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Abstract: Coloring problem is a classical difficult problem of graph theory. It is a fundamental problem in scientific
computation and engineering design. In recent years, a variety of graph coloring problems frequently appeared and solved
many problems in production. It is a difficult problem to discuss the chromatic number of a given graph class. In the paper, we
introduce several kinds of chromatic numbers of graphs such as adjacent-vertex-distinguishing total chromatic number,
adjacent-vertex-distinguishing proper edge chromatic number, smarandachely-adjacent-vertex-distinguishing edge chromatic

number, and the multi-fan graphs are considered.
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1. Introduction

Graph theory is an important branch of Applied
Mathematics. Colouring problems originated in the four
colour conjecture 150 years ago. In recent years, many
interesting and useful results have been obtained on the study
of colouring problems. It is widely used in chemistry,
computer, communication and other fields. There for they are
widely discussed in graph theory. In this paper, we introduce
several kinds of chromatic numbers of graphs such as the
adjacent -vertex -distinguishing total chromatic number, the
adjacent —vertex-distinguishing proper edge chromatic
number, the smarandachely-adjacent-vertex-distinguishing
edge chromatic number. And the Multi-fan graphs are
considered in this paper. In the end, the paper abtained the
chromatic numbers of graphs the paper considered.

The graphs considered in this paper are connected, finite,
undirected and simple graphs. The multi-fan graphs are joint

graphs that jointed by / and B, U P, 0...0 P, ', which

P,,k denotes the path graphs with order n, (1, 2 1) We

— (k) (k) (k)
denote for alllsk</l, V(B )={v ,v, ,v, }

(k
Vj

ny
)vjﬂ(k) UE(P, )(1<j<sn, 1) and B denotes the
graph which has only one vertex W. The symbol Ais the

maximum degree of the graph we discussed.
The paper use apagoge, construction method and direct
proving method.

2. Adjacent-vertex-distinguishing Proper
Total Coloring Number
Defenition 1 [1] A k-proper total colouring of a graph G is
a mapping f from V(G)U E(G) to {L,2,..., k} such
that:
D) Uu,vOV(G), iftuv D E(G), then f(u) # f(v);

2)Ue;,e;, LUE(G), e, # e, ,ife;,e; have a common end

vertex, then f(¢;) Z f(e;);
) UulV(G),eE(G), ifuis the end vertex ofe,
then f(u)Z f(e).
Let f be a k-proper-total-colouring of G .Denote
Cw)={fw)}U{f@v)|vOV(G) CuvOE(G)} for
every u UV(G), itUu,vUV(G),uvUE(G), we have
Cu)#Ckv) then  f s

k-proper-adjacent-vertex-distinguishing proper total coloring,
short for k-AVDTC.

called a
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The number min{k |G has a

vertex-distinguishing total coloring} is called the adjacent —
vertex-distinguishing proper total chromatic number and

denoted by Y, (G)
The adjacent —vertex-distinguishing proper total chromatic

number was first put forward by Zhang Zhong-fu, and he
show a conjecture such that:

Conjecture 1 [11] For every connected graph G with
order at least 2, we have Y, (G) <A +3.

Lemma 1 If two arbitrary distinct vertices of maximum
degree in G are not adjacent, then X, (G) 2 A +1;IfG has
two distinct vertices of maximum degree which are adjacent,
then ¥, (G)=2A+2

Theorem 1: X, (A U(H, U P, ) =n, +n, +1

Proof. Because there is only one vertex W whose degree(=

k-proper-adjacent

n, +n, ) is the maximum degree, so concluded by Lemma 1,
we get the result such that

Xu(RO, 0P ))2n +n, +1
Then we let  f be a mapping from
V(RrOW®, 0P NOEMBR DR, OP, )0
(1,2,3,..., n, +n, +1}as follows :
S =nm+m+1 f,")=1 [, =n+1
fo0)=j+1 (1<j<n -1
fOP)y=n+i+1 (1<i<n, 1)
fowMy=j as<jsn) f6;"Y)=n
f(wvi(z)) =n +i (1<j<n,)
f(Vl(Z)Vz(z)) =n, + n,
fo M= @<jsn -0
FoPv,y=n+i 2<i<n, -1)

At this time, we have
C(W) = {192739'--’ nl)nl +1,...y nl +n2 +1}

cov™ =42, n}

cv,")y=1{1,2,3, n}

Cov")={j-2j-1j,j+1} B<jsn -1

Cv,")=1{n -2, n,1}

CO®Yy={n +1n +2,, n +n,)}

C(vz(z)) ={n, +1,n, +2,n, +3, n, +n,}

COVPY={n +i-2n +i—Ln +in +i+1}
B=<isn, -1
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C(vnz(z)) ={n +n,-2, n +ny,n +1}

As defined in definition 1, obviously, f'is an, +n, +1

-AVDTC.
There for

Xa (R OB, OF ) =n +n, +1

Corollary 1
X,(B O, OB, O..0B))=n +n+..n+1
The proof of Corollary 1 can be easy done.

3. Adjacent-vertex-distinguishing Proper
Edge Chromatic Number
Defenition 2 [2] A k-proper-edge-colouring of a graph G is
amapping [ from E£(G)to{l,2,..., k}such that:

Ue,e, UE(G), e #e¢,,ife;, e have a common end

vertex, then f'(¢;) # f(e,);

Let f be a k-proper-edge-colouring of G .Denote
Clw) ={{f(wv)|vUV(G) CuvJE(G)} for every
udV(G) , if Ou,yOV(G),uwDEG) , we have
C(u)ZC(v) , then f is called a k-proper-adjacent-
vertex-distinguishing-edge coloring, short for k-AVDPEC.

The number min{k |G has a

vertex-distinguishing edge colouring} is called the adjacent —
vertex-distinguishing edge chromatic number and denoted by

X.'(G).

For graphs G , 71, denote the number of the vertex whose

k-proper-adjacent-

degree=1 , O,/ denote the minimum degree and the

maximum degree of the graph. Then, define number U(G)
such that

U(G) =max {min{A |(/2]j 2n},0<i<A}

Then a conjecture was put forward by [12]
Conjecture 2 For graphs without isolated edge and the
number of the isolated vertex is no more than one, then

v(G)s X, (G)su(G)+1

Lemma 2: For all graphs G , ¥, '(G) = A.

Theorem 2: X,"(A U(F, U P, )) =n, +n,

Proof. There is only one vertex W whose degree(=

n, +n, ) is the maximum degree, so concluded by Lemma 2,
we get the result such that

X (RUO(E, OF)2n +n,

Then we let  f be a mapping from
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E(ROE,OP) to {123,..0 n+n} as

follows :
fow =4 asjsn) f6,"Y)=n
f(wvi(z)) =n +i (1<j<n,)
f(vl(Z)Vz(Z)) =n, + n,
fo M=) @< jsn -0
FPv, Py=n+i 2<i<n, -1)

At this time, we have

Cw)={1,23,..., n,n +1,..., n +n,}
cov"y={,n}

cv,"y={1,2,n}

Cov,")={j-2.j-1j} B<j<nm-0)
C,")={n,-2, n}

Cv?)={n +1n +n,}

Cv,y={n, +1,n, +2,n +n,}
COP)={n +i=2n +i-Ln +i} 3<i<n,-1)
C, )= {n +n,-2, n +n,}

As defined in definition 2, obviously, f is an +n,

-AVDPEC.
There for

X, (RO, OF)=n+n,

Corollary 2
X, (BOP, 0P, O..OP)=n+n+..n

The proof can be easy copied from the proof of Theorem
2.

4. Smarandachely
Adjacent-vertex-distinguishing Proper
Edge Chromatic Number

Defenition 3 [3] Let f be a k-proper-edge-colouring of
G Denoe C0) = {1/ @) |[vOV(G) CuvDE(G)}
for every u LIV (G) , if Uu,v OV (G),uvUJE(G), we
have C(u) JC(v)and C(v) U C(u),then fis called a

smarandachely adjacent-vertex-distinguishing proper edge
colouring, short for k-SA.

The number min{k | G has a k smarandachely adjacent-

vertex-distinguishing proper edge coloring} is called the
smarandachely adjacent —vertex-distinguishing proper edge

chromatic number and denoted by X, '(G) .

then

Lemma 3: If G is a graph without one degree vertex,
X.'(G)=2A+1
Theorem 3:
i) If _ 0 and = ,
n, =0 (mod?2) n, =0 (mod2)
Then X, '(BO(P, 0P )=n +n,+1.

iy T, =1(mod2)®" n, =1(mod2)’ e
Xas'(Pl D(Pnl D Pnz) = nl +n2 +2

Proof. 1) Obviously, the maximum degree of

R U(P, UP,) denotesby A, then A =n, +n,,

SO

to

as

Xo' (RO, OB )20 +n, +1
Then we give the mapping f from

E(RO(F, OF,)

{1,2,..., n, +n,}

below:

fow,y=j (1<j<n)

Sowy=n +i (1<j<n,)

M., My —
S, vy ) =n +1

. n
f(v2i—1(1)v2i(1)) =n, +n, +1 (1 <i< lj
=i (1218

S Wiy Vo ) =i Si1s

. _h
f(v2i—l(2)v2[(2)) =n +n,+1 (1 <i< _ZJ

2

N—

2

o)) @)y — ._n
SO Vo ) = (ISZSEZJ

(2) )y = : :
S Waiz “Vars ) =y ¥ (1 Si S_j

S, M) =1
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By listing C(u) of every vertex of the graph, we can see

that the mapping we give is a
adjacent-vertex-distinguishing proper

PO/, UP ), s0

smarandachely
edge coloring of

/Yas'(ljl D(Rl] U })nz) :nl +n2 +1

ii) First, we must illustrate that there have non, +n, +1

-SA for graph f (P, U P, ).

Assume that 7, =1(mod?2):

that n+n,+l -SA graph

RU(P, UP,) exist. And |[C(W)|=n, +n,, so we

denote C(W) = {1, 2.3,..., m +n,}, f(wv, )= j,
Sy =n, +i.

Because for alli, j ,

Suppose for

Theorem 1 and Theorem 2
Conjecture 1 and Conjecture 2. Then in future we can also
study the upper limit of the smarandachely adjacent —

SeveralKinds of Chromatic Numbers of Multi-fan Graphs

So /Yas'(ljl D(])ﬂl DP}’lz):nl +n2 +2-

5. Conclusion

Through the paper’s research, conclusions are follows:
Theorem 1: X, (B D(Pnl [l P, ) =n+n, +1
Theorem 2: X,' (A U(H, U P, ) =n, +n,
Theorem 3:

i)Ifn, =0 (mod2)and n, =0 (mod2)

Then X,,'(B O(B, DP,)=n +n,+1

ii) Ifn, =1(mod2) or n, =1(mod2) then

Xas'(})l D(})n] D Pnz) =nl +n2 +2

are consistent with the

vertex-distinguishing proper edge chromatic number.

e, M) ec(w) 21 c(v,?)/ c(w) 21

n, +n, +1Dc(vj(l)) (I1<j<mn,), there is n, times

(1]
for C(Vj(l)), but 7, is and odd number, the result is a

contradiction to handshaking lemma.

SoX,'(RU(P, PR, )zn +n,+2.
Then we define a mapping from £(F, D(Pnl O P, )) to

{1,2,..., n, +n,+2}like this:
fowy=j (<j<n) [3]

fOowPy=n+i (1<j<n,)

f(vzi—l(l)vw(l)) =n, tn, +1 (1 <i< [%]j
f(v2i(2)v2i+l(2)) =n, +tn,+ 2 (1 <i< ﬂj

f(Vzi—lmvzi(Z)) =n tn, +1 (1 sis [—]j
[6]

@, @ _ .,
Sy "V D) =0ty +2 (ISZSEJ

By listing C(u) of every vertex of the graph, we can see

that the mapping we give 1is a smarandachely
adjacent-vertex-distinguishing proper edge colouring of

AU UE).

(7]

References

Chen Xiang-en, Zhang Zhong-fu,
“Adjacent-Vertex-Distinguishing Total Chromatic Number of

Pm x K . > Journal of Mathematical Reserch and Exposition,
Dalian. vol. A26, pp. 489-494, August 2015.

Liu Hua, Ye Jian-hua, “Adjacent Vertex-Distinguishing Edges
Coloring of ( S m LS » ) Journal of East China Jiaotong
University. vol 24. pp. 157-158, October 2007.

Liu Shun-qin, Chen Xiang-en. “Smarandachely Adjacent-vert
-ex-distinguishing Proper Edge Coloring of K, LJK ™.

Journal of Lanzhou University of Technology. vol. 41. pp.
155-158, August 2015.

Zhang Dong-han, Zhang Zhong-fu. “The Upper Bound of the
Adjacent Vertex Strongly Distinguishing Total Chromatic
Number of the Graph”. Advances in Mathematics. vol. 40 pp.
168-172. April 2011.

Qiang Hui-ying, Li Mu-chun. “A Bound on Vertex
Distinguishing Total Coloring of Graphs with Distance
Constrant for Recurrent Event Data”. Acta Mathematicae
Applicatae Sinica. vol. 34. pp. 554-559. May 2011.

Tian Jing-jing, Deng Fang-an. “Adjacent Vertex-distinguishing
VE-Total Chromatic Number of the Crown Graph Cm ° Fn

and Cm * Cn ”. Mathematics in Practice and Theory. vol. 41.
pp- 189-192. August. 2011.
Yao Bing, Cheng Hui. “Behaviors of Vertex Neighbors of Trees

Under Some Graph Coloring”. AclaMathematica Scientia. vol.
31. pp. 567-576. May 2011



Applied and Computational Mathematics 2016; 5(3): 133-137 137

[8] Wen Fei, Wang Zhi-wen. “Vertex —distinguishing Total
Coloring of Some Complement Double Graphs’. Journal of
Shandong University (Natural Science). vol. 46. pp. 45-50
February 2011.

[9] Chen Xiang-en, Ma Yan-rong. “Adjacent-Vertex-Distingui
-shing Total Chromatic Number of Kr LK ;. Journal of
Jilin University (Science Edition). vol. 49. pp. 68-70. January
2011.

[10] Tian Jing-jing. “The Smarandachely Adjacent —Vertex —Eege

Coloring of Some Mycielski’s Graph”. Journal of Math(PRC).
vol. 32. pp. 723-728. April 2012.

[11] Zhang Zhong-fu, Chen Xiang-en, Li Jing-wen. “On adjacent —
vertex-distinguishing total coloring of graphs.” Sci.China. Ser
vol. 48. pp. 289-299. June 1997.

[12] Li Mu-chun. “On the
vertex-distinguishing chromatic number of Pm [Cn ”

Jing-wen, Xu Ban-gen, Li

Journal of Shan Dong University (Nature Science ). vol. 43. pp.
24-30 August 2008.



