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Abstract: We formulated a five compartmental model of ND for both the ordinary and control models. We first determined
the basic Reproduction number and the existence of Steady (Equilibrium) states (disease-free and endemic). Conditions for the
local stability of the disease-free and endemic steady states were determined. Further, the Global stability of the disease-free
equilibrium (DFE) and endemic equilibrium were proved using Lyponav method. We went further to carry out the sensitivity
analysis or parametric dependence on R, and later formulated the optimal control problem. We finally looked at numerical
Results on poultry productivity in the presence of Infectious Newcastle Disease (ND) and we drew six graphs to demonstrate
this. We observe that in absence of any control measure, the number of latently infected birds will increase rapidly from the
initial population size of 80 to 160 birds within 1-3 days, whereas in the presence of control measures the population size will
reduces to about 30 birds and goes to a stable state. This shows that the control measures are effective. The effect of the three
control measures on the infectious classes can be seen. The number of non-productive infectious birds reduces to zero with
control whereas the number of infectious productive reduces to about 8 birds and goes to its stable state when control is applied.
This shows that the application of all three control measures tends to be more effective in the non- productive infectious bird
population. It was also establish that the combination of efficient vaccination therapy and optimal efficacy of the vaccines are
significantly more effective in the infectious productive birds’ population, since the combination reduces the population size of
the birds to zero with 9-10 days. From the simulation also we see that optimal efficacy of the vaccine and effort to increase the
number of recovered birds increases the number of latently infected birds population to about 129 at the early days of the
infection whereas from another graph, the infectious productive birds reduces to 15 while the non -productive birds reduces to
zero. The results from the simulation also show clearly, the effect of vaccination therapy on the latently infected birds. We
observe that this programme will reduce the number of latently infected birds even if it not done more often. From the
simulation, we further observe that this programme has effect on the infectious classes especially the non-productive infectious
bird population, which reduces to zero after about 4 days.

Keywords: Newcastle Disease (ND), Disease-free Equilibrium (DFE), Global Stability, Efficient Vaccination,
Lyponav Method

APMV-I to APMV-10 and ND virus (NDV) has been
designated APMV-1. NDV has also been categorized into
five pathotypes based on clinical signs in infected chickens,
designated: a) viscerotropic velogenic, b) neurotropic
velogenic, ¢) mesogenic, d) lentogenic or respiratory and ¢)
asymptomatic.

ND has a proven ability to spread internationally and cause
major outbreaks. It undoubtedly is a threat to the Pacific region

1. Introduction

Newcastle disease (ND) is a contagious viral infection
from a member of the family Paramyxoviridae in the genus
Avulavirus which causes respiratory nervous disorder in
several species of birds including chickens and turkeys.
There are ten serotypes of avian paramyxo viruses designated
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that quarantine authorities should be aware of. Potential
methods of introducing the disease include infected day old
chicks, frozen carcasses and contaminated feed or equipment.
Wild and caged birds have played a major role in international
spread on ND; [7]. Wild birds constitute a natural reservoir of
low-virulence viruses, while poultry are the main reservoir of
virulent strains. The most virulent form of ND virus causes up
to 100 percent mortality in affected flocks, [8].

The most severe strain is the viscerotropic velogenic
Newcastle disease. It is often called Exotic Newcastle
Disease’ and infection of susceptible bird with this form
usually causes high mortality. The milder form of the disease
is the ‘mesogenic ND’. Humans may become infected;
manifested by unilateral or bilateral reddening, excessive
lachrymation, oedema of the eyelids, conjunctivitis and sub-
conjunctival haemorrhage. Velogenic NDV is endemic in
areas of Mexico, Central and South America, widely spread
in Asia, the Middle East and Africa, and in double-crested
wild cormorants in the US and Canada. Lentogenic strains of
NDV are worldwide in their distribution while widespread

2.2. Model Parameters for Newcastle Disease
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mesogenic pathotypes with a special adaptation to pigeons
(that is, pigeon paramyxovirus) do not appear to infect other
poultry readily, [3]. Other papers consulted in this work are:
[1,2,4,5,6,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22,23, 24, 25, 26, 27, 28, 29 and 30].

2. Method
2.1. Assumptions of the Model

1. The productive birds becomes non—productive as a
result of the disease.

2. Birds are recruited by immigration or birth.

3. Birds are recruited only to the non—productive
susceptible class.

4. Infected birds can be treated.

5. Poultry birds that recover from one strain can become
susceptible to anothstrain.

6. Recovered birds move only to the non—productive
susceptible class.

Table 1. Symbols and Parameter.

Symbols/Parameters Interpretation
N(t) Total bird population at time t
Sp Susceptible productive birds at time t
Sa Susceptible non—productive birds at time
I, Infective productive birds at time t
I, Infective non—productive birds at time t
R Recovered birds at time t
p Recruitment rate of birds
a Progression rate from non—productive susceptible to productive susceptible
Bn Contact rate for non—productive susceptible birds
By Contact rate for productive susceptible birds
) Recovery rate
h Rate at which infective productive birds becomes non—productive
Y Loss of immunity rate
d Natural death rate of birds
n Disease—induced death rate for infected birds
u(t) Efficiency of vaccine therapy in preventing new infection
v(t) Efficiency of drug therapy in inhibiting the virus strain
2.3. Model Flow Diagram
|
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Figure 1. Flow diagram for Newcastle Disease.
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2.4. Mathematical Model for Newcastle Disease

Following the flow diagram we obtain the following
system of ordinary differential equations.

% = p-B.(I, +1,)S, ~(a+d)S, +yR

dSP -
_L=aS+ (1, +1,)S, - ds,

dl
d—;:ﬂn(fp”n)Sﬁhfp‘(/1+5+d)1n (1)

dl
7: =B,U,+1)S,~(h+u+d)i,

dR
o (u+9)I, =(y+d)R

2.5. Control Measure

B = p1=US,) = B0, + L,)1=1)S, = (@ +d)S, + VR

as, _
7—aSn_ﬁp(lp+1,1)(1—V)Sp—dSp

dI,
dt

= B, + L,)A=V)S, +hl,, = (u+3+d)l, @)

dr,
=B, +1,)1=V)S, = (h+ p+ ),

dR
—=0I,-(y+d)R
o O y+d)

3. Results
3.1. Existence of Steady (Equilibrium) States

The basic reproduction number R, for the Newcastle
disease model (1) is calculated using the Next Generation
Operator method as described in (1).

) Where
Two control measures are employed which are; u(t) the
efficiency of the vaccine therapy in preventing the infection, F; P, 5 ap 5 P, B ap
considering the need for a revaccination program to maintain "a+d "P(a+d)a "a+d "V (a+d)a
adequate protection from the disease U(t) and V(t) the F=l0 0 0
efficiency of drug in inhibiting the virus strain. There are 0 0 0
different strains of the Newcastle disease in birds; some are
more severe than the other such as the viscerotropic
velogenic strain, characterized by high mortality rate  ;pq
amongst birds.
The control model is given as: w+u+d 0 0
V= -w Q+u+d 0
0 Q u+d+o
Thus,
(B,p+ B,ap)Qw , (B.p+ B,ap) (pw+ dwt bw)
d(a+d)(w+u+d)(Q+p+d)(u+d+9) d(a+d)
Frt=
(B,p+B,ap) Bp*Bap) | (B,p+ B,ap)
da+d)(u+d+9d) d(a+d)(Q+u+d) d(a+d)(Q+u+d)(u+d+09)
Fyt= 0

0
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Therefore the basic reproduction, Ry, which is the
dominant eigenvalue, is given by,

(dPnp+Ppap) (dw+Qw+sw+uw)
d (a+d) (d+ Q+p) (d+5+p) (d+u+w)

Ry =

This measures the average number of new infections
generated by a single infectious birds in the poultry.
The steady states are obtained by setting

ds, dS, dE _dl, dl, dR
dt ~ dt dt dt dt dt
Thus,

(i) (p+cN,) =B, (I, +1,)S, -as, —dS, +yR=0

(i) aS, -B,U,+1,)S,-dS,=0

(i) B,(I, +1,)S,+B,I,+1,)S,~wE=(u+d)E =0
(iv) wE-Ql, - (u+d)1,=0

V) Ql, =381, - (u+d)I,=0

From (ii)

_ ok asn
(an) aSn - (:Bp (Ip +In)+d)Sp >SP Bp(I;;"'IE)"'d
From (iii)

. v (@+utd)E* = By (I5+15)Sh
S*=
(ix) S Bn (Ip+13,)
From (vii) and (viii)
p+yR* _ (@+p+d)E"= By (Ip+17)Sp
Bn(lp+13)+a+d Bn (Ip+13)
B = e YR) Bnllp i) Bp (Ip+12)Sp
Bn(lp+13)+a+d)(@+u+d) (w+u+d)
From (iv)
_ g% _ WE"
(L)E—QIP +(,U+d)1p*>1p = enrd

From (v)

Ql, =31, +(u+d)l, =I; =2

S+u+d
(vi) oI, —(y+d)R=0 From (vi)
From (i) 31, =(y+d)R =>R* = y‘%’;
(vil) S, = lw;% The steady states are;
g — _(PHCMTYR® ou _ aSp s _ _(p+CN+YR) Bnllp+in) | Bp (UpH1a)Sp o _ _@E* o Oy . Sl
T Ba(lp+in)vard P By(Ip+ip)+d’ Br(Ip+1)+a+d)(@+p+d) (@+pt+d) > P Qtp+d” ™ St+p+d y+d

3.2. Local Stability of the DFE for NDV Model

The disease—free equilibrium of the NDV model is given by

p+cN a (p+cN)

— 0 0 _
Soi(snaspaoaoaoao)i(a*‘da (a+d)a’0’0’0’0)

Theorem 3.1: The disease-free steady (equilibrium) state (DFE) for NDV model is locally asymptotically stable if Ro<I.
Proof: The Jacobian of the NDV model, is given by

c—Bn(1p+In)—O(+d 0 0 c—B,S, c—B,S, y
a B, (I, +1,)+d) 0 -B,S, —-B,S, 0
._]: Bn(lp+]n) Bp(lp-'-]n) _((*)+p-+d) BnSn+BpSp BnSn+BpSp O
0 0 0 -O+u+d) Q 0
0 0 w 0 -(Q+u+d) 0
0 0 0 0 0 —(y+d)

At the DFE, the Jacobian is given by,
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cea+d O 0 _B.p _PB.p v
a+d a+d
a a
a —d 0 _M _M 0
da+d) d+d)
JprE = 0 0 —(+u+d) B.p + chxp B.p + Bpap
oa+d d(a+d) a+d d(a+d)
0 0 0 -(0+u+d) Q 0
0 0 () 0 -(Q+u+d) 0
0 0 0 o 0 —(y+d)
Considering the determinant
c-a+d-\A 0 0 - b _ B v
a+d a+d
[of a
a -d =\ 0 LR __Pap 0
da+d) da+d)
|JDFE _7\|= 0 0 ~(@+p+d)-A B.P + B,ap B.P + B,ap
oa+d d+d) o+d d(a+d)
0 0 0 —(0+u+d)—-A Q 0
0 0 w 0 —(Q+u+d)-A 0
0 0 0 0 0 —(y+d)—-A
Evaluating the determinant gives, where
(-d-2)(k; - 2) (-d -y = A) [- (o= (ks - ) (kg - 1) + Bk + o _ Fa(Bat8y)
Bpki + A (Bn + Bp)]1=0 07 kyksk,

Where

k=(dw + Qw + dw + pw), k=d+ Q+ pu, ks=d + 35 + 1,
k=d+p+w

From the above equation, three of the eigen values are
M=-d<0,1, =-k<0, ;3 =-dy<0
The remaining eigenvalues can be resolved from
[- (k2- 1) (k3 - A) (k4 - 1) + Bkl + Bkl + A (B, + )] =0
A3+ (ks + ky + ky) A2
= Bu— Bp)A + kaks —ki(Bn + Bp) =0
A+ (ks + ky + ky)A?

— B = Bp)A + kaksk,(1 = Rp) = 0

+(kaoks + koky + sk,

+(koks + kyky + ksk,

&=(0,0,E", 1,7, 1,)= (0, 0,

(p+cN+yR™) (Bn(Ip+17,)

By Rourth-Horwith condition: The polynomial has
negative real roots if a;>0, a,>0, a;>0 and a,a,>aga;. From the
equation; ag = 1>0, a; = (k3 + k4 + k,)>0, a3 = k k3k, (1 —
Ry)>0 ifand only if Ry < 1 and aja,>aga; is satisfied.

Hence we conclude that the DFE is locally asymptotically
stable whenever Ry<I.

The epidemiological implication of the result is that the
spread of Newcastle disease virus can be effectively
controlled in the poultry when the basic reproduction number
Ry<1, provided the initial population contains a small influx
of infectious birds.

3.3. Local Stability of the EE for NDV Model

In a pure endemic state, we have that S, = S, = R = 0.
Hence, the endemic equilibrium becomes,

Bp (Ip+13)S)y  wE* QI

Bn(Ip+13)+a+d)(@+p+d)

)

(w+pu+d) > Q+u+d’S+u+d

Theorem 3.2: The endemic steady (equilibrium) state of the NDV is locally asymptotically stable when R¢g>1 if

B,

Proof: The Jacobian at the endemic equilibrium gives

c—0—d
> -

1,+1,
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c=B,U,+1,)-a+d 0 0 c c %
a B, , +1,)+d) 0 0 0 0
Jpp = B.(,*+1,) B,,+1,) —“(w+u+d) 0 0 0
0 0 0 -(d+U+d) Q 0
0 0 W 0 —-(Q+pu+d) 0
0 0 0 e} 0 —(y+d)
The eigenvalues are: disease will be endemic.
M=c-B,U,+1,)-a+d, l, ==B,,+1,)+d), 3= 3.4. Global Stability of the DFE for NDV Model
“(W+p+d), A= ~(O+U+d), A= ~«(Q+U+d) and A4 = Here we establish the global asymptotic stability for DFE.
—(y+d) We define the invariant region
The system will be stable if 1,<0, that is D ={(Su Sy, E, I, [, R) € D: 8, < Su's Sp= Sp*}
e —a—-d Theorem 3.3: The DFE steady (equilibrium) state of the

c=B,,+1,)-a+d <0=>B,>—— NDV model is globally asymptotically stable whenever Ry<I.
Iy *1, Proof: Consider the Lyaponuv function

This means that if the contact rate for non—productive L=dE+d,],+d;l, where

infectious birds (3, ) exceeds the quantity %, then the

P n
dy = (d p+ ap)(d w+ Qe+ dw+ o),
dy =d(a@+d)(d +Q+ p)(d + i+ ),
dy=d(a+d)(d+p+w)N(d+o+u+Q)

with Lyaponuv derivative given by

L=dE+d,l,+d;I,
=d\[B,,+1,)S,+B,,+1,)S, ~wE~(u+d)E]+d,[WE - QI , = (u+d)1,]+d;[Ql, =31, —(U+d)],]
=B(S, +S,)U, +1,)dp+ap)dw+Quw+dw+t puw) —(d +Q+ p)(d + p+w)(d +o+ )1, +1,)
B(S, +S,)U, +1,)(dp+ap)(dw+Quw+dw+ luw) _1}
da+d)(d+Q+p)(d+pu+w)(d +0+p)

= ([p +[n)|:

Since
* *
S,<S, and S,<S,
in the domain that forms the invariant set, it then follows that

Bldp+ap)dw+Qut ow+ pw) |
(d+Q+p)(d + p+a)d +0+ )

Ls(1p+1n)[ }=(1,,+1,1)(Ro—1)

Clearly L < 0 if R, <1Equality is achieved at I, = I, = 0, Hence by Lassalle’s invariance principle, every solution in the
invariant set for which t > 0 approaches the DFE that is, &, = (S, Spo, 0, 0, 0, 0). Hence, the DFE is globally asymptotically
stable when Ry<1.

3.5. Global Stability of the EE for NDV Model

The global asymptotic stability analysis of the endemic equilibrium for the NDV model is obtained for the special case with
u = 0 and without exogenous re infection. To achieve this, we use the nonlinear Lyapunov function of Goh-Volterra type. The
new model equation withu =0, ) =0 and p+cN,, = p becomes
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dsn
?Ip—ﬁn(lp +In)Sn _kISn

asp _ _
2 =qs,-B,U,+1,)S,-ds,
dE

E=,8n(lp +1,)S,+B,,+1,)S, -k, E

aly _
dt

ooE—k}Ip

i _
T —le kyl,

where

k1:a+d,k2:w+d,k3:Q+d,k4:5+d

Theorem 3.4: Theendemic equilibrium of the model is globally asymptotically stable if Ry>1
Proof: Consider the following nonlinear Lyaponuv function

* * Sn * * Sp * * E * * [p * * In

L:Sn _Sn —Snln—*+Sp—Sp—Spln—*+E—E -E In *+A(1p _Ip _Iphl—*)"‘B([n _[n —Inln—*)
S E 1 1
n P P n

With Lyaponuv derivative given as

* * *

.S .5 . B . . L. .
L=(S, —S—Sn)+(Sp —S—pSp)+(E—?E)+A(Ip —1—"11,)+B(1n -7

n P P n

o BB (50501, (858

Q+d (Q+d)(3+d) 5+d

Putting the appropriate equations from model (3.1) we have

n

P

£

S*
[a’Sn -p,U,+1,)S,-dS, —S—p(a’Sn -B,U,+1,)S, —dSp)}+

B,(I,+1,)S,+B,I,+1,)S, ~Tw+d)E —%(/3,,(11, +1,)S,+B,(I,+1,)S, -+ d)E)}

. . I
B+ By g F oo )[wE—(Q +d)l, =~ (E=(Q +d)1,,>}+

(Q+d)(d+d) )
B,S. * B,S, _ s -
[T”p]{cﬂp (0+d)I, [—(le 0+ d)In)}

n

From (2), at steady states
p=B,(I,+1I,)S,+kS,

(0 +d) = Bn(I;+I£)S;;*Bp(1;+1;)s;’
Q+di,
w=——"
E*
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and
Qr

In

6 +d)=

Substituting O at steady state, gives

*

L :|:,8n(1p +I)S,+as, +dS, - B,(I, +1,)S, -as, -ds, —S—"((,Bn(lp +I)S,+as, +dS)) - B,I, +1,)S, —len) +

n

£

S
[aS” -B,U,+1,)S,-ds, —S—P(asn -B,U,+1,)S, —dSP)}
P

{ﬁn(lp +1,)S,+B,I,+1,)S, —"-(w’fd)E—EE(ﬁn(Ip +1,)S,+B,(I, +1,)S, —?(w+d)E)}

. e 1 Q B L
S8 G t arane d))[wE @), ~(0E (Q+d)1p)}+

o+d

n

(MJ{Q&) —(G+d)l, —j—”(cﬂp -(5+d)1n)}

Substituting the values of (Q +d) ,w and (O +d) at steady states, we have,

L=pB,,+1,)S,+2(B,S,(I, +1,)+dS ) +dS, -dS, - 3 B, +1,)=-(B,S,, +1n)+dsp)S—‘S—+dSn —ds,

* * * * S"[S* * E* E* * * * * * *
(B, (I, + 1)+ 48, LS, = B, (0, 1S, = B, U, + 1S, + B8, 4 1)+ 5,8, (1, + 1)

n p

. « AJE LLE . R . L L, . ‘s

_(anSn +prSp)(ﬁ+ 7 E* )+(18nS/1 +18pSp)([p +[n)_(anSn +prSp)7+(lgnSn +18pSp)In
p p n-p

Collecting terms with dS,, ,dS, , B,S,1,.B,S,1,. B,S,[,and B,S, 1, gives,

*

A R . S WS, s SET LE II
L:dS" 2= }’,’l‘ - +dSP 3__’1__5_*_17 +ﬁnSnIn 4-—- n* *n e P f
s S S, S, 8,8 S, SyEI, L,E LI,

n n

el SS,S, SJE IE cel. S SET, LE
+ﬂpSp[p 4-n — . _ P*P* __ P _ +ﬂnSnp 3-n n* *P_ P _
S, S,S S,,IPE IPE S, SnEIp IPE

P
+3 S*In 5_&_S*SP _SP*IH*E _ Ipli _Inlf
mr S, S8, S,LE I,E I,

Finally since the arithmetic mean exceeds the geometric mean, that is,

aj+az+ az+-+a
AM:% > Ya,a,a; ... a, = GM

It follows that,
© SE'IL LE I

n

J,s, s e Sy S, 5.5, o
dSn 2_ 4 __n SO,dSP 3_S_}1_ f_ 1d SO’B}‘[S}'II"I 4_S_ * * - * B
5 S, SEI, 1,E° 1,1

n

* S8 SIE I'E] Lo * I'E
4_S_ Z - P* p* i * So’ﬁnsnlp S_S_H_S”*E I*P_ E * <0,
S, 8,8, S,,E I,E S,EI, I,E
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_S,LE LE LI
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That is,

SYILE

]so

ASTRR Y S

1,1

I,E

=1
Since G.M-A.M < 0, hence
sk
1—(3'; +ﬁJso
Sy Sy
Thus
A
S Sy
Using similar approach we can also show that
" S, S,S, " ‘I LE I
(RN B B S L A A )
S, S, S, S, S,EI, 1,E I,
4_&_SnSp S,E IE 503—&—S”E Ip 1,E <0
S, S8, S,E I,E S, S,El, I,E
and index of R, that depends differentiably on a parameter p is
. . . . defined by
*sS SIE ILE 11
R AT S 2L o (%) (£)
S, WS, S,L,E I,E I, P ap / \Rrg

Furthermore, since all the model parameters are non—

negative, it follows that L<0for Rp>1 with L=0if and only
if S,= Sn*, S, = Sp*, E= E*, I, = Ip*, I, = In*. Hence the largest

invariant subset of the set where L =0 is the singleton {(S,, S,,
E, I, I, R) = (Sn*, Sp*, E’, Ip*, In*)}. By Lasalle's invariance
principle, it follows that every solution in D approaches the
endemic equilibriume,; for Rp>1 as t— oo.

The epidemiological implication of the above result is that
Newcastle disease will remain endemic in the poultry for Ry>1,
whether the initial population contains a sufficient number of
infected birds or not.

3.6. Sensitivity Analysis on R,

To determine the parameters most responsible for the
transmission and spread of Newcastle disease, a sensitivity
analysis is carried out. The normalised forward sensitivity

In particular, sensitivity indices of the basic reproduction
number, R,;, with respect to the model parameters are
computed as follows:

(550 o) ey
() () -z,
(5 (2)-
(59) &) waasmen

(6R0) (Q )7 Qéw
0 Ro (dw+Qw+Sw+puw) (d+Q+p)

() ) o
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-5Qw
(dw+Qw+Sw+puw) (d+5+u)

()6~

() &) 5
ou Ro (dw+Qw+dw+puw) (d+Q+p) (d+6+p) (d+w+p)

(6R0) (cl ) _ ka
ad Ro (dw+Qw+dw+pw) (d+Q+p) (d+6+p) (d+w+p)

The sensitivity index of the basic reproduction number to
the model parameters indicates that an increase (or decrease) in
the following values; B, By, p, @, Q and w will lead to an
increase (or decrease) in the basic reproduction number. On the
other hand, an increase (or decrease) in the death rates (d, u)
and recovery rate (&) leads to a corresponding decrease (or
increase) in the basic reproduction number of the disease.

3.7. Formulation of the Optimal Control Problem for NDV

Given the initial population size of all the five classes of
model (2), our goal is to find the best control strategy that would
minimize the number of birds that die as a result of the disease,
thereby increasing the number of productive birds and at the
same time minimizing the cost of the strategy. The control
strategies v (t), v, (t) and v (t) represents the efficiency of the
vaccine therapy in preventing new infection, the efficiency of
drug in inhibiting the virus strain and effort on infected birds to
increase the number of recovered birds respectively.

Mathematical Model and Optimal Control of New-Castle Disease (ND)

Thus we seek to minimize the objective functional

V()= f, (BE +Cly+ DI, + Zv? + Zv? +2v2)

with B>0, C>0, D>0, A;>0, A,>0, A;>0. Here we want to
minimize the number of infectious birds while keeping the cost
of vaccination and treatment / drug low. The quadratic form
represents giving too much of vaccine to the birds which often
leads to waste. The terms CI, and DI, represent the cost of

. . . A A A
infection while the terms;1 v, 72 vZ, ?3 virepresents the cost
of the vaccination and drugs at the time t.

The goal is to find an optimal control v;", v, and v; such
that,

J(i",v2", v3")=ming | (v, v, v3)

where Q = { v; (1), v,(t),v5 () | 0 < vy (£),v, (t), v3 (B) <1
are measureable}

Applying the Pontryagin’s Maximum Principle, we have the
following result

Theorem 3.5

There exists an optimal control v;*,v,",v;* and the
corresponding solution (53, Sy, E, L, I, R") of the system (2)
that minimizes J (vy, v, v3) over Q. Furthermore there exist ad
joint functionsAs_, ASP,AE_A,n, /1,p, Ag such that,

Don (e =vy) + Bally + L)A =) = (@+ D) A, — ahy, = AgPu(ly + L)L —v3)
o (B 1y + L)AL = v2) + DA, — As Byl + L) (L= v,))
d;E B+ (@+p+ d)Ag-wh,
D D 4B, (1 = 1), + BpSy(L = VA5, = BuSu(L = v)25 — BpS,(1 = )+ (A + p+ Iy,
D — - C 4 Ba(1 = V) s, + BySy(L = V)45, = uSu(1 = DA~ S, (1 — v+ (v + d)A,, — vse

da
i N (R

With transversality conditions

A(T)=0,i=1,2,3,4,5,6 (3)

The control triplet v;*, v,* and v;*satisfies the optimality

condition
. . A
v, =min l,max(O,c“'—"S") 4)
Al
BuSy Uy +1,)XAp = A+ B,S (1, +1,)
% Ar=A
v, = min| 1,max(0, g ) (5)
4

In )[
Mzn(l max(0, —A ] (6)

3

Proof:
The proof follows with the Hamiltonian H, given by

4
7317% + X Aifi

1,2,3,...... , 5 are the right hand sides of the

H=BE + CI, + DI, +—v1 +A72v§ +
Where f; fori=
model (2).
The optimal control v{, v; and v; can be solved from
optimality conditions

aH oH aH

6_171 - ’E ) E =0 (7)
Where

6_1]1 - C/] S Alvl O

a
o= B8, (L, + 1)y = A+ B,S, (1, +1,)(Ag = A,,) -

szz =0
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0H
%:(/]R -A)I, -Asv3 =0

Hence the optimal effort necessary to control the disease is

cAg,S,
vik - snn (8)
4
v>2k - ﬂnsn(lp + 1) Ag _A‘vn)"'ﬂpsp(lp +1y)Ag _/]Sp) (9)
4
« A A1
vi=_sn_"In"n (10)

3 4
4. Discussion

We explore the model with the following control measures;
efficacy of vaccine therapy in preventing new infection (v;),
efficacy of vaccine in inhibiting the virus strain (v,) and the
effort to increase the number of recovered birds (v3), to study
the effects of control practices on transmission of Newcastle
disease. This is done under the following scenarios to compare
numerical results.

Strategy A: Optimal implementation of vaccine therapy (v,
# 0), efficacy of vaccines (v, # 0), and effort to increase the
number of recovered birds (v; # 0).

Strategy B: Optimal implementation of vaccine therapy (v,
# 0) and efficacy of vaccines (v, # 0) without any effort to
increase the number of recovered birds (v; = 0)

Strategy C: Optimal implementation of vaccine therapy (v,
# 0) and optimal effort to increase the number of recovered
birds (v3 # 0) without efficacy of vaccines (v, = 0)

Strategy D: Optimal effort to increase the number of
recovered birds (v # 0) and efficacy of vaccines (v, # 0)
without optimal implementation of vaccine therapy (v, = 0).

Strategy E: Optimal effort to increase the number of
recovered birds (v3 # 0), withv,=v,=0.

Strategy F: Optimal efficacy of vaccines (v, # 0), with
V1:V3:0.

Strategy G: optimal implementation of vaccine therapy (v, #
0), with v, =v3 =0

The latently infected, infected productive and infective non-
productive birds with and without control are plotted using the
parameters values as in Table 2 below.

Numerical Solution of the ND

Table 2. Parameter values for Newcastle disease

Parameter Estimated References

n 0.6 Bornall et al (2015)
§ 0.1 Sharma et al (2015)
d 0.5 Qin &Zheng (2016)
p 100 Elizabeth (2016)

T 0.033 Elizabeth (2016)

v 0.026 Elizabeth (2016)

) 0.026 Elizabeth (2016)

Parameter Estimated References
Q 0.033 Hugo et al (2016)
Q 0.182 Hugo et al (2016)
o 0.01 Hugo et al (2016)
% 0.16 Hugo et al (2016)
d 0.2 Hugo et al (2016)
Ba 0.03 Hugo et al (2016)
By 0.003 Hugo et al (2016)
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Figure 2. A plot representing the population of latently infected birds with and
without control.

In Figure 2, we observe that in absence of any control
measure, the number of latently infected birds will increase
rapidly from the initial population size of 80 to 160 birds within
1-3 days, whereas in the presence of control measures the
population size will reduces to about 30 birds and goes to a
stable state. This shows that the control measures are effective.
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Figure 3. A plot representing the population of infectious birds with and
without control.

The effect of the three control measures on the infectious
classes can be seen in Figure 3. The number of non-productive
infectious birds reduces to zero with control whereas the
number of infectious productive reduces to about 8 birds and
goes to its stable state when control is applied. This shows that
the application of all three control measures tends to be more
effective in the non- productive infectious bird population.
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Figure 4. A plot representing the population of latently infected birds with
optimal vaccination therapy (v;) and efficacy of vaccines (v,) without optimal
effort to increase the number of recovered birds (vs).
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Figure 5. A plot representing the infectious bird population with optimal

vaccination therapy (v;) and efficacy of vaccines (v;) without optimal effort to
increase the number of recovered birds (v;).

From Figures 4 and Figure 5, the combination of efficient
vaccination therapy and optimal efficacy of the vaccines are
significantly more effective in the infectious productive birds
population, since the combination reduces the population size
of the birds to zero with 9—10 days.
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Figure 6. A plot representing the latently infected bird population with optimal
vaccination therapy (v;) and optimal effort to increase the number of recovered
birds (v3) without optimal efficacy of vaccines (v;).
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Figure 7. A plot representing the infectious bird population with optimal
vaccination therapy (v;) and optimal effort to increase the number of recovered
birds (v3) without optimal efficacy of vaccines (v;).

It is observed from Figure 6 that with this combination does
not much effect on the latently infected birds at the early days
of the outbreak, since the population size increases to about
130 before it starts reducing to its stable state.

From Figure 7, the infectious non -productive bird reduces
to zero whereas the productive infectious bird population
reduces to 9 birds on the 9™ day of the disease outbreak.

From Figure 8 we see that optimal efficacy of the vaccine
and effort to increase the number of recovered birds increases
the number of latently infected birds population to about 129 at
the early days of the infection whereas from Figure 9, the
infectious productive birds reduces to 15 while the non -
productive birds reduces to zero.

The results from Figure 10 show clearly, the effect of
vaccination therapy on the latently infected birds. We observe
that this programme will reduce the number of latently infected
birds even if it not done more often. From Figure 11, we
observe that this programme has effect on the infectious
classes especially the non-productive infectious bird
population, which reduces to zero after about 4 days.
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Figure 8. A plot representing the latently infected bird population with optimal
efficacy of vaccines and optimal effort to increase the number of recovered
birds (v3). without optimal vaccination therapy.
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Figure 13. A plot showing the effect of vaccine efficacy on the infectious bird

population.

The graph on Figure 12 shows that if the efficacy of the
vaccine increases to about 60%, the number of latently infected
birds will fall below the number without control. From Figure
13, the efficacy of the vaccine has more impact on the infectious
non -productive bird than the infectious productive bird.
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Figure 15. A graph showing the effect control v; on the infectious bird
population.

It is evident from Figure 15 that as the number of infectious
productive birds reduces as a result of disease induced death, it
drops to below 20 and then stabilises. The number of non-
productive birds will drop to zero.

In this thesis, we considered the theoretical analysis of
compartmental Newcastle disease (ND). The study is briefly
summarised below;

Firstly, stability analysis was carried out using the Lyaponuv
function theory and Lasslle’s invariance principle for each of
these disease models. Subsequently optimal control problems
were formulated for the control models and was analysed using
the pontryagin’s maximum principle. Sensitivity analysis was
also carried out to find out how important each model
parameters are to the disease transmissions. This was done
using the normalized forward- sensitivity index.

Finally, the results of the study were presented using
numerical simulations for the disease models, for which each
intervention strategies were discussed and results established.

5. Conclusion

The Newcastle disease model is divided into six
compartments were we considered the productive and non -
productive bird populations. The DFE and EE is locally

asymptotically stable if Ry<1 and 8 > Cl_i;d
14 n
is established to be globally asymptotically stable if Ro<1 for
DFE and Ry>1 for EE. The control strategies includes the
control variable based on the efficiency of vaccine therapy (vy),
the efficacy of the vaccine (v,) and effort to increase the
number of recovered birds. We observed from the numerical
results, that the control strategies did not have much impact on
the infectious non -productive birds but had high impact on the
latently infected and infectious productive birds. The
combination of effective revaccination program and optimal
efficacy of the vaccines was found to reduce the number of
infectious productive birds, hence will increase the level of
bird productivity.

The work was motivated by the possibility that
mathematical modelling could improve the understanding of
the dynamics of this disease, particularly the impact of

respectively and

infection on poultry productivity. Based on the analysis of this
study, we can conclude that poultry productivity can still be
achieved even in the presence of perverse disease outbreak, if
appropriate control measures are applied. Hence we
recommend that control programs that follow the strategies
stated for each of the diseases in this study, can be used
effectively to prevent and reduce the spread of these diseases,
in order to enjoy high poultry productivity in our poultry
industries.
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