andso » [ S(ab).

Thus S(a) n S(b) = S(ab).

5. Conclusion

In this paper we characterize some classes of hemirings
especially zerosumfree hemiring, idempotent hemiring and
regular hemiring. Finally we also describe simple hemiring.
These structural properties will be helpful to the readers as
well as researchers to formulate and characterize some diverse
areas of mathematics such as automata theory, formal
language theory, graph theory, combinatorial theory and so on.
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