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Abstract: A class of second-order nonlinear differential equations with a damping term is investigated in this paper. By using
the Riccati transformation technique and general weight functions, we obtain some new sufficient conditions for the oscillation
of the equation. Our results improve and extend some known results. Two examples are given to illustrate the main results.
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1. Introduction

In this paper we are concerned with the problem of
oscillation of the nonlinear second order differential equation
with a damping term

(O ()T + pOE D) +q(O) f (x()=0 (1)
t=2t,>0

Several assumptions are as follow:

M r()0C (t5,),(0,)), p(0),q(t)DC((ty,),(0,00));

(I f(x)DC(R,R), and f(x)/x” =k, for some k>0
and for all x(*)Z0 . a=1, B=21, and they are both
quotients of odd positive integers.

LetD :{(Z,s):t0 SsSt<+00} , Dy :{(Z,s):tO Ss<t<+00},
We say the function H OC (D, [0,+°°)) belongs to a class W,
if:

(i) H(t,t)=0 forall t=t,, H(,s)>0 in Dy;

(i1) A has a continuous and non-positive partial derivative
in Dy with respect to the second variable satisfying the
condition

iH(z,s) = ~h(t,s)(H(t,5)"*
0Os

for some function h0L;,.(D,R).

We shall consider the solutions of Equation (1) which are
defined for all large ¢ . A solution of Equation (1) is said to be
oscillatory if it has arbitrarily large zeros, otherwise it is said
to be non-oscillatory. Equation (1) is called oscillatory if all its
solutions are oscillatory.

Recently, there are many authors who have investigated the
oscillation for second order differential equations with a
damping term, see [3-16] and the references are cited therein.

Wong [10] has studied the equation

X"+ p()x'+q(1) f(x) =0. 2)

Rogovchenko and Tuncay [7], M. Kirane and Yu. V.
Rogovchenko [8], Yan [12] have obtained oscillation criteria
of the following equation:

(r@)x' (1) + p(O)x'() +q(0) f (x(1)) = 0. G3)

Theorem A [8]. Assume that the function f satisfies
S(x)

“——=2K >0 for some constant K and for all x # 0. Suppose
X
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further that the functions 4 , H DC(D,(—“’,"'“’)) are such
that H belongs to the class P and

aiH(t,s) =—~h(t,s)(H(t,5))"?, for all (t,5)0D, .
A

Assume that there exists a function gOC 1([t0,0°); (0,00))
such that

a(s)r(s)
4

limsup

1 t
t o0 H(t, to) J;O |:H(t,S)l//(S)

o’ (t, s)}ds =00,

where a(s) = exp(—ﬁg(u)du] ,

w(s) = a(s)[KcAs) — p(©)g(s) - (r(9)g(s)) +r(s)g? (s))

and O(t,5) = h(t, )+ p(s)(r(s)) ™ (H(2,9))",

Then Eq.(3) is oscillatory.

More recently, Li et al [9] investigated oscillation criteria
for the following equation:

(r@O' @)Y + pO' @) +9O) f(x() =0, (4

where V=1 is a quotient of odd positive integers and
fx)/x” 2 u forsome u>0,

Theorem B [9]. Suppose that there exists a function
pac 1((to,+c>0),R) such that, for some £2=1 and for some
HUW,,

lirtrisotlp Y] L : I:H(t,s)(//(s) —(y’fly)yﬂv(s)r(s)hyﬂ (t,s)}ds =0
where

Wis)= v(s)(yq(s) — p()0(s) = (r()p(s)) +r()0"™ V(s)) ,

v(s) = exp(‘ (v+ 1)_[: {,0 (s) _ﬁ}dsj

and O(1,5) = h(t,s)+ p(s)(r(s) ™ (H(t,5))"2.

Then Eq. (4) is oscillatory.

Theorem C [9]. Suppose that there exists a function
HOW,,

pDCl((t0,+00),R) and ¢DC((to,+°°),R) such that, for

some B21 andforall T 21,

0 < inf| liminf 2% | < 4o
s2lp| 1o H(f’to)
and
1. 1 ! H _ /By hy+l d > T
nlrisfp—H(t,to)[O (W)= RO .9) e 2 )

where ¢(s) and v(s) are as in theorem B. If
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J.Jroo @.(s) 1/Vds = 400
th \ v(s)r(s) ’

where @, (¢) = max{g(t),0} , then Eq.(4) is oscillatory.

It is obvious that (2), (3) and (4) are special cases of Eq.
(D.

Motivated by the idea of Li [9], in this paper we obtain, by
using a generalized Riccati technique due to Li [9], several
new interval criteria for oscillation, that is, criteria given by

the behavior of equation (1) on [t0,°°). Our results improve

and extend the results of Li [9], Rogovchenko [3, 7, 8], and
Grace [16]. Finally, several examples are inserted to illustrate
the main results.

2. Lemmas

Lemma 1. Let A =1 be aratio of two odd numbers. Then,
B
Al+l//\ _(A_B)l+l//1 ST[(/]+1)A_B] (5)

Lemma 2.Let C#0, D>0, u>0 and A>0, then

E A/l D/1+l
Du—Cu A S[W 7 (6)

3. Conclusions

Theorem 1. Suppose that there exists a function
g(t)DCl([tO,OO),R) such that, for some mD[O,l] and for
some HUW,,

(@, s)r(s)v(s)
(0’ + 1)a+1

. 1
limsup

D }a’s:oo (7

[ [H(r, SW(s) -

where v(t) = exp{ J [

fo

[& —(@+1)g? (s)}ds} and
r(s)

W(t) =mPhkv(t)q(r) + ggTH OV(E)r(t) —g(t) p(2)r(2)
v 0g®) -

Then, equation (1) is oscillatory.

Proof. To obtain a contradiction, suppose that x(¢) is a
non-oscillatory solution of Eq. (1) and let #; 2, such that
x(t)#0 for all =t . Without loss of generality, we may
x(1)>0 for all t2¢
argument holds also for x(f) eventually negative. We define a
generalized Riccati substitution by

assume that since the similar

u(t) = v(r)rmﬂ&J +g(r>}, (26, ®)

x(¢)
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Differentiating (8) and using (1), we obtain

W(0) = (L))u(,) v(o(r0g() 2" 2 )( )

x'(¢) x'(¢)
20T 20"

+ p()g()v()

)
(x0))”
V(2)
(

<—Zu@t)+ v(t)(r(t)g(t))'
v(t)

VOO

_ p@u()

0 +p()g(H)v()

a1, (9)
— (g0 - av(yr <r>( ()(i) g(r)j

where x(¢) is a continuous function and x(¢) >0, so there

exist 1, 2% and m D[O,l] such that x(t)=2m , forall t21¢,.

Bylemmal,let 4= v(l:)(it’zt)’ =g(?), then

uy 17w \©

La)m) g(t)} Z(v(r)r(r)]
O[O t} 10
{( 1) SO0 g(0) (10)

Thus, (9) and (10) yield

e .
u'(t) < —(t) a[v(t)r(t)J (11)
Multiplying the both sides of (11) by H(t,s) and

integrating the inequality from #, to ¢, we obtain, for all

t>t,,

‘_HGs) - uaTﬂ(s)ds
o (r(s)v(s))"

—jt h(t, s)H * (1, s Yu(s)ds

j " H(sy(s)ds +a

< H(t,t)u(ty) - 2j: h(t,$)H 77 (1, 5)u(s)ds. (12)

H(t,s)
(r(s)v(s))

and A =a,bylemma 2, we have

Let C=a ., D=h(t,s)H (t,5) , #=u()

t ¢ a1
J‘H(t,s)l/l(s)ds— j VOIS 4 <pr 1, fuley)|

no (a+1)7!

< H(t,ty)|u(ry)|.

Thus,

y a+l
£ {H(m) s s)v(s)r(s):l

( +1)a+1

< H(t,to)[|u(t2 I+ [ |t//(s)|ds} .

Hence,

(2, 5)r(s)v(s)
(@+n™

limsup H(l )J.t{ t,s)(s)-
tw Ll

< fulty)| + .[t t l(s)|ds < oo,

which contradicts (7). The proof is complete.

Theorem 2. Suppose that there exist functions H OW,,
g(t)DCl([tO,OO),R), and qﬂ(t)DC([tO,OO),R) such that, for
all T =21,

(13)

52t

0< inf{liminfi’ﬂ <+
t —o00 N

and
a+l
timsup H(l ol j l:H(t SW(s)— W:‘ds >@T) (14)

where & and v are as in Theorem 1. If

“@.($)h(t.5) |

(15)
f (H(l‘ S))a+l

where @,.(f) = max{ql(t),O} , then equation (1) is oscillatory.

Proof. As in Theorem 1, without loss of generality we may
assume that there exists a solution x(#) of Eq. (1) such that
x(t)>0 on [l1,°°) for some ¢ =1, . Defining again the
function u() by (8), we arrive at (12) which implies, for all
t>t,,

¢ a+l
[ #.swpteyds - [ L) o

o (a+1)*!
S H(t,ty)u(ty) - ZJ-t h(t, s)Hﬁ (t,8)u(s)ds .

By (14), we have

. 1 he* (@, 5)r(s)v(s)
timsup H(,Z)j{ (W)~

Thus for all ¢ >¢,,

}ds 2@t,).
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Aty) < u(ty)—2lim inf ), J' h(t,s)H “ (¢, 5)u(s)ds . ¢(ty) Su(ty), (16)
bl and
Consequently,
21i1tnio£1f )j h(t,s)H @ (t,s)u(s)ds Su(t,)—@t,y) <+ (17)
R t,t,

Assume that

e u(h(t,s) o _
T ds =+ 18
l (H(t.5))™ "

By (13), there exists aA >0 such that

liminf 21E5) 5 5 (19)

I-0 tatO)

By (18), for any positive constant V, there exists a 3 >,
such that for all >17;,

oo U(S)h(t,sl) 4
J;z (H(t,s))ﬁ g A (20)

Then

T z)j h(t,s)H ® (¢, 5)u(s)ds

- I LOLUTIFyE
H(t,t)) % fran ¢, 5) ’

1 r u(c‘)h(t f)
Ty L H(t’s)d[L o) ]
1 u(g‘)h(t 3) [_ 0H (t, s)]
d d
H(t tz)-[z [-[z Ha+1 (ZL,(() E] Os y

Y H(t,t3) >1H(t,t3)
AH(tt,) AHtty)'

sy r[_aH(r,s)]ds:
H(t,t)) Ay Os

By (19), there exists a #, >3 such that, forall #>1,,

H(t7t3) >
H(t,ty) °

which implies that

" 12)-[ h(t, s)H"’+1 @ su(s)ds>y, t>t,.

Since V is an arbitrary positive constant,

21liminf

{00

r h(t,s)H ™ (¢, 5)u(s)ds = +oo .

and that contradicts (15).

Thus
J’+°° u(s)h(t, s) 4o
oo (H(, S))"*l
and by (16),

@, (s)h(z,s) s J‘°° u(s)h(t,s) s < o0
f (H(t S))aﬂ f (H(t S))aﬂ

which contradicts (15). This complete the proof.

4. Examples

Example 1. Consider the following equation

[

G (x'(r))"] +e(x'())" + (1 —}g”?” 0 +}g<t>

+%g'(r)—ti2g(t)](x(r))ﬂ =0, 121 @1)

where @ 21, 8 21 are both quotients of odd positive

2 -
integers, x = 1, m =1 andg(¢) = .
a+l

Let H(t,s)=(t—s)> . Then h(t,s)=2(t—s)"0/0*
v(t)=t and @Y(t) =t.We have

R (2, 5)r(s)v(s) } .

! nd ( > ) ( ) (S) ( )
t—00 Ii 0 1
20"'1(‘

| {5 ) .
1)2_[{0 s)°s —(a+1)”+1 }ds_

By theorem 1, Eq. (21) is oscillatory.
Example 2. Consider the following equation

= limsup
fooo t—

(sint(x’(t))”)' Sm’(x O +x0) =0,t21  (22)
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where @ 21,8 21 are both quotients of odd positive
integers, k=1 and m=1 . Let H(s,s)=(t-s)* and

2(t)=0 . Then h(t,s)=2(t—s)" /"D v@)=t and
Y =t.
We have
. 1 RN, 9)r(s)v(s)
timsup-- j{H(w)ca(s) el

t
= 1imsup;J- {(l —S)ZS -
T

t—> 00

29 (1 =)™ ssin s "
(t—T)Z (a+1)a+1

> limsup(t_;T)zJ‘Tt (t —s)zsds =aT).

N

It is easy to verify that (15) is satisfied. Hence, Eq. (22) is

oscillatory by theorem 2.
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