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Abstract: Graphs are excellent mathematical tools applied in many fields such as transportation, communication, informatics,
economy,.... A network and a flow network is a useful device to solve many problems in many fields in reality. However, most of
the network applications in traditional graphs have only considered the weights of edges and vertexes independently, in which the
length of a path is the sum of weights of the edges and the vertexes on the path. However, in many practical problems, weights at
a vertex are not the same for all paths passing the vertex, but depend on the edges coming to and leaving the vertex. For example,
the transit time on the transport network depends on the direction of transportation: turn right, turn left or go straight, even some
directions are forbidden. Furthermore, on a network, there are many types of commodities, each of which are at different costs.
Types of commodities share the capacity of edges and vertexes. Therefore, it is necessary to study a network with multiple
commodities at multiple costs. The article builds a model of extended multi-commodity multi-cost network in order to modelise
practical problems more exactly and effectively. The maximal concurent multi-commodity multi-cost flow limited cost problems,
that are modelized by implicit linear programming problems. On the basis of duality theory in linear programming, an effective
polynomial approximation algorithm is developed.

Keywords: Network, Graph, Multi-cost Multi-commodity Flow, Linear Optimization, Approximation

necessary to build an extended mixed network model in order
to apply more accurate and effective modeling of practical
problems. Multi-commodity flow in traditional network
problems have been studied in the papers [3-11].
Multi-commodity singlecost flow problems in extended
transport networks are studied in the papers [12-22]. The
papers [23, 24] study maximal multi-commodity multi-cost
flow problems. The papers [25, 26] study maximal
multi-commodity multi-cost flow limited cost problems. The
papers [27] and [28] study maximal concurent flow problems
on extended multi-commodity multi-cost networks.

1. Introduction

Flows on networks are excelent mathematical means used
in many applications as communication, transportation,
economy, informatics, ..... So far, most of the network
applications in traditional graphs have only considered the
weights of edges and vertexes independently, in which the
length of a path is the sum of weights of the edges and the
vertexes on the path. However, in many practical problems,
the weight at one node is not the same for all paths passing
through that node, but also depends on coming and leaving
edges. For example, the transit time on the transport network
depends on the direction of transportation: turn right, turn left
or go straight, even some directions are forbidden. The idea
of using duality theory of linear programming to solve these
problems is motivated by the work [1]. Paper [2] proposes
switching cost only for directed graphs. Therefore, it is

2. Multi-commodity Flows in Extended
Multi-commodity Multi-cost Network

Given mixed graph G = (V] E) with node set /" and edge set
E. The edges may be directed or undirected. The symbol E| is
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the set of edges incident the node v[IV. There are many types
of commodities circulating on the network. Commodities
share the capacities of the edges, but have different costs. The
undirected edges represent the two-way edge, in which the
commodities on the same edge, but reverse directions, share
the capacity of the edge.

The symbol 7 is the number of commodity types, g;> 0 is
the coefficient of conversion of commodity type i, i =1, 2,...,
r.

We define the following functions:

Edge circulating capacity function ce:E — R’, where ce(e) is
the circulating capacity of the edge e//E.

Edge service coefficient function ze:E ~R", where ze(e) is
the circulating ratio of the edge elJE (the real capacity of the
edge e is ze(e).ce(e)).

Node circulating capacity function cv: VSR, where cv(u) is
the circulating capacity of the vertex uJV.

Node service coefficient function zv:V —R", where zv(u) is
the circulating ratio of the vertex vV (the real capacity of the
vertex v is zv(v).cv(v)).

The tuple (¥, E, ce, ze, cv, zv) is called an extended network.

Edge cost function i,i=1, 2,..., r, be,-:E—»R*, where bej(e) is
the cost of circulating the edge ellE a converted unit of
commodity of type i. Note that with 2-way paths, the cost of
each direction may be different.

Node switch cost function i, i=1, 2,..., r, bv,—:VXEXE—»R*,
where bv(v,e,e’) is the cost of transferring a converted unit of
commodity of type i from edge ellE, through vV to edge
e’UE,.

The set (V, E, ce, ze, cv, zv,{be, bv;, qii=1..r}) is called an
extended multi-cost multi-commodity network.

Note: If befe)=c0, commodity of type i is banned from
passing on path e. If bv(v,e,e’) = 0, commodity of type i is
prohibited from circulating edge e through v to edge e’.

Let p be the path from vertex u to vertex v through edges e;,
j=1,2, ..., (h+1), and vertices u;, j=1, 2, ..., h as follows

p =1lu, e; uy, e, u, ..., ey, Uy, ep+q, V]

The cost of passing a converted unit of commodity of kind i,
i=1,2, ..., r, through the path p, is denoted by the symbol
b,(p), and calculated by the following formula:

htl

h
bip) :ZIbei(e.;)+ b, (u)e56,) 1
J= J=

Given a multi-cost multi-commodity network G=(V, E, ce,
ze, cv, zv, {be, bv; qfi=1, 2,.., r}). Assume, for each
commodity type i, i=1, 2, ..., r, there are k; source-target pairs
(sip tij), j=1, 2, ..., k;, each pair assigned a quantity of
comodity of type i, that is necessary to move from source node
s;; to target node ¢;;.

Denote P;;the set of paths from node s;; to node ¢; in G,
which commodity of type i can be passed through, i=1,2, ..., r,
7=1,2, ..., k. Set

k.

i

r=UJP, o=l .7 2)

jAl

For each pathp UP;;, i=1,2, ...,7,j=1,2, ..., k;, denote x; (p)
the flow of converted commodity of type i from the source
node s;; to the target node ¢;; along the path p.

Let P; . denote the set of paths in P; passing through the edge
e, UellE.

Let P;, denote the set of paths in P; passing through the
node v, Lv/V.

A set

F= {xix/(p) ‘p DPi,ja izla 2a ceey }",jzl, 25 LERE) kz} (3)

is called a multi-commodity flow on the extended multi-cost
multi-commodity network, if it satisfies the edge capacity
constraints:

rk
ZZ in,j (p) < ce(e).ze(e), eE  (4)

i=l j=1 pOpP,

and the vertex capacity constraints:

r kK
ZZ in,j (P) < cov(v).zv(v), vV (5)

i=1 j=1 pOF,,

The expressions

fo = sz:j(p),i:l,z, o rj=1,2, .k (6)

plp ;

are called the flow value of commodity kind i of the
source-target pair (s;;,%;;) of the multi-commodity flow F.
The expresstions

k.

i

o= D il %)

J=1

are called the flow value of commodity kind i of the
multi-commodity flow F.
The expresstion

fr=2 ®)
i=1
is called the flow value of the multi-commodity flow F.

3. Maximal Concurent Limited Cost
Multi-commodity Multi-cost Flow
Problems

Given an extended linear multi-commodity multi-cost

network G=(V,E, ce, ze, cv, zv, {be;, bv,, qli=1, 2, ..., r}).
Assume, for each commodity type 7, i=1, 2, ..., r, there are k;
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source-target pairs (s;; t;;), /=1, 2, ..., k;, each pair assigned a
quantity D;; of commodity of kind i, that is required to
transferred from source vertex s;; to target vertex #;;. Given a
limited cost B.

The mission of the problem is to find a maximum number A
such that there exists a flow converting A.D;; unit of
commodity kind i, =1, 2, ..., r, from source vertex s;; to target

vertex t;;, Uj =1, 2, ..., k;, and the total cost doex not exceed
the limited cost B.
Set
rk
Z X, ; (p) <ce(e).ze(e),lleUE
i=1 j=1 pOp,,
rk
Z X, ; (p) <cv(v).zv(v),v OV
i=1 j=1 pOp,
Z X, (p) 2Ad, ;0 =12,..k
PDE.;'
rk

Z x,(p)b(p)<BAZ20,x, (p)20,0i =1,2,...r,00j =1,2,..k,Op 0P,

The dual linear programming problem of (P), called (D), is
constructed as follows: each edge elJE is assigned a dual
variable le(e), each vetex vL1V is assigned a dual variable /v(v),

D(le,lv) = Zce(e).ze(e).le(e) + ch(v).zv(v).lv(v) +B.¢ - min

eV

d;=q.D;;, 0i=1,2, ..., 1, =1, 2, k;
The problem is expressed by an implicit linear
programming model (P) as follows:
A - max
Satisfies
(P)
each requirement dj; is assigned a dual variable z;, Ji=1, 2, ...,

r, /=1, 2,..., k;, and the cost constraint is assigned a dual
variable @. The problem (D) states as following:

Dle(e)+ D v(v) 2z, 0i =12,...r, Oj=12,...k,0i =P, (D)

ellp vp

b
i=1 j=1

Now, given p[IP a path from vertex u to vertex v through
edges e, =1, 2, ..., (ht+1), and vertex u;, i=1, 2, ..., h, as
follows

p =1[u, e uy, e uy, ..., ey Uy, eprq, V]

We define the path length of p, denoted by length{(p),
depending on the variables le(e), Iv(v) by the following
formula:

h+l

h
length(p) = Zle(e_/) + ) (u,) +b(p)g (9
j=1 j=1

Denote dist; (le,Iv,@) the shortest path length from s;;to ¢;
calculated by function length(p), Ui=1, 2, ..., r, Uj=1, 2,..., k..
Set

r ok
atlelv,g)= Y. > d,  dist, (le,lv,$). (10)

i=1 j=1

Consider the problem (D,):

k;
D> d, .z, 21le(e) 20,0e DE,v(v)20,V0V, 2, , 20,0 =1,2,...,r, 0 =1,2,...k

$>0

ey iy

= min Mle:E SR,V - R.,$20
a(le,lv,9)

Lemma 3.1. The problem (D) is equivalent to the problem
(D) such that their optimal value are equal and the optimal
solution of one problem derives the optimal solution of the
other problem and vice versa.

Prove

Denote min(D) and min(D,), respectively, the optimal
values of the problem (D) and the problem (D,). Given
functions le: E~R", v:V - R’. Set

le’(e) =le(e) /alle,lv,¢) OelE, v’ (v) = v(v) /alle,lv,¢) OvOV,
¢’ = ¢/alle,lv,p) and z’;; = dist; (le’,Iv",¢’)
=dist; (le,lv,@) | alle,lv,@), 0i=1, 2, ..., r, =1, 2,..., k..
We have



77 Ho Van Hung and Tran Quoc Chien:

Maximal Concurent Limited Cost Flow Problems on Extended

Multi-commodity Multi-cost Network

Dle () 2 ) bip)-¢ 22

ellp vOp
Dlzl, 2, e 1y Djzl, 2,..., ki’ DpDPl»/
and

r

k" 1
d .z &@==—
247 o g

i=1 1

~

j=
k;
D d, dist, (le,Iv,$) =1

i=1 j=1

So (le’,lv’,¢,z’;;) is an accepted solution of (D) and
D(le,lv,$)

Db ¢) = leid)’

Hence,

min(D) < min(Dg) (11)

On the contrary, let (le,/v, @, z;;) be an admitted solution of
(D). Then, we have:
z;; < dist; (le,lv, @), 0i=1,2, ..., 7, j=1, 2,.... k;

ij =

r ki r ki
Sallelg)=Y > d, dist, (le,v,$)=> > d, .z, >1

i=l j=1 i=l j=l

D(le,lv,9)
a(le,lv,p)

It follows < D(le,lv, ). Hence,

min(D) = min(Dg) (12)

From (11) and (12) it follows min(D) = min(D,).
Next, if (le,lv, @, z;;) is an optimal solution of the problem
(D), then (le’,Iv’, @’,2’; ;) where

le’(e) = le(e) / alle,lv,¢) OellE,
') =) /allelv,¢) OvOV,
¢ = ¢/allelv,g) and z’;; = dist; (le",Iv’,§")
=dist; (le,lv,@) /a(le,lv,¢), 0i=1, 2, ..., r, =1, 2,..., k;,

is an optimal solution of problem (D).

Conversely, if (le,lv,@, z;;) is an optimal solution of the
problem (D), then (le,lv,@, z;;) is an optimal solution of the
problem (D).

4. Algorithm

Ideas

Algorithm is implemented through several phases. Each
phase consists of & loops, A=k +kyt ... +k.. At the loop [i],
Ui=1, 2, ..., r, =1, 2,..., k;, of a phase ¢+ we move d,;
converted units of commodity of kind i from source vertex s;;
to target vertex f;;. This move is implemented in several steps.

Algorithm

O Input. Extended multi-cost multi-commodity network

G=(V,E, ce, ze, cv, zv, {be; bv;, q]i=1, 2, ..., r}). Assume, for
each commodity of kind i, =1, 2, ..., r, there are k;
source-target pairs (s;; t;,), /=1, 2, ..., k;, each pair assigned a
quantity of commodity D;; of kind i, that is necessary to move
from source vertex s;; to target vertex f;;. Given a limited cost
B and an approximation ratio « Let denote n=|V|, m=|E|.

¢ Output:

Maximal concurent multi-commodity flow F represents a
set of converted commodity flows at edges

F={f(e) | eE, i=1,2, ... r,j=1,2, ..., k}

Maximal concurent multi-commodity flow rF represents a
set of real commodity flows at edges

iF=1{rfi(e) | eUE, i=1,2, .., r,j=1,2, .., k;}

Total cost B,< B, maximal concurent coefficient A.
0 Procedure
//nitialization: Calculate £and 0

1
=1yl g (mAntlYe,
I+w 1-¢

dy;=D, g 0i=1,2, ...,y j=1,2, ..., ks

le(e) = d/(ce(e)ze(e)), De IE;

(V) = S/(ev(v)zv(v)); OvOV;

xe)=0,0i=1,2, ..., rj=1,2, ..., k, DelE;

$=0/B;

D(le,lv,§) = > ce(e)ze(e)le(e)+ > ev(v)zv(v).iv(v)

elE vay

+B.¢= (m+tn+l)d

t = 0; // phase counts in iteration...... while (D() < 1)

//Denote le;, Iv;,, D(¢), a(f) the corresponding quantities after
phase ¢.

D(0) =(m+n+1)0 ley(e) = le(e); DelE, lvy(v) = lv(v); TvO V,

$=9:

do // phases

{

for (i=1; i<=r; i++)

for (j=1; j<=k;; j++) // loops

{

d ’i,j = dz;/,-
do // steps
{

Find the shortest path p from s, to ¢;; calculated by function
length(.). Note that the path p must be valid for commodity of
type i, i.e., not containing the edge with edge cost o or the
node with the switch cost oo, dist; (le,[v, @) is the shortest path
p from s;; to ¢;; calculated by function length/(p), be(p) is the
cost of a converted unit of commodity type i on the path p. Set
¢ =min{min{ce(e).ze(e)|leUp} ,min{cv(v).zv(v)vUp}, d’;;}.

B’ = c.b{(p);

f(B>>B)
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{

c=c.B/B; B’ =B;

H

//Flow adjustments:

Uellp, x;(e) = x;(e) + ¢

le(e) = le(e).(1+&.c/(ce(e).ze(e)));
UvOp, v(v)= v(v).(1+&.c/(cv(v).zv(v)));
¢= @.(1+£B’/B),

B/‘: Bf+ B’,

d=d;;—c

D(le,lv, ¢) = D(le,lv, @) + £.c.dist; (le, I, );
} while (d’;;> 0);

W/ for ... for ...

t=t+1;

D(t) = D(le,lv,9);

lefe) = le(e), UelE;

v(v) = bv(v), OvOV;

if (D(H)< 1)

for (=1; i <=r; it++)

for (=1, j <=k j+1)

for (eJE)

Jij(e) =x;e);// f; (e) denote optimal flow
} while (D(¥) < 1)

//Modifying the resulting flows F’

1
B,=B;/ log,,, 3
for (=1; i <=r; it+)
for =1,/ <= ki; j++)
for (eJE)

1
fife)=fife)/ log,,, > ;
//Modifying flows on scalar edge
for (i=1; i<=r;i++)
for (j=1; j<=kij++)
for elJE, e scalar
if f; (e)>=f;(e’)// e’ is the opposite of the direction e
{

By= B/ fi(e")(bee)tbee));
Jife)=fie) = fife);

Jil(€)=0;

§

else

{

By= B~ fi(e)(befe)tbefe));
Jil&)=i€) — fife); fie)=0;
§

/IConvert the flow f; (e) to the actual flow 7f; (e) by dividing

the conversion flow by the conversion coefficient
fie) =fife)g, UelE, Ui=1,2, ..., r,j=1,2, .., k
// Maximum approximation coefficient

A=(@-1)/log L
- 1+ &2
0

//The End.
Proof of algorithm

O Remarks: In (¢—1) phases of implementation of the above

algorithm, Ui=1, 2, ..., r, j=1, 2, ..., k;, we have transferred
(t=1).d;; units of converting commodity type i from s;; to #;;
However, the transferred flow may exceed the throughout
capacity of the edges.
The following lemma resolves the above problem
t—1
Lemma4.1. A> 1. (13)

log,., —
g >

Proof. Consider any edge e. Initiationly,
le(e)=0/(ce(e)ze(e)), UeOE, W(v)=90/(cv(v)zv(v)), OvOV,
¢=9/B.

After (—1) phases implemented, we have D(r—1) < 1, it
means

Z ce(e).ze(e).le,_1 (e) + Z cv(v).zv(v).lvt_1 (v) +B¢,_ <l

elE vy

that follows
le,_i(e) < 1/(c(e).ze(e)), UelE, Iv,_i(v)< 1/(cv(v)zv(v)), OvOV.

Let fe(e) be the sum of the converted units of commodities
passing elJE and fv(v) is the sum of the converted units of
commodities passing v[JV in (¢—1) phases.

Consider e[JE. Suppose in the process of constructing fe(e)
there is ce(e)ze(e) units of the flow passing e through ¢ steps,
each step transfers g, converted units of commodity, i.e.

Z 85 = ce(e)ze(e).

Through each step, le(e) is increased by the factor
(1+£.g/(ce(e)ze(e))). So, through g steps, le(e) is increased by
the factor

|_| (1+£.g, ce(e)ze(e)) > (1 + £ g, lce(e)ze(e)) = (1+¢€)

s

We see, for every edge e(JE, for each transfer of ce(e)ze(e)
converted units of commodities through e, /e(e) increases by at
least one factor (1+¢g).

Similarly, for every node vV, for every cv(v)zw(v)
converted units of commodity passed v, [v(v) increases by at
least one factor (1+€).

On the other hand, the number of times to send ce(e).ze(e)
converted unit of commodity over each edge e[JE is at least
fe(e)/(ce(e).ze(e)) and the number of times to send cv(v)zv(v)
converted unit of commodity through each node vV is at
least fv(v)/(cv(v)zv(v)).

At this point, the edge and node functions will satisfy the
following inequality:

le,_\(e) = ley(e).(1+ € Y cdozee) Mg 1
and

th-1(V) > IVO(V).(IJ" £ )/i/(v)/(ve(v).zv(v))’ v O Vv
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Hence inferred

le,_,(e)
le,(e)
3/(ce(e).ze(e))

Je(e) < ce(e).ze(e). 1084,
ce(e).ze(e). log,,,

ce(e).ze(e). 10g1+£ % ,OeOFE

and

lvt—l )
- . <
lvo(v)
cv(v).zv(v). 10g1+g 1/(CV(V).zv(V)) _

O /(cv(v).zv(v))

(V) < ev(v).zv(v). 10g1+£

cv(v).zv(v). loglﬁ%, Ov Ov.

1
Thus, divide fe(e) by log,,, 3 Oe O E, that follows fv(v)

1
is divided by log,,, E_ , we receive accepted flows.

The above analysis shows that after (#—1) of phases, [i=1,
2,...,1,j=1,2, ..., k;, we have moved (¢-1).d;; converted units
from s;; to #;;. However, in order for the flow to be accepted,

1
we must divide the flow by 10g1+55-- So, 0i=1, 2, ..., r, j=1,

t—1
2, ..., k, we move log 1. d,
1+ 5
commodities from s;; to #;;. Then, flow through edge e is no
greater than ce(e).ze(e), Oe O E, and flow through v is not
greater than cv(v).zv(v), OvOV. So, we have

converted units of

t—1

A (14)

> 1.
10g1+5 5

Lemma 4.2
Assume S = 1. The algorithm's found flow, after being

1
divided by log,,, 3’ is the concurent maximal flow, where

t—1
1 is the maximal coefficient with the approximation
IOg l+s ¢
o)
ratio (1+ ).

Proof

Since le and 1v functions are incremental after each update,

D(q) < D(g-1) + ga(q),0q = 1, 2,....t. 15)

Next, we have

M >ﬁ: a(q) < l);;q), Og = 1, 2,.., t

a(g) = (16)

From (15) and (16) we receive:

D(q) < D(g-1)+&D(q)/3. Og =1, 2..... ,

D(g) < Dg-D) _ Dg=2) _ <LO) _
=P g/g S(1-e/p? T (1-€/p)
(m+n+1).0
W, Og=1,2,...,¢t

For B2 1, we have

<(m+n+l).5 . £ ! (m+n+1).0 eq
B-¢

D(q)< (1—5//3’) (1_5/,8) e B¢

£(g-1)

(m+n+1).0
S TTZg) e P biT

(1-¢)
With regard to stop condition of algorithm D(¢) = 1, we have

(m+n+1).0

1,2,.,¢t

£(t-1)

1<D() < (1 _ 5) e B-¢
Hence
5 &£
1S (e .
(m+n+1)0
1
Set ;F% 10g1+£3_ and entail 4 from (17), we have
elog,,, — lni
y< = - g 2
(-g)n "¢ (-&)h(l+e) 178
(m+n+1).0 (m+n+1).0
a In-
For 9= (m-l-n-l-l) ‘', we have —oy  =(-97,
1-¢ n-——r—"-=
(m+n+1).0
and so
£ £
y

< < <(1-¢7
(1-&’In(l+&) ~ (1-&)P>(e-£/2) (1~
On the other hand, by duality, we have y=> 1.
Fore=1- 3 . ! , we have y<(1+a). Then, the value A=
Vi+w

t—1

1 is the maximal concurent coefficient with the
1+55
aproximation ratio (1+a).

log
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Lemma 4.3
Assume 8<1. Let/>1 such that /.3> 1. Apply the algorithm
to the requirements

\ 1

ij>

0=, 2, ..., =1,2, ..., k.

t—1
1, is the
10g1+£ 5
maximal concurent flow of the original problem, where the
t—1

log

The algorithm's found flow, after divide

1
maximal coefficient is ]’ with the approximation

1
1+& 5
ratio (1+ ).

Proof

According to Lemma 4.2, the algorithm's found flow, after

1
dividing by log1 ‘e 3 , 1s the maximal concurent flow of the

|:|l':1..}’,j:1..ki. and /]

1
problem to the requirement d’; ; = 7 d;j

t—1
= 1 is the maximal coefficient with the aproximation
1og1+s S
o
ratio (1+ ).
1 1 =l
Hence, - A= - 1 is the maximal coefficient with
l l 10g1+5 s

o

the approximation ratio (1+¢) of the original problem.
Lemma 4.4. The total cost after (r—1) phases does not

1
exceed B.log,, , 3_ . That means, that after dividing the flows

1
by log,,, —, the total cost after does not exceed B.
I+& 5

Proof
We have ¢y = d/B. After (t—1) phases we get D(t-1) <1, t.e.

Z ce(e).ze(e).le,_1 (e) + Z cv(v).zv(v).lvt_1 (v) +B.g¢,_ <l.

eE vay

It follows ¢,_; < 1/B. Furthermore, for each transfer of flow
such that the total cost is augmented by an amount B, ¢
increases by at least one factor (1+¢).

Therefore, denoting x the times of incresing the total cost by
B, after (+—1) phases, we have @.(1+&)" < ¢, < 1/B,suyrax <

1
10g1+£ x5

o

1
So, the total cost is B.log,,, 5 Hence, after dividing the

1
flows by log,,. E , the total cost after does not exceed B.

5. Algorithm Complexity

Theorem 5.1.
The algorithm’s complexity is
O( ™ (cemax/dmax).(y+k).m.n’ logy(m+n+1)),
where m is the number of edges, # is the number of vertices
of the network, k= k,+...+k,, cemax = max{ce(e).ze(e) | eE },

r k,
dmax = max{d,;| i=1,.., 7, j=1,..., k;}, and y=2_>d, ; cmin,

i=l j=1
with cmin=min{cemin, cvmin}, cemin=min{ce(e).ze(e)| eJE}
and cvmin=min{cv(v).zv(v) | vOV }.

Proof

First, we find the number of phases the algorithm has taken.
According to the proof of lemma 4.2 above and for 3 = A, we
have

B

1< y=—"log 1
—y t—l 1+€5

=>1I< 1+:8‘ 10g1+£% =>1= 10g1+£ % O(mﬂ

where €and ddepend on « Besides, ¢ depends on S.
Further, denote imax, jmax indexes satisfying
dmax =max{d;; | i=1,2, ...,7,j=1,2, ..., ki } = diax jmax-

From the constraint of the problem (P)

X, <(p)2/1.d,..,Di =12,..,r,j =12,k
sJ y
pUP.

we have

A< zximax,jmax (p)/ d. < DEZC(@).Z(@) / dmax

— pOP imax,jmax —

) . 5
imax,j max i max, j max

< |E
- Simax,j max

.cemax | dmax < m.cemax /dmax

that implies

SB=\ < m.cemax /dmax

1
=t= log,,, 3 .O(m.cemax/dmax),

Replacing 5= [L’Mj * to the above expresion, we
l-¢

have

1 m+n+l

t= —log (18)
£

e T2 .O(m.cemax/dmax).

On the other hand, each phase implements & loop, so the
loop number is k.z. Consider the loop transfering d;; converted
units of commodities from s;;to ;;, i=1, 2, ..., 7, j=1, 2, ..., k;.
Since cmin is the the minimal capacity of edges and nodes, the
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number of steps required to execute the loop is not exceeded
(d;j/cmin+1). The main procedure in each step, finding the
shortest path from s;;t0 ¢, has a complexity of n’ [8]. So the
complexity of the loop is (d; J-/cmin+1).n3. Hence the
complexity of each phase is:

r k, r kr
ZZ(d,-,, femint1).n*= (sz,-,j Jemint1).n*= (yt+k).n’.
i=l j=1 i=l j=1

So the algorithm’s complexity is

+n+1
mrTnrTl .O(m.cemax/dmax).( /\ﬂl-k).n3
£

t.(y+k).n’ _ log,,,
£ 1-

1 m+n+l

=0(—log,,, —— .m. /di (xt+k).n’®
(8 g, e m.(cemax/dmax).(y+k).n’)

= O(w™.(cemax/dmax).(y+k).m.n* log,(m+n+1)),

fore=1-3 1 = O(a) va 10g2(1+5)=8
Vi+w

6. Conclusions

The contribution defines the maximal concurent limited
cost flow problems on extended multi-commodity multi-cost
networks, that can be more exactly and effectively applied to
model many practical problems. The maximal concurent
limited cost flow problems are modeled as implicit linear
optimization problems. On the base of dual theory in linear
optimization, an effective polynomial approximate algorithm
is developed. Correctness and algorithm complexity are
proved.
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