Pure and Applied Mathematics Journal
2019; 8(1): 18-29
http://www.sciencepublishinggroup.com/j/pamj

doi: 10.11648/j.pam;j.20190801.13

ISSN: 2326-9790 (Print); ISSN: 2326-9812 (Online)

otlenecePl

Science Publishing Group

Boundedness for Sublinear Operators with Rough Kernels
on Weighted Grand Morrey Spaces

Junmei Wangl’ 2

!School of Mathematics and Statistics, Shandong Normal University, Jinan, China

2School of Mathematics and Statistics, Linyi University, Linyi, China

Email address:
wiwjmyx@163.com

To cite this article:
Junmei Wang. Boundedness for Sublinear Operators with Rough Kernels on Weighted Grand Morrey Spaces. Pure and Applied Mathematics
Journal. Vol. 8, No. 1, 2019, pp. 18-29. doi: 10.11648/j.pam;j.20190801.13

Received: March 23, 2019; Accepted: April 22, 2019; Published: May 9, 2019

Abstract: In this paper, we study the boundedness of some sublinear operators with rough kernels, satisfied by most of the
operators in classical harmonic analysis, on the generalized weighted grand Morrey spaces. More specifically, we show that the
sublinear operators with rough kernels are bounded on these spaces under the conditions that the operators and the kernel
functions satisfy some size conditions, and the operators are bounded on Lebesgue spaces. This is done by exploiting the
well-known boundedness of sublinear operators with rough kernels on Lebesgue spaces, a more explicit decomposition of the
generalized weighted grand Morrey spaces and the good properties of the weight functions and the kernel functions. Through
combining some properties of 4, weight with the relevant lemmas of operators with rough kernel, we obtain the boundedness for
sublinear operators with rough kernels on weighted grand morrey spaces. Furthermore, using the equivalent norm and the
properties of BMO functions, an application of the boundedness of the sublinear operators with rough kernels to the
corresponding commutators formed by certain operators and BMO functions are also considered. And the boundedness of
commutator is obtained by the lemma of function BMO.
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the boundedness of some operators on Morrey spaces. Since
then, many researchers became interested in studying the
norm inequalities of operators on Morrey type spaces, the
following form of which was the one they usually adopted (see
for example [2]):

1. Introduction

Morrey [1] first introduced the classical Morrey spaces to
investigate the local behavior of solutions to second order
elliptic partial differential equations (PDE). Morrey found that
many properties of the solutions to PDE can be attributed to

)
1
ny — . = p
Mpg®D=11307, oy = sip | —— [ @1 dr | <o
|B| 7
where fOL) (R") and 1S p<g<c. Here and in what Some inequalities (for example, the IF(R")(1< p <o)

follows, we denote by B any balls in R", B=B(x,,r) Inequalities) for several kinds of operators remain true when

. . Lebesgue measure dx 1is replaced by certain measure
centered at x, OJR" with radius >0 and AB = B(x,,Ar) s § P Y

w(x)dx . It is worth pointing out that many authors are
with A>0. M, (R") is an expansion of L”(R") in the

interested in the inequalities when w(x) belongs to the
sense that M, , R"Y=I7(R"). Muchenhoupt classes. For some related works, we refer to two
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classical books [3-4]. The Muckenhoupt classes 4, and

Ap.g) [5] contain the functions W which satisfy

-1
1 1 =y g
A :sup| — dx || — Pd <Cl<p<ow
) lép(|B|J.Bw(x) x]@B'J.BW(x) x] D

and

1/q 1/p'
1 1 .
ssup| — | w(x)?dx —J.wx P dx <C,1<p,g <o,
Ap.g) Bp[|B|IB (x) ] (|B . (x) J P9

respectively, where 1/p+1/p'=1. The 4, theory has
found applications in several branches of Analysis, from
Complex function theory to PDE [3].

Komori and Shirai [6] introduced weighted Morrey spaces,
which are natural generalization of weighted Lebesgue
spaces, and investigated the boundedness of classical
operators in  harmonic  analysis including the
Hardy-Littlewood maximal operator

Mo =sw [ 1)

the Calder 6 n-Zygmund singular integral operator

M, ) =311l ) =sgp[

where w(B):ij(x)dx . It is obvious that if w=l,

A=l-plq , then M,,(w=M, (R") For

whA4,d< p<®) if 1=0, then MP’O(W):LP(W) and if
A=1, then Mp,l(w):Lm(w),

The corresponding Morrey spaces related to the
Mp,ﬂ(wlawz): f:”fHMpJ(wl,Wz) :s‘;;p
If W =W, =w , we denote by

M, (W) =M, ;(wy,w,)) =M, ) (W)

Meskhi [7] first introduced the grand Morrey spaces in a
bounded domain and derived the boundedness of a class of
integral operators in the frame of quasi-metric measure spaces
with doubling measures. Inspired by the definition of

M, ,(w), we adopt the definition of the grand Morrey space
[7] and consider the following generalized weighted grand
Morrey spaces M) 0.,(W) defined on the whole spaces R”
instead of bounded domains as

_ Al
If ey = SUP PEE(f5w) <oo,
e 0<e<p-1

where

@52 (f3w) =209 11,

p-€A (w)*

w(B)"

[ |
Wy (B)A

@) =py.| K=/ (),

where K is the Calder 6 n-Zygmund kernel and the
fractional integral which is defined by

S

—dy, 0<a<n.
Rn|y_x|n[¥ ’

Ipf(x) =
Let IS p<o, 0<A<1 and W be a function. Then the
weighted Morrey space M, (W) is defined by

1/p
[ el w(x)dxj <w,
B

boundedness for [, are the weighted Morrey spaces
M, ;(m.w,) with two weights which are also introduced by
Komori and Shirai [6]. Let 1S p<o  0<A<I1. For two

weights w; and w,,

/p
[ rer wl(x)dx] <o .

In the fractional case, we need to consider the
corresponding generalized weighted grand Morrey spaces
with two weights

= pA (£,
HfHMpwJ(wl,wz) = Ssup cbﬁ,g (f,Wl,Wz) <°°7

0<e<p-1
where
LA fiwy,wy) =279 Tty
If 6=0, then Mo (W) =M, (W) and

M, 020w, wy) =M, (W, w;) are the classical weighted

Morrey spaces of Komori and Shirai. Using H 0 lder's
inequality, it is easy to have the following embedding

Mp,/‘ (W) O Mp),gl,/] (W) O Mp),gz,ﬂ (W) O Mp—é‘,/l (W),
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where 6 <6, and 0<&<p-I,

If A=0, then M) g0(w)=L, (W) is the generalized
weighted grand Lebesgue space defined on R” while if
furthermore wW(x)=1 and 8=1, Lp),l(R") is the grand

Lebesgue space (also called small Lebesgue space) appeared
in the paper by Greco, Iwaniec and Sbordone [8], where the
existence and uniqueness of the nonhomogeneous 7
-harmonic equations were established. However, this topic
exceeds the scope of this paper. For the structural properties of
these spaces, we refer the reader to [9-14].

Given a function Q over the unit sphere S"7' of
R"(n=2) equipped with the normalized Lebesgue measure

do and x'=x/|x|,a Calder 6 n-Zygmund singular integral
operator with rough kernel was given by
Q(x-y)

Taf =] TS 0y

and a related maximal operator

Mof(x)=sup [ QGr=3)1()dy.

B>x
where Q is homogeneous of degree zero and satisfies
QOL(S"™"), l<r<ow (1)

and
Lﬁ Q(x')dx' = 0. @

When =0, Q can be seen as a smooth kernel and 7Tg
a standard Calder 6 n-Zygmund singular integral operator,
which has been fully studied by many papers, a classical
survey work, see for example [4].

For simplicity of notation, Q is always homogeneous of
degree zero and satisfies (1) and (2) throughout this paper if
there are no special instructions. When Q satisfies some size
conditions, the kernel of the operator T has no regularity,

and so the operator T is called rough singular integral

operator. In recent years, a variety of operators related to the
singular integrals for Calder 6 n-Zygmund, but lacking the
smoothness required in the classical theory, have been studied.

Duoandikoetxea [15] studied the norm inequalities for Ty in

homogeneous case on weighted [”(1< p <) spaces. For

more corresponding works, we refer the reader to [16-21] and
the references therein.

Hu, Lu and Yang [22] considered some more general
sublinear operators with rough kernels which satisfy

Q=S|

. , xOsupp £ (3)
|x=y|

Taf@)IsC]

for any integral function f O L'(R") with compact support.

Condition (3) was first introduced by Soria and Weiss [23] and
was satisfied by many operators with rough kernels in
classical harmonic analysis, such as 7o [24] and the
oscillatory singular integral operator

Tof(x)= p.v.j ip(ry) Q= Y)

L€ = f(»)dy, xOsupp f
R |x=y]

where the phase is a polynomial. The boundedness of 1_"9 on

weighted 7 (R")(1< p <) spaces were fully studied by
Ojanen in his doctoral dissertation [25].

Let D, ={xOR":x|<2"} and 4, =D,\D; for
kOZ . Throughout this paper, we will denote by Xy the
characteristic function of the set E . Inspired by the works of
[26] and [19], we consider some size conditions (the following

(4) and (5)) which are more general than (3) on the generalized
weighted grand Morrey spaces.

| Tof ()| Clx[™ J.Rn Qx=2)f ()| dy 4)
when supp /' 0 4, and |x |2 2" with k0Z and
| Tof ()£ C27" | 10G=2)/ ()| dy 6)

when supp /' 0 4, and |x|<2*" with kOZ. It is worth

pointing out that Mg satisfies conditions (4) and (5) (see
[27]). Also, condition (3) implies the size conditions (4) and (5)
since |x=y[>x|/2 when |x[22" and supp f 04

while supp / 0 4, and |x[<2*7" imply [x=y[>y|/2.

The boundedness of parabolic sublinear operators with
rough kernel generated by parabolic Calder 6 n-Zygmund
operators and their commutators on the parabolic generalized
local Morrey spaces have been investigated [28]. Recently,
Zheng, Zhang and Shi [29] introduced the boundedness for
sublinear operators on generalized weighted grand Morrey
spaces. They studied the boundedness of some sublinear
operators, satisfied by most of the operators in classical
harmonic analysis, on the generalized weighted grand Morrey
spaces. And they also considered the applications to the
corresponding commutators formed by certain operators and
bounded mean oscillations ( BMO ) functions. Inspired by the
above, we study some sublinear operators with rough kernels
on generalized weighted grand Morrey spaces.

We end this section with the outline of this paper. Section 2
contains Theorem 2.1-Theorem 2.4 and the proofs of them. In
Section 3, we extend the corresponding results to the
commutators of certain sublinear operators. In Section 4, we
give a conclusion.

2. Method and Result

2.1. Boundedness of Sublinear Operators

The topic of this paper is intended as an attempt to study the
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boundedness of some sublinear operators with rough kernels
which satisfy (4) and (5) on generalized weighted grand
Morrey spaces and give some criterions to deduce the
boundedness of the sublinear operators on certain spaces.
Now, we formulate our major results of this paper as
Theorem 2.1. Let 0<A<1l, 0<f<oo , 1<r<ow

rF't<s<p<o with t be in (15) of Lemma 2.4 and a
sublinear operator T satisfies (4) and (5). If Tqg is
bounded on L°(w) with WU A,,+ then Tq is bounded on
M g2(W) .

Theorem 2.2. Let A,8,r,w be in Theorem 2.1, ¥' < p <o
and a sublinear operator T satisfies (4) and (5). If Tq is
bounded on L,y o(W), then Tq is bounded on M )9 (W).

We can get similar results for fractional integrals following
the line of Theorem 2.1 and Theorem 2.2.
Theorem 2.3. LetO0<a<n,r,t Pbe in Theorem 2.1,

0<A <1 and 0<8 <1 i=12. Suppose that a sublinear

operator Tg’Q satisfies size conditions

s

Tanf@ECIX [ Qu=nfO)dy (©)
when supp /' 0 4, and |x |2 2" with k0Z and

Tan/@EC7HO[ QE-ns0Idy @)

when supp /04, and |x|<2*" with k0Z . Then we

have
@ If 7, L (w?)

wU 4,4, then 7, is bounded from M6 2 w?,w?)

maps L2 (w”) into with

to Mq)’gl’/h(wq) , where 1<s,<n/a , r't<s <g<o
si=s,=p=q, A=ht/(p=—q+1), §=6t/(p-q+1),
p<q<p+tr and l/s =1/s,—aln.

Theorem 2.4. Let

Theorem 2.3, 0<@<o and the sublinear operator 7,

paqaaawat,r,si,Aj(i:LZ) be in

satisfies size conditions (6) and (7). If 7, maps L, o(w")
into Ly, o(w?) ,then 7, isbounded from M, 5, (w”,w?)

to Mq),&,/ll 7).

Theorem 2.1-Theorem 2.4 can be seen as an extension of
the related results in [6-7]. We emphasize that (6) and (7) are
weaker conditions than the following condition

|Qx =S| py

| Toaf@ISC| b 0<a<n @)

|x=y

for any integral function f with compact support. Condition

(8) is satisfied by most fractional integral operators with rough
kernels, such as the fractional integral operators of
Muchenhoupt and Wheeden [30]

Qx=y)f(») ,

T,of(x)= y,0<a<n.
R ke

Some mapping properties of 75 on various kinds of

function spaces, see [31-33] and the references therein.
Proofs of Theorem Theorem 2.1-Theorem 2.4 depend

heavily on some properties of 4, weights, which can be

found in any papers or any books dealing with weighted
boundedness for operators in harmonic analysis, such as [4].
For the convenience of the reader we collect some relevant

properties of 4, weights without proofs, thus making our
exposition self-contained.

Lemma 2.5. Let 1<p<o and wUA, . Then the
following statements are true
(@) There exists a constant C such that
w(2B) < Cw(B) 9

When W satisfies this condition, we say W satisfies the
doubling condition.

(b) There exists a constant C >1 such that

w(2B) = Cw(B) (10)

When W satisfies this condition, we say W satisfies the
reverse doubling condition.

(¢) There exist two constants C and r>1 such that the
following reverse H 0 Ider inequality holds for every ball
BOR"

1/r
[ﬁ IB w(x)’dx) < C(ﬁ IB w(x)dx] (1)

(d) Forall A>1, we have
W(AB) < CA"™ w(B) (12)

(e) There exist two constants C and O > 0 such that for

any measurable set O U B

5
mo) c(@] (13)
w(B) | B
If w satisfies (13), we say wU A4, .
(f) Forall P <9 <% wehave
4o =U,4,, 4,04, (14)

Lemma 2.6. (a) If p=2r",

constant 1<7< p/r such that

wlA4,,» There exists a

wi 4, (15)

(b) 1f p>1, wll4, ., then we have
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wP [ Ap, w? 0 Aq (16) Proof . For fixed 0<d<p-—1_itis obvious that

L 27. Let 1<p<o  0<A<l, 0<6<

emma 2.7 . e p . ) o and 71, N max{ sup ®F (f w), sup Cbgg(f w)}

w(x) be a function. Then there exists a constant C such that 0<e<d d<e<p-l
forany 0<d<p-l, = max{B,,B,}
Bl 1’ 2 .

A
HfHMp)ng/](W) < C Sup qjg’g (f, W),
0<e<d

Vp-e) —
For the term B, , by the facts that _SWP €7 =p-l

o<e<p-1
where C is independent of € and f . 1/(p=8)>1/(p-3) and HG Ider's inequality we can obtain

B, = sup &7 sup
o<e<p-l1

1/(p-€)
(B) 7] reor w(x)dx]

1/(p=9)
<(p-1)” sup supw(B)“‘““"f{ (B)j @ "w(x)dx]

o<e<p-1 B

1/(p=0)
s(p-l)gsﬁpw<3>“‘mp‘5)[ [ reor "w(x)dx]

w(B) /B

1/(p=9)
<(p-1fe o ")sup( 7] reor w(x)dx]

1
w(B)’
pA
<C sup P (fow). O

0<esd

The following lemma about the operators with rough kernel is essential to our proofs.
Lemma 2.8. [34] Let QUL (S"™") with 1< 7 <oo. Then the following statements are true

() If xO4 and j2k+1, then IA_IQ(x—y) " dy<C2”,
(b) If yU4, and k=2 j+1,then L Qx=y)|" dx< C2HH
J

Proof of Theorem 2.1.Let r't<s<p<oc_ wUA4, . and 0<A<1.ByLemma 2.7, it suffices to show that

6
sup sup [ﬁj‘z} Tof(x)|"~¢ w(x)de <Cllf H,"Z;A(Wy

0<e<min{p-r't,p/r} B

For a fixed ball B = B(x,,7) and 0<&<min{p—r't,p/r}, there is no loss of generality in assuming » =1. We decompose

F=FXon+ f Xy

= /it /2. Since Ty is a sublinear operator, so we get

7 j T f (1 wix)dx

8
(B) j Tafi O™ W+~ [ oo wixyax

=1+11.

By the assumption on 7o and (14), we can obtain
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g CEB

w(B)’

1<

T fi () P78 w(x)dx < [ reors wearsclsge .,

&
w(B)* IR
For the term II , by (5) we have

p—€

w(x)dx,

)
Il < Ce J-
B

= W(B)/i ZZ_IWTQ,kf(x)

k=1

where

Toif =], Q0=0/0)| .

We distinguish two cases according to the size of 2 ~€ and 7 to get the estimates for Zq .

Case 1. p—&>r' . Inthis case, (15), w4, and £<p-tr' imply that w4, , hence

| B |(P‘£)/(P‘£‘V')

=r'/(p—€-r") <
IB " dy < W(B)r'/(l?-f-r') ’

By (19), H6 1der's inequality and Lemma 2.8, we have

1/r'

Tocrwsc(f au-nra) ([ ror o

. o o 1/r
Scz(k+l)n/r( 2k+lBl_f(y) |r W(y)r I(p E)W(y) r'/(p €)dy)

< Cotk+hnlr D¢ Vp=e)
<C 2,MBU(()/) 1”7 w(y)dy

ettty o \ETETV O
X jm w(y) dy
2" B

(p-€) .
2(k+1)7‘l/)’ | 2k+1B |l/)’

W(2k+l B)/‘ ok

1 -£
gcﬂ————— BV@HP Myﬂ% W(2* By =o)

H(k+h)n

1 1/(p-€)
SC(W e FO w(y)dy] "

2 gy =N (p=8)
Case 2. p—&=r' . Inthis case, w4, implies that

|2k+1B|

: -1
(ess x[g}ffl R W()C)) < m

which combining with the H 0 Ider inequality and Lemma 2.8 yield that

(k+Dn/r p-¢ - 1/(p=€)
Toi /()< C2 (j2k+13[f(y)| W) dy)

(k+n

| 1(p-€)
—CL————— VWH”gwyﬂa
w( B w(

Skl B)/l Sk Sk+l B)(l—A)/(p—s)

Substituting (20) and (22) into (18), we can assert that

23

amn

(18)

(19)

(20)

€2y

(22)
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(p=¢)

w(BYL D/ (p=8)
%) <CIALE,

W(2k+l B)(l—/‘ )/(p—é')

o<l o2
k=1

where we have used (10) in the last inequality. Combining (17) and (18), we obtain the proof of Theorem 2.1. []

Proof of Theorem 2.2. The proof of Theorem 2.2 is straightforward by the method in the proof of Theorem 2.1. The only
L, 6(w) boundedness of 7 instead of the L*(w) boundedness. We omit it's proof here.
For fixed

difference is that we use the
Proof
0<&<min{p—r't,p/r}, it suffices to show that

of Theorem 23. We can use the similar arguments as in the proof of Theorem 2.1.

(a6 /(p=¢)

q-¢ q 7 < q=¢
T J'Brra,gf(xn W des SIS L

For a fixed ball B = B(x,,1), we decompose f=fXpt fX(ZB) =h+* /2. Since 7, a,Q 1s a sublinear operator, we get

a6 /(p=¢)

[ Fanf (017 wx)”ax

wi (B)(q—f)ﬁz/(p-f) B

£a=6)8,/(p=¢)

[T afi@) 7 +1 T, 0 o0 )0 ()

T (B)(q-f)ﬂz/(p-f)
=J+JJ.
Using the assumption on 7, o, we can get

J<dllflree

M 6,0 (wPw?)"

For the term JJ , by similar argument as that of Theorem 2.1, we obtain

q
e - 7 ( p\I-(a-©)A/(p=6)
T wl(B)amONpe) _1;(2 I 4 Qx=y)f (y)ldyj w? (B)

Cela=o8/(p=€)

Wi (B) V@A )1
wi (2k+lB)(l/(q—£)—/1/(p—£))

00
<clfIre
! M) 0.0 (W W) ;

<cll f1e-e

M 0,3, (0 )

The estimates for J and JJ imply the proof of Theorem )
23. 0 |B|J S()dy. This means
P .
roof of Theorem 2.4. We omit the proof of Theorem I bHBMO(R”) = bﬁ“L‘” <+00_ An carly work about BMO(R")

2.4 for the similarity as that of Theorem 1.3.

2.2. Boundedness of Commutators
We say that b is a BMO(R") function if the following
sharp maximal function is finite

b*(x) = sup—

b(y) —byldy,
51l I(y) \dy

where the supreme is taken over all balls p[JR” and

space can attribute to John and Nirenberg [35]. For 1< p <o
there is a close relation between BMO(R") and 4,
weights

BMO(R") ={alogw:wD 4,.a>0}.

Given an operator T acting on a generic function f and

a function b, the commutator 7, is formally defined as

T,f =[b,T1f =bT(f) =T ().
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Since L®(R")& BMO(R"), the boundedness of 7, is
worse than T (for example, the singularity, see also [36]).
Therefore, many authors want to know whether 7, enjoys the

similar boundedness with T . There are a lot of articles that
deal with the topic of commutators of different operators with
BMO functions on Lesbugue spaces. The first results on this
commutator were obtained by Coifman, Rochberg and Weiss
[37] in their study of certain factorization theorems for
generalized Hardy spaces. In the present section, we will

extend the boundedness of 7q and Z,q to Zg, and
Taap on M, 4, respectively.

Theorem 2.9. Let 7,p,A,0,t,s and W be in Theorem
2.1. Suppose that the sublinear operator Tq satisfies
condition (3) for any integral function f with compact
support. If Ty is bounded on L (w) with b0 BMO(R"),
then Tg,b is bounded on Mp),e,A (w).

Theorem 2.10. Let 7, p,A,0 and W be in Theorem 2.1.
Suppose that the sublinear operator I satisfies condition
(3) for any integral function f with compact support. If
Top is bounded on Ly g(W) with b0 BMOR"), then
TQ,]; is bounded on Mp),g,a (w).

Theorem 2.11. Let p,r,q,t,a,w,A.,6,,s;,i =12, be in
Theorem 2.3 and the sublinear operator Tnq satisfy
condition (8) for any integral function f with compact
support. If Tgqp maps L>(wP) into L'(w?) with
bOBMO(R") bounded  from
M o 2 W W) 10 My g 5 (W),

Theorem 2.12. Let

Theorem 2.3, 0<@<o and the sublinear operator T q

then Tg,Q,b is

par’q’t’aawajj(izlaz) be in

satisfy condition (8) for any integral function [ with
compact support. If Ty a0, maps Lp)’g(Wp) into Lq),g(Wq)
with b0BMO(R") ,

then Tg,g,b is bounded from

£ j | Q(x =S|
o-y>2 | xq =y

holds for every y0(2B)°, where (2B) =R" \_(2B).

Proof . We will consider two cases.

p-€
- A-1
|bp =0 ()] dyj <CIAI S, o W(B)

M, 6.4 w?,w?) 10 M 04 ().

The following lemmas about BMO(R") functions will
help us to prove Theorem 2.9-Theorem 2.12.

Lemma 2.13. [3, Theorem 3.8] Let
bOBMO(R"). Then for any ball B[ R”", the following
statements are true

(a) There exist constants C;, C, such thatforall a >0

IS p<o

-C,alll bl

[{xOB:|b(x)=by [>a}|<C | B|e o= (23)

Inequality (23) is called John-Nirenberg inequality.
()

| by, —bp [£2" Al bHBMO(Rn). (24)

Lemma 2.14. [4, Proposition 7.1.2] (see also [5, Theorem 5])
Let w4, and 1< p <o Then the following statements

are equivalent
1

1 p
a ~ _ —h P .
@ b||BMO(Rﬂ) Sl;p{ ‘J-Bb(x) by | dx} ;

. 1
©) 1 8y, ) ~SUpinf o [ pe=alas

1
(@) 1 Blsworsy =5up— | )=y W0, where
BMO(w) = {b:l bllgys0(,, <o} and
1
by, =——| b dy.
s =By s (IW(y)dy

As in Section 2, we only need to give the proofs of Theorem
2.9 and Theorem 2.11.
Lemma 2.15. Let p,r,b,w,6,t be in Theorem 3.1 and

B=B(xy,1) be a generic fixed ball. Then for any
0< &< p-r't, the inequality

(25)

Case 1. P—&>7" . Inthis case, WU 4, . Using H 6 Ider's inequality and Lemma 2.8 to the left-hand-side of (25), we have

o[ 1960/
[xp=y[>2

| xo =y

O\ Qo =1/ ()|
<Ce /Z:; Lj%_y‘d,ﬂ

| b =D(y) | dy

| b —D(y) | dy

|xo =y
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© 6
£
: C/Z::‘ |2/B |L/ Q(xo =) S W) NI b, =b(¥) | dy

24//r 2j+lB Al(p-¢€)
W@ B
|2’ B|

<A fly, 00 z

J=1

where

i _ upr '
47 (Lan'bB,w =) " w(y)'? dy) , P=(p-&)/r'>1.
Thus

s L Up'r
A< (L/qu bzf*lgﬁwlfﬁ’ =b(y)|+| b2j+lB’Wlf17 _bB,w i W(y)1 P dy

L 1
= (L,-HBV’MW DO WO T T by by T 2B
=4+ 4,
Lemma 2.14 implies that
A < CWTP (27 B)VPT

We are now in a position to deal with 4, , by (24), we have

|b

j+1 1-p'
2" Bw P

_bB,W |S| b

o g Dy g [ ¥y g —bg | +|bg =bp |

1 _ -7 ny 1 B
Smjzﬁlglb(y) By g | W)™ dy + 2G4 DI Bl +TB)-[B|b(y) by | W)y

= Ay Ay + Ay

Combining (12) with (23), we have

1 =)
Ay = [, OB 1600 b, P ada

n
e BMO®") ] oy

® ~C,adl bl
<C J'
0

<C.
In the same manner we can see that
A, <C.
It follows immediately that
A, SCQR"(j+)+2)w' P (27 B)PT
Therefore
ASCG+D)w' 7 (271 B PT

A further use of (10) and w(p—€)/7" allow us to obtain
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® 2/@//r W(2j+lB Al(p—¢€) -y .
2 2B |) (LMBW =g 177 W) dy
j=1

/p'r

© Anjlr w(2'/+1 B)/V(P‘f)

(i 17 (9 )V
ST U )
=
e 1) 2nj/r |2j+lB |1/r' (]+1) W(B)(l—ﬂ)/(p—f) 2 A-/(p-8)
s 128 w2 B8 wB)
]:

B A-D/(p-¢) (A-D/(p-¢)
<C »
ZDUH)(I -N/(p-€) w(B) < Cw(B) ,

where D >1 is a constant appeared in (10).

Case 2. P—&=r". In this case, w0 4. We can prove (25) by a similar analysis as in the proof of Theorem 2.1 (in the case
P-g=r")and Case 1. [

Having disposed of the above preliminary step, we can now return to the proofs of Theorem 2.9 and Theorem 2.10

Proof of Theorem 3.1. The task is now to find a constant C such that for fixed ball B =5(x;,1) and
0<&<min{p—r't,p/r}, we can obtain

(B) I | Qbf(x)| w(x)dx<c||f”p .

We decompose / =S Xap ¥/ X5 = /i * /25 and consider the corresponding splitting

(B) jl T S ) W)

(B) ( [ Tan i1 wds+ [ Ta, 5017 wix)ds

= K+KK.

It follows from the 1”7(w) boundedness of Z7q;, and WO 4, ), that
p-€

K=Clfly”,

() (26)
Then a further use of (3) derives that

. . R
T o)’ SC[J‘R”' = ]

<C j Q% =S|
T Imma2 "

p-€
{|b(x)=bg,, | +|bg,, —b(y) I}dy] ,
| X0 = |

Then, we have

ce’ 96 -»sm, ) .
- ——d -b p d
h= W(B)A [J-xo y>2 Ixp =" y] IB b(x) 'B.w | w(x)dx
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p—€
ce? Q(x, -
T e L A P )
w(B) o=¥>2 | x, -y
:=KK,+KK,
Lemma 2.15 allows us to have
p—€
KK, <Cll £l TAPE

We proceed to estimate the term KK,. Without loss of generality, we only need to consider the case p—& >r". Take into

account (9), (11) and Lemma (28), we have

LL =

wi

00

ce? [ |Q(x =) /W]
0 S g
| 2 y

|xo =y

p-¢€
J'B ()= by, 1775 w(x)dx

(p-&)/r

ce? 1
< - Q(x,—y)| d
7 Z|2]B|Lj| (o =) dy

J=1

(L @] [ peo=ba, 1w
SO dy @ =bg,, w(x)dx

Ll 2}1_//;’

ce? -
<C - p=¢€ d
s |( L OV w0y

J=1

([, w0
2" B

W(B)(l‘ﬂ)/(l?‘f)

(p=e=r)/(p=&)r ]

)1/<p—s)

P ) =by 1775 i)

p
< CHfHMp),a)I(W) z W(2j+1B)(1—/l)/(p—€)

J=1
Hence

KK <CIAI

27N

Combining (26) with (27), we obtain the desired conclusion.

]
Proof of Theorem 3.3. The proof of Theorem 2.11 is

similar as that of Theorem 2.9, except using WU 4, ). []

3. Conclusion

This paper gives the boundedness of some sublinear
operators with rough kernels on the generalized weighted
grand Morrey spaces. An application of the boundedness of
the sublinear operators with rough kernels to the
corresponding commutators are also considered. We have
some criterions to deduce the boundedness of the sublinear
operators on certain spaces. Our theorems provide natural
and intrinsic boundedness of operators on generalized
weighted grand Morrey spaces and our viewpoints will
shed some new lights on boundedness of other operators
and their commuattores on generalized weighted grand

A
W(B)/‘ < C”f”f/f,,),g,ﬂ(w)W(B) .

Morrey space. Besides Euclidean space, boundedness of
some sublinear operators with rough kernels on other
spaces can similarly be considered, such as on
homogeneous groups.
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