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Abstract: In this manuscript the implicit Runge-Kutta (IRK) method, with three slopes of order five has been explained,
and is applied to Van der pol stiff differential equation. Truncation error, of order five, has been estimated. Stability of the
procedure for the Van der pol equation, is analyzed by the Lyapunov method. To illustrate the structure of the method, an

Algorithm is presented to solve this stiff problem. Results confirm the validity and the ability of this approach.
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1. Introduction

An Implicit Runge-Kutta method for solving differential
equation y'=f(¢t,y) with v slopes is defined by the

following equation:

yn+1 :yn +ZwiKi

i=1

v

Where K, =hf(, +cih’yn+zainj)
j=1
14
and ¢ =%"q | i=12,..v
And a; , l<si,jsv,w, ,w,,....w,  ae

parameters that will be determined. The function K F is
defined by a set of V implicit equation.( see [1] and [6] )
In electronic, the Van der Pol oscillator is a non-
Where a,,a,,,a;,w,,
gives

conservative oscillator with non-linear damping. This
problem was originally introduced by Van der pol (1926) in
the study of electronic circuit by the following second order
stiff differential equation

u"tew? —Du'+u =0.

Where u is a function of the time #, and £ is a positive

scalar parameter indicating the nonlinearity and the
strength of the damping. (see [4] p-121 & [1] p-16)

2. The Implicit Runge-Kutta Method

In this implicit method let's IV =3, then we have the
following equation

K, =hf@, tchy, *a,K, ta,K, +a;K;3),
Va1 =V TWK WKy + WKy, €))

¢ =ay;ta,+tas, i=1,2,3.

i =1,2,3 are twelve arbitrary parameters, which should be determined. The Taylor series

' l n l m l iv
Y(t,) = y(,) +hy (tn)+5h2y (t,,)+gh3y (t,,)+§h4y () +... @

Where
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y'e)=fr,.y,)
0

=G ), = Gt %)f = Df

y" )= 2 DS 1= D S, DS
YU ES e 3y ¥ H S DS, S 2 S
(DG, #3/f,, +f ), =D +f, D°f +3Df Df, +f'Df

Based on expansion of two-variable function, the equation K ; in (1) changes to:
K. =hlf, +(c,hf, + (@, K +a,K,+a ;K;)f,)
T é—(crzh fu+ 20 h(a K +a, K, va K )f, + (@, K, +a,K,+a,K,)f,)
+ I—(Cfiv o +3cih (a, K| +a,K, +a, K 3 oy
+ 3¢, ha, K+ a K, +a,K ), (an K v a, K, +a K ) ) 3)
+ 21—4(c]4/’1 {frm + 4cf/’7 3(a]lK1 +a,K,+ ale})fmy
+6¢ h(a, K +a, K, +a K ) f,,, +4c h(a, K +a,K,+a, K, Vf,,
+(a, K +a,K,+a K ), )+..1 .i=123
These equations are implicit and we cannot easily obtain the explicit expression forx , K ,, and K, . In order to

determine K, K, ,and K explicitly, we assume the following form
K =hd,+h’B, +h’E_ +h*D, +... .i=123 4

Where 4, ,B,,E,,D,,and F; are unknown to be determined.
Substituting for K, K,,and K, from ( 4 ) into(3), and on equating the terms with identical powers of h in Taylors
series, we obtain the following results:
4, =71,
c.f, t(a, A, +a, 4, +ai3A3)fy =c, (f, +fnfy )=c,Df

Bi
E, = (@, vaye, +ae)f Df +e D
Di

=la, (a, ¢, ta,e, tases)ta,(a,c, ta,e, tayes)

+ai3(a3lcl + a32C2 +a33c3)]fy2Dfn +CL (ailcl +ai202 +ai3c3)Danfy
1 1

+ E(ailclz +a[2C22 +ai3c32)fyD zfn + EC[3D 3fn

F, =layl(ay (a1 a0, tajzes) tagy (a0 +ay0, tayes)
2

+taz(az ¢ +aze, *asi) f,°Df, +o(ay¢ +ane, +ase)Df,Df,
1 2 2 2 2 1 3.3

"‘E(ancl ta,0,” tase) f,D7 f, +gch Sl

tap[(ay(ag ¢ +apc, +a363) +ay (ay 0 +ayc, +ay03)

2
tays(as¢) +asyc, tassey)) f,"Df, +cy(ay0 +ayc, tayes)Df,Df,
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1 2 2 2 2 l 3.3
+§(a2101 +tay0," tayes)f,D°f, +ngD Saltasl(az (a1 +ape, +apes)
2
+asy(ag1¢) ¥ aycy +aycy) +as(ay 0 +ase, +ae)) [, Df,
" + + DFDf 41 2, 2 g NF DA s L3
¢3(az ¢ tazc, +ayes)Df, DS, 5(“3101 asc,” tayey) f,D° f, gfs s

1
+lay (a1 +ae; + a3 )fnyn +5C12D.fn)

1 (%)
+a;,((ay6 a0 +a2303)fnyn +5C22D.fn)
1 1
+as((az ¢ *ane, +asse) f,DF, +5032Dfn NSy +5(ai1C1 tapc, ta;e )zfnyan
1
+Eci2 (anc tape, +a;c3) f1n,Df, +cl (a0, + a0, +agces )Ju Loy DF s
1 1 .
+Eci2fn2 (ailcl + ajCy + ai3c3)jrynyjrﬂ +§C;‘D4fn L= 17 273
Numerical method in equation (1) with the help of (4) may be written as
Vour =V, Y h(wid +wyd, + wid;) + hz(W1B1 +w,B, + wyB;) ©)
+h (W E, +w,E, + w,E))+ h*(w,D, +w,D, +w,D,)+ ...
Where 4,,B,,E;,D,, and F; are given by.(5) (7g): iw.c.a.c =1
i i i J >
By equating the coefficients of the terms with the i 3:‘ 8
S . . 1
identical powers of /2 in (6) and (2), the following (7 h): woa, e =
i,j=1
equations are obtained. which are the same as the system of | 1
equations Butcher introduced in ( [1] & [6]) 7 Z Wadyap e = o
i.j k=
3
(7a): Z:;W =L W, ,i=1,2,3can be determined from (74-74), and
3 _ . . .
Tb): Sw,ec, = l’ from (7e —7i) and three more the following equations
= 2 ¢, =a, +a,+a,,i =123 q ,i,j =123 will be calculated.
3 1 . ‘
(7c): ZW el = 3’ Butcher (1964) introduced RK method based on the
- | Radau and Lobatto quadrature formulas. In this procedure
(7d):  Yw,el= I the coefficients ¢, are taken the Radau's roots of the
- Legendre polynomial of degree three:
3 1
(76): Zwia,/’cjzfa d2 2 3\ _ _4—\/g _4+\/€ _
e 6 dxz(x (x—l))—O =c = m , €y = m , ¢y =1.

3
(71 ) : ZW(C" a;c, =l,

T 78 The solution of the system (7), after substitution of the
values of ¢; results in the following coefficient of Radau
formula of order five:

4 -6 16-+/6 88 -76  296-1696 -2 +36
10 36 360 1800 225
N R/ 16+ /6 L= |296+169V6 88+ 746 -2 -3-/6
10 ’ 36 1800 360 225
| 16 - /6 16 + /6 1
1 — 36 36 9
L 9 J

Substitutions of these values in (1), leads to:
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Koohfa 477\/5,,”‘1\” L 88 ?\/EK1+ 296717679\/5K2+ 73”/‘/51{3)
10 360 1800 225
K,=hf+ 4+£h’” . 296+1769\EK1 88+“7£K2+ —2—3_\51&,3)
10 1800 360 225 )
K ,=hf(, +h.v, + 16-6, | 16+\/€K2+lgj).
36 36 9
Vo=V, t 16- /8 D+ 16+£K2+LK3.
36 35 9
3. Numerical Example following formulas:
. , .
.To illustrate the; me;thod, let's apply IRK on the followmg K, =hf(t +ch,u, +Zai K. v +Zai K )
stiff problem, which is known as Van der pol equation: e i
y'+e(y’ =) y+y =0, y (0) =2,y '(0) = 0. K, =hglt, +ehu, +2a, K, v, +2a,K,)
J J
Ip the first step by cor'151de?r1ng ' the new dependent Where i,/ =1,2,3 . Then
variables, Van der pol equation is written, equivalently, as
the following system of two first order differential equation: 16 - /6 16 + 6 1
U, su, =K+ =2 K+ K,
\ 36 36 9 (10)
u'=f(wu,y)=v —5(%—14), u(0)=2 Vo, =y, + 16 - V6 3_6\/6—Km + L6+ V6 ;6\/6—1( + ;—KM

©)

v'=gu,w)=-u, v(O)Z%E

For applying iterative formula (8), to the system (9) the
parameters K, K, should be computed from the
IRK_NEWTON ALG( ¢, step size h, 1,V )

fori < 2 to time lenght
do input U(O), y(0,
for k<1 to infinite
do for j«<1 to 3

Pseudo code Algorithm: Let's explain the above method
with following Pseudo code of Newton iterative procedure
for solving example (9) (takei,j =1,2,3)

do o (j) < UM j1u, —halj 131 /(011 7O [1); .

AU, v 21); (UP[3], ¥ 0 [3]) |
o () = V911, + healj1.31-0%0

fors<1 to 3
do forr <1 to3

do M, (s,r) <8  —hAlsr) ~%(U(k)[r], 1)

M (s,7) < SS’V
A =M o

AV ‘_MV-I' (pv

vy g

pUdD o _p

if ” ph+b _yk ” < precisel and || yler D _p k) ” < precise?

break
-1 [
K, <4 (uV"D) —y -[1,1,1]")
Kv<—A_1<V(ﬁ”al) _Vn'[la 1,l]t)
—u +W"K,
!
v, +W- K

un+1

Vn+1

The results of applying this algorithm to the Van der pol
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equation, are plotted for £ =10,4 =0.1, in the following
Figl.

25

L L L L I . I I !
-1 10 15 20 25 30 358 40 48 a0
time

Fig. 1. The solution of Vsn der pol equation

4. Truncation Error Analysis

Definition:[6] truncation error is the quantity 7" which

f(t,y)=6r

y(t,.) = y(,)+

- +
1636\/5K1+16 JEK

must be added to the computed quantity in order that the
result be exactly equal to the quantity that we are looking
for. This means:

y (tme computed quantity ) +T=y (exact solution)

Then the exact value of (¢ ) will satisfy

y (@, )=y @) +the@,,y(,),h)+T,

Where @(¢,,y(t,),h) is a function of the argument
t,y ,and h , and is called the increment function, and

T , 1s the local truncation error. Let's taken y (¢ ) = ¢ 6 as

computed quantity of (8) we get:

1
2+§K3+Tn

36
(€, = (t, +h)S =10 +M6h(tn + 4_\/3;1)5 + 16“/36;1(@1 +ﬂh)5
36 10 36 10
+l6h(t” +h)} +T, = T, = ~ L e
9 100

The traditional value of the truncation error is usually
considered as: 7 =C & °y (). comparing with the

above value of truncation error results in » = _ 1 .
72000

So the truncation error is of O (& 6) , 1.e. the method
(8) is of order five. (see [6] and [1])

5. Stability Analysis of the Van Der Pol
System

Definition 1. Stability and asymptotic stability: The
solution of a system of equation say Y'= F( X), is stable, if

forall £ 21, we get: [9]
Oe>0 [0,>0 ([¥(t)-x(t)|<d =|r@)-x@)|<e)

and the solution is asymptotic stable, if it is stable and also

06,>0 (IFt)-x(t)[<g = [FO-x@)]| - 0),as
! -
Definition 2. Invariant set: A set such as M OR" is
invariant set of system of equation y' = g ( X ), if from any

X,0M conclude that X (¢,X )M, forall ¢ LR /9]
Theorem [. If the scalar positive definite function V' (.X),

called Lyapunov function, defined on the set
S, ={x DR":|x| <P} . and ¥'(X)<0 then the
zero solution of X' = F(X )is stable /9.

Theorem 2. Let's the positive definite function
V(X)) exists as such p'(X)<0 on the open set Q ,

inx'=r(x), F is a function F:Q — R" , M includes
E Oc,
E={xOR"w'=0} and c,={x OR"V (X)<A}.
Then any solution ¥ (¢, )0C, of X' =F (X ), converges

into the M [11].
Corollary. Let's the assumptions of the theorem 2 hold.

all invariant subsets of where

If zero is only invariant point of £ , then the zero solution
of X'=F(X) is asymptotically stable /1/].

Stability of the system of equation (9) is proved in the
following:

Let's (4 ,v):l(uz +v2), which is positive definite on
2
2
R? and p Wwy)= —guz(u_—1) , then on the strip
3

QZ{(u,v)DRZ:-\/g<u <\/§,—oo<v<oo} , we have
V'(X)<0. It is obvious that for £ :{(u,v)DQ:u =O},

system (9) is converted into the following system:
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u'=v

v'=

Regarding the last corollary the set including zero is the
only invariant subset of E.And (0,0) is the asymptotic
stable point of (9). To determine the asymptotic stability
area, Let's consider the set of curves V' (u,v)=A, where
A=20, (u,v)0Q. This set is obviously closed and the
curves are symmetric with respect to the u —axis. The
function % is decreasing on the interval (-~/3,0] and
increases on the 0 <u < /3. For the constant A, the
curve V (u,v)=A cuts the borders at one of the points
(=/3,0)0r (1/3,0) . So the best value for the parameter A is
equal to ~_ (ﬂ (\/5)2): 3 , and asymptotic

5

2 2 2
stability area consists of the pointes in the closed circle

C, :{(M,V)DQ;MZWZ g3}. Then any limit cycle of the

Van der pol equation is out of the circle u? +v* =3 (see [1]
p-16).

6. Conclusions

Since there are three different topics studied, conclusion
is also divided in different parts;

A-From truncation error section, we conclude that order
of this implicit method is five, and this means that this
numerical method is precise for polynomials of degree less
than six.

B- The disadvantage of the Runge-Kutta methods is that
they involve considerably more computations, but have the
advantage of self starting.

C- Method (10) with 4 =0.1 can only used until

=33, and for £>33, the order of the method should
increased or related step size decreased.
D- From stability analysis section, we conclude that the

method applied to the Van der pol equation is stable, And
this means the formula of the numerical method is
insensitive to small change in the local errors.
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