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Abstract: In this paper, we study the traveling waves for the ratio-dependent predator-prey model with nonlocal diffusion,
which is devoted to the existence and nonexistence of traveling wave solution. This model incorporates the ratio-dependent
functional response into the Lotka-Volterra type system, and both species obey the logistic growth. Firstly, we construct a nice
pair of upper and lower solutions when the wave speed is greater than the minimal wave speed. Then by applying Schauder's
fixed point theorem with the help of suitable upper and lower solutions, we can obtain the existence of traveling waves when
the wave speed is greater than the minimal wave speed. Moreover, in order to prove the limit behavior of the traveling waves at
infinity, we construct a sequence that converges to the coexistence state. Finally, by using the comparison principle, we obtain
the nonexistence of the traveling waves when the wave speed is greater than 0 and less than the minimal wave speed. The
difficulty of this paper is to construct a suitable upper and lower solution, which is also the novelty of this paper. Under certain
restricted condition, this paper concludes the existence and the nonexistence of the traveling waves for the ratio-dependent
predator-prey model with nonlocal diffusion.

Keywords: Traveling Wave Solution, Predator-prey Model, Nonlocal Diffusion, Ratio-dependent Functional Response,
Schauder’s Fixed Point Theorem, Comparison Principle

denotes the growth rate of predator. The second equation of (1)
means that the intrinsic population growth rate r affects not
only the potential increase of the population but also its
decrease. The classical Lotka-Volterra model and its modified
models have been studied for the stability of equilibria and the
existence of traveling waves, see [8, 14, 17, 19, 29, 30].

By taking into account the effect of the diffusion, reaction-
diffusion predator-prey models have been established to
describe the invasion of a predator species [11, 12, 22, 26].
Some previous work for dynamics of diffusive Holling-
Tanner predator-prey systems on a bounded region can be
found in [3, 25]. Zuo and Shi in [31] has studied the reaction-
w(®)[1 —u®)] -1 (u (t)) (D), ditffus(iion Igiollinﬁg;-Ta'nnerl type predator-prey system with
dv(t) o) ratio-dependent functional response

ro(e) (1-22),

dt u(t)

1. Introduction

The interaction between the predator and the prey
constitutes a dynamic relationship that has been one of the
main topics in ecological research, which is important for
studying the distribution of organisms and the balance of the
environment.

This relationship can be described by the dynamic
behavior of some mathematical models. To describe the
predator-prey model, Tanner in [28] considered the following
ordinary differential system

du(t)

Au(x, t)v(x,t)

(
ut(x, t) = duxx(x, t) + u(x, t)(l - u(x, t)) - m,

where I1(u) = (m > 0,4 > 0) denotes the functional

v(x,y)
response o predatlon suggested by Holling in [15] and r Lvt(x, t) = vxx(x,8) + Bv(x, ) (1 —

u(x,t)

),
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the two species move randomly along a one-dimensional
region R, and the parameter d > 0 is a rescaled diffusion
coefficient of the prey species while the diffusion coefficient
for the predator is rescaled to be 1. They established the
existence of traveling wave solution by using the upper and
lower solutions method and proved the existence of periodic
traveling wave train by using the Hopf bifurcation theorem.
Upper-lower solution and Fixed point theory have also be
used to prove the existence of traveling wave solutions in a
quasimonotone system, see [13, 16, 20, 21].

About the discrete diffusive ratio-dependent predator-prey
model, Zhang and Su in [27] considered the following system

Au,-(t)v,-(t)
uj()+avi(t)’
_ 20) @)

u;(®)

25O — Dy )] +15(0) (1 - w(®) -

at

2O — [y ©)] + (0 (1

where j €Z,t > 0,d > 0, D[z] = zj44 + zj_; — 2z and A4,

a, B are positive constants. Zhang and Su obtained the
existence of invasion traveling wave solution of (2) by
applying Schauder’s fixed point theorem with the help of
suitable upper and lower solutions.

Considering of special diffusion, the standard Laplacian
operator is corresponding to expected values for individuals
moving under a Brownian process. But the movement of
individuals is free and random which can not be limited in a
small area. So various integral operators have been widely
applied to describe the nonlocal diffusion. The nonlocal
reaction-diffusion system takes the form

au((;;, t) =d;(J *u(x,t) —u(x,t)) + f(ulx,t),v(x,1t)),
avg;, t) =d,(J xv(x,t) —v(xt)) + glulx,t),v(x,t)),

where ] (x) is the diffusion kernel given by

Jxulx,©) = [o ] Oulx —y,0)dy,] *v(x,t) = [ ] 0)v(x —y,t)dy. (€)

(J*u—u)(x,t) and (J * v — v)(x,t) represent nonlocal
diffusion processes [1, 10, 23, 24]. Meanwhile, many
researchers study the properties of the traveling wave
solution for the reaction-diffusion systems with nonlocal

at
v(xt)
at

where u(x, t) and v(x, t) are the population densities of the
prey and predator species at the location x and time t
respectively, J * u(x,t) and J * v(x,t) are the same as the
previous (3); the parameters 8, a, d;(i = 1,2) and r are
positive constants. The parameters d;(i = 1,2) are diffusion
rates for the prey and predator individuals, respectively, r is
the intrinsic growth rate of predator, f is the capturing rate,
and a is the half-capturing saturation constant. If § = 0, then
the first equation of system (4) is simplified to fisher's KPP
equation. If the preys are only as food for the predator, that
is, u =1, then the second equation of system (4) is
simplified to fisher's KPP equation. Some authors obtained
the nonexistence of traveling wave solutions of predator
systems by considering the related Cauchy problem of
fisher's equation, see [31]. Throughout this paper, we need
the below assumptions of the kernel function J.

Assumption 1.1 (K;) The function J is a smooth function

in R and satisfies J€C'(R) , J(y)=J(-y) =0 ,
JoJ ODdy = 1.

(K,)  There exists Ay € (0,+o] such  that
JoJ e ™dy < 40 for any A€[0,4) , and

JoJ e ™M dy - +o0as A — 2, — 0.

In this work, we mainly study the existence of the
traveling wave solution which connects the predator free
state (1,0) with the coexistence state (k, k) of the system (4),

V' (€) = dy [ D)W - ) = v@)dy +rv(@) (1 - 2D

= dy(J * v(x £) = v(x, 1) + o(x, 6) (1

diffusion term, see [2, 4, 5, 6, 7, 9].
Inspired by these results, we consider the ratio-dependent
predator-prey model with nonlocal diffusion, that is

u(xt)+av(x,t)’
_ V(x,t)) (4)

u(x,t)

{M =d,(J * u(x, t) —ulx, £)) + ulx, £)(1 — u(x, t)) — LLEDVED.

where k = 1—£> 0, when 0 < 8 < a. We will obtain

that there exists ¢* > 0 such that for ¢ > ¢*, the system (4)
admits traveling wave solution with wave speed c; for
0 < ¢ < c”, the system (4) has no invasion traveling waves
with wave speed c. Due to the nonlocal diffusion effect, it is
more hard to obtain the uniform boundness of solutions. To
overcome the difficulties, we construct an invariant cone in a
large bounded domain with initial functions being defined
on, then pass to the unbounded domain by limiting argument.

This paper is organized as follows. In the following
section, we introduce some preliminaries which will be used
in the proof of our main results. In Section 3, we will use
Schauder’s fixed point theorem under the assumption of the
compactly supported for the kernel function J and to prove
the existence of the traveling waves. Finally, we obtain the
nonexistence of the traveling waves by the comparison
principle.

2. Some Preliminaries

In this section, we will give some useful results for the
proof of the existence of the traveling wave solution for the
system (4). The traveling wave solution means a solution of
the form (u(x +ct),v(x+ct)). Let € =x+ct, then

(w (), v(&)) satisfies

u(@)+av(®)’ (5)

{cu’(f) = d; [] ) @E ) —u@)dy +u(§)(1 — u(®)) — L),

u($)
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Then we can get characteristic equations
AapA ) i=d; [o ] ¥)e ™ dy —d; — cA+b, (6)
Where d; and b are non-negative constants. By a direct calculation, for ¢ > 0 and 4 > 0, we can obtain
A4,5(0,¢) = b, especially 44, 0(0,¢) = 0and 44,,(0,¢) =7 >0,

044.p(0,0) 044.p(A,0)
ir - _ i
o ¢ <Oand —>>—

94q;p(Ac)

o -1 <0,

> 0.

In view of the above properties of the function 4,4, , (4, ¢), we can get the following lemma.
Lemma 2.1. For any given 0 < ¢ < ¢”, then 44,,(4,¢) > 0 for any 4 > 0. Moreover, for any ¢ > c", there exist positive
constants 4,(c) < A* < 1;(c) < A3(c) such that

=0, 4=2,(c),1=25(0),
A4, (A,0)=4>0, 1€ (0,22(c)) U (A3(c), +),
<0, A€ (2(c),25(0)),
=0, 1=21(c),
Ag,0(4,¢c) =4>0, 1€ (A4(c), +),
<0, A€ (0,1,()).

In the sequel, we always assume that ¢ > ¢* and simply denote A;(c) by 4; for i = 1,2,3, respectively.
Definition 2.1. If the functions u*, v*,u~, v~ satisfy the following inequalities

B, )@ = c(ut(©) = &, +ut (@) —u' @) —ut @1 - ut () + oD > o, ™

@, v)©) =@ @) = xu () -u (@) —u (1 —u () + 270 < ®)
E@*,ut)(@) = (v ) = do(J «v* () = v* (@) =1+ (@ +r L > ©)
E@™,u)@=c(v"©) = d( + v () = v (©) - rv () +r T2 <, (10)

for £ € R\ D with some finite set D = {&;, &y, &,} and have no derivatives at &(i = 1,2, -+, n), then the functions

(ut*,v*) and (u~, v") are called a pair of upper and lower solutions of the system (5).

3. The Existence of Traveling Waves

3.1. Upper and Lower Solutions of The System (5)

Define
o) {1, fﬁzlng,
ut(é) = a

Bs 2, B

-t $25he

1—2¢4¢ '3 Szlnﬁ,
w@=1 5 (1n

1—2, f >;1nz,

+ — in & o8 - — 2 oA8(1 né
v (&) mm{ﬁze 2 ,1}, v~ (&) max{O,BZe 2 (1 Me )}, (12)
where

0<B<a O0<a<landd [ J(y)e ®dy—ac—d; <0, (13)
5 € (0,v7(9)),n € (0, min{A,, A3 — 1,}), (14)

and M > 1 satisfies
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ra? Bz
M= s B)Ag, Az +11.0) totl (5)

Lemma 3.1. Let ¢ > ¢*, the functions (u*,v*) and (u~, v™) are a pair of upper and lower solutions of the system (5) which
are defined as in (11)-(12).

Proof. Firstly, we show that (7) holds. If £ < gln %, u* (&) = 1, we can obtain

+
E(t,vH)(é) = 15;}52) > 0, where v*(¢) > 0.

BS
1+a6

&>~ ln ,ut(@ =1

beey [ty — Br*(©
W@ @ 1+u+(§)+av+(€)]

+( BV ©® _ B
= u (1+av+($) 1+a5)>0

E*,v*)(§)

’

where we use 6§ < v (&) and the function % is increasing in x, when § > 0.

. 2. B v _ 4B
Next, if & >Eln;,u & =1 o then

g (1-5) [, 0y + (1~ ) - (1-£) 4 L ©

a 1—E+av+(€)
B Bvt(© B
(1 B Z) [1—£+av+({) T a
a

E@™,v")(©)

<(0-5)¢-5-o

For Szlné<0, u (&) =1-2e% and v*(¢) = min{—e’2f,1} < =e’2f <~ e gince 0<a <A, . By easy
a a B B2 B? B?

calculation and the similar above argument, we can get that

(Y BY®)  _a e  BY®)
1-w () u=(©)+avt(©€) B ¢ 1—%eaf+av+(§)

> &t _ 7 o _ R

- ﬁ 1——e“§+—ea§ ﬁ I—Ee“€+ﬁeaf

Hence, with (13), we obtain

E,v)@ = —cage™ —d; [ ()1~ 5e“Cdy +d; (1-Fe)
- - Bv* (&)
—C© - @ - ]
+
= Ze[d [oJ ey —ca—di] ~u O |1~ u (@) ~ i
_ - BvT(§)
= 7wl [1 O Eorer® (§)+av+(§)] =
So the (8) holds.
Then, we show that (9) holds. It is clear that
1, g2Lml,
v =1 2
4 o128 RN
52 25, €</121na.
1. 8% 4 — ;
Foré = —In—, v™ (&) = 1. That is
A a
E@wtutH)() =-r+ u+(§) > 0.

2
For ¢ < %ln%, vi(é) = %6'125. We can deduce
2

E(w*,u")(é) = —%e’lﬁ(d2 JeJ (Ve *Ydy —d, —cA, +1) + r;—ie”ﬁ.
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By the definition of 44, (4, ¢) and Lemma 2.1, we can get
E(w*,u") (&) = rﬁ e8> 0.
Lastly, we prove that (10) holds. For & > %ln é, v~ (&) = 0 and with (14), we get

E(u ,v7)(&):=0.

Foré < %1n$ <0,v () = %6'125(1 — Me™), we have

E@w™,u7)(@)
< [/1216’125 -1+ n)iMe(’ler”)f]
—d, [f 1) ( eh2E-y) _ _Me(azm)(f y)) dy — %elzi " %Me(lm)g]
(e 25__Me(12+71)§)2
—r (Feazs - FMe(Am)s) IO L —
4 eha€_ L proatmé
< —ﬁ—e %d, [o) (e Y dy — dz—c/12+r]+r—(ﬁ2 £ )ie/bf

1-£ B?
+—Me(}“2+'7)$[d2f J e %t dy —dy —c(Ay +17) +7]

242§

- 2 Me(/12+")5[d2f Je ®Amydy —d, —c(Ay + 1) + 1] + rﬁ4(a 5e

Me (222+m)§

ﬁ‘*(a B)

< 5 Me(/12+")§[d2f Je~ @ tYdy —d, —c(Ay +m) + 7] +7 e?4?

ﬁ‘*(a ﬁ)
< 5 Me(/12+")§[d2f Je FAmydy —d, —c(Ay + 1) + 1] + rﬁ4(a E <0,
where use the facts that v~ (§)? < v~ (&) % e*2¢ (6) and Lemma 2.1, (14)-(15), this completes the proof.

Now we define A > max{% InM ,%ln %} and a function set

¢(=4) =u" (=4), p(-4) = v™(-4),
L=, 9() € C([I-4,ALR) [u™()) < p() <u™ (), v () <) =v™ (D).
forany & € [—A4, A].

For any (¢ (), 9(-)) € C([—A4, A], R?), we define

R b (4), §> A4, @ (4), &> A4,
d(&) =196, l<4 @) =19, €] < A4,
u (—4), &<-—4 v (—4), &< -—A,

and consider the following initial value problems

w'(§) = dy o) 0) ($C =) —u(®) dy + $(O)(1 — u()) - =L, (16)
v/ (@) = d; ] (P - ) — v(©)dy + 7o (@) (1-22), ()

with
u(—A) =u (-4), v(-A) =v (-4). (13)

Obviously, the problems (16)-(18) admit a unique solution (uy(-),v4(-)) satisfying u,(-) € C*([—A4, A]) and v,(-) €
C'([—A,A]). Then, we define an operator F = (Fy, Fy): [ > C([—4,A]) by F1[, ¢](§) = ua(§) and F2[¢, ¢](§) = va($)
for £ € [—A4, A].

Lemma 3.2. The operator F maps I into I.

Proof. For any (¢(+), ¢(-)) € I, we should prove that

Filg, 91(=4) = u™(=4), F2[$, 0](=4) = v~ (-4),
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and
u™(§) < Ful, 9l(9) < u™(©),v™(§) < Fole, 0l (§) = v*(§) forany & €[—A4A]
By the definition of the operator F, it is obvious to see that
Filg, @1(=4) = ua(=4) = u™(=4), F2[9, ¢](=4) = v4(=4) = v~ (-4).
Then according to Lemma 3.1 and direct calculation, we can directly obtain

u”(§) < Fild, 01(§) < u™(§),v7(§) < Fold, 9](§) s v*(§) forany § €[4 A]

This ends the proof.
Lemma 3.3. The operator F: I, — I} is completely continuous.
Proof. We first show that F is continuous. By a direct calculation, we get that

Filp.ol =w(@ = uw (=Aexp{~2[",[di +d(s) + ;L2 ds} o)
+2 15 exp{= 1 [ [dy + p(9) + 722 ds} [ £ () + p(m)]an,
and
Falg 0l =va® = v (-Mexp{-2[’,[d + L2 ds}
1 & 1 & d @(s) d d d (20)
+2 e {2 fF| 2T s} [dg,(m) + reGnldn,
where
fo = [21@—yudy+[*) 0= »eMdy + [[7] (- »)(A)dy,
and

9o = [ ) - ®dy+ 10 -»edy + [0 - »ed)dy.
For V (¢1(), 91(), (¢2(-), 92()) € I, we have that

oD = fa, DI < [0 0 = 06200 = $20)1dy| + 11T (1 = »)[:.(A) = $2(A)]dy|
< Zyem[_%A]lfh(Y) - oW,

and
1 9o, (M) — G, (M) IS 2y én[_aij]le O) — o).

Combining with the continuity of the compound function, F is continuous.
Next we confirm that F is compacted, thus we should prove that for any bounded subset 2 < I, F(£2) is precompact. By
the definition of F, we have that for all (uy, v,) € F(£2), there exists (¢, ¢) € {2 such that

Flo, 01(6) = (ua,va)($), VE € [-4,A].
Since (¢, @) € £, in (19) and (20), we obtain that
lus(§) 1< Myand | v4(8) IS My, V§ € [-A, 4],

where M; > 0 is a constant. That is, F ({2) is uniformly bounded. Further, according to the equations (16), (17) and the above
inequality, then there exists some constant M, > 0 such that

| W, (§) IS My and [ v'4(§) IS My, V§ € [-4, 4]

So we can get that F () is equicontinuous. By Arzela-Ascoli Theorem, then we have that F () is precompact. Thus we
establish that F: I} — I} is completely continuous with respect to the maximum norm.

Theorem 3.1. The operator F has a fixed point in [.

Proof. By the definition of I, it is easy to see that [} is closed and convex. Thus, according to Lemma 3.3 and using
Schauder’s fixed point theorem, there exists (u)(+), v4(-)) € I} such that
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(a($),va(§)) = Flug, val(§), v¢ € [-A, A].

To obtain the existence of solutions for (5), we need some estimates about (u;(+), v4()). For the sake of convenience, we

use (uy(+), v4(+)) instead of (u;(+), va(+)).
Assumption 3.1. (K3) The kernel function J is compactly supported.
Lemma 3.4. Assume that (K;) — (K3) hold, then there exists some constant C > 0 such that

” uA "Cl'l([—B,BD< C and " UA "Cl'l([—B,BD< C

forany 0 < B < A, where A > max{% lnM,iln%}.
Proof. By Theorem 3.1, we have that (u,(+), v,(+)) satisfies

cw's(®) = du (Jo] 8AE = Y)dy = () + w1 = ug(§)] - LAEZAE, 1)
and
') = do(J) 04 =)y = va(®) +10,() (1 - 22), (22)
where
uA(A)'f > A! VA(A):f > A:
) = W@ €1 <4, 9, =3 va@®, ¢l <4
u~(—A),& < —A4, v (—A),¢ < —A.

Following that 1 — % Suy(§) £1,0 <vy(8) <1foré € [—B,B], we have

L[] 004§ = y)dY| + 2 ()] + |uA(g)(1_uA(g))|+fl JZ?s(iaAi)sln
ap

2d1+4+ﬁ

— )’

c

[wa ()l

and

va(©) (1 - 23]

VAl < |f](Y)vA(€ y)dY|+—|vA(f)|+ ua(®)

2d2 +7/4
p .

<
So there exists some constant €; > 0 such that || uy llc1_ppp)< C1 and Il v4 llc1—p gy < Cy. It is obvious to obtain that

[ua(§) —ua(m| < G11§ —nl and |v4(§) —va(M)| <GS — 7 (23)
for any &,n € [—B, B]. In view of (3.11), we have

cu'a@® —wal < dilfyd OBAE =) = a0 = P)]dy| + i ua(§) — us ()|
+|uA(f>[1 w ()] = w1 = ua (]|
GG uA(n)vA(nn @4

= d1U1+d1U2+U3 U4_

By the conditions (K;) — (K3), we can assume that L is its Lipschitz constant and R is the radius of supp J. Then, we have

Uy

|1557 09§ = y)dy = [237 02 n — y)dy|
207 6 = maGddy = 7 = )ty
|F55 7 € = aa)dy| + | 70T € = aa)dy|

+ UG =) =0 = )] uA(y>dy|
2( J e+ RL)[E — 7],

IN
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Us = [wa(® —ui(@®) —ua(m) +ui(ml
S [ua@® —ua(l + [wid () —wd(ml
< 3ua(§) —ua(ml,

and

[a(§)va($) — ua(mva(m)l
[ua(§) — ua(M a1 + [uaMIlva(§) — va(ml
[a(§) —wua(| + [va(§) — va(m)]-

Combining (23) and (24), we obtain that there exists some constant L, > 0 such that

[u'a(§) —w'a(m] < LpIE —7l.

INIA I

Then applying with (19), we also have

clv'a@) —vaml < do| [T OD04E = ¥) — 0a(n — M)]dy| + d|va(€) — va(m]

+r{va(®) (1 - 29) — v, o (1 - 24D (25)

= szl +d2V2 +TV3.

Similar to the same argument of U;, we have that

|fod 0N = y)dy = [] ()P4 — y)dy|
2(I1 J o+ RL)[E — 1.

Vi

IA

Then, by (23), (25) with

IAGIRORANNG]

Vs < |va(®) —va(mI + A uA()
LA RADBCADI ORI
< —
< v = walml + |u G |uA(f)uA(n)|
< IvA(E)—vA(n)I+ IvA(s‘) vA(n)I+ )ZIuA(n) u ()|
3
< aﬁIvA(s‘)—vA(n)H B)ZIuA(n)—uA(E)I

we can get that

[V'a(§) = v'a(I < LI — 1
for any &, € [—B, B]. So we have obtained that there exists a constant C > 0 for any B satisfying B < A independent of
A> max{% InM ,iln %} such that

" uA ||C1’1([—B,B])< C and ” UA ||C1’1([—B,B])< C
3.2. Existence of Traveling Waves

Theorem 3.2. Assume that (K;) — (K3) hold. For any ¢ > c*, there exists a pair function (&i(§), ¥(&)) satisfying (5),
(fi(=00), #(—00)) = (1,0) and (ii(4+0), ¥(+0)) = (k, k), where k =1- :
Proof. Choosing an increasing sequence{A,};%; such that lim,_,, 4, = +% and 4,, > max{% InM ,%ln%} for each n. For

every ¢ > c”, there exists (Us,,, Va,) € [, which satisfies Lemma 3.4 and equations (21), (22) in ¢ € [—A,, 4,]. According to
the estimates for the sequence {(uy,,v4,)} in Lemma 3.4, we can extract a subsequence by a standard diagonal extract
argument, denoted by {(uAnk, vAnk)}kEN, tending towards (i, ¥) € C1(R) in the following topologies

U, — @and vy, — ¥ in CL.(R)ask - +oo,
By the assumption of the kernel function /() and applying the dominated convergence theorem, we can obtain that
Jim [ ] (), (¢ =)y = [i] 0EE - y)dy,

and
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Jm o] 0Py, € —y)dy = [ ] )P = y)dy
for any £ € R. Then, it is easy to show that (i, ¥) satisfies system (5) and

@ =a@) =ut@), v (=9 <v ().
By the above inequality, we can further get that (i, ¥) satisfies (&i(—o0), #(—o0)) = (1,0), and

1-= < 11m1nfu(f) < hn—lilig i <1- Tra ,0< hmme?(E) < 11ri1Jsr1:op ) <1 (26)
Since 11;11Jsr1:op ) <1-— 5 and hmlnfv(f) > 0, there exist § > &, and §, € (0,1 — —) such that ii(§) <1 — Tao and
6o < V(&) forany & > &, then by (26), we get that
Sy <u(¥)<1-— 1‘:2‘;0 and 8, < 5(§) < 1 7)
for any & > &,. Now, we introduce a sequence {¥,, }»»o defined by
Yo = 1y1 =0y,
1=y, = yni%yn‘" > 1.

By direct calculation, we can get that the sequences {V,,}ns0 and {¥Von41}ns0 are adjacent. They converge to k and satisfy
for eachn > 0,

B
71<V3<"'<72n+1<"'<1_E<"'<V2n<'“<)’z<V0-

Next, we prove that

Yone1 < U(E) < Vonsz and Yonyq < U(E) < ¥on (28)

for alln > 0 and & > &;. According to the inequality (27), this inequality (28) holds true for n = 0. Let us now argue by
induction on n. Assume that (28) hold true for all n > 1 and let us prove that (28) holds true for n + 1. Since %(§) < Von42,
then (&) satisfies

P (§) — dy [o] NIBE =) = 5OIdy =190 (1~ 72) < 0 for § = &,
which means that ¥(§) is the subsolution of the equation

¢7'(§) = dy fy) DIBE =) = 5©1dy = r5(¢) (1 = 22) = 0 for & 2 & (29)

Since y,,4, 1s a solution of the equation (29), we can get that (&) < yyp4, for all § = &;. Then we can get that ©i($)
satisfies

et (&) — dy [, ] O — y) — A(®)]dy — @(E)[1 — a(&)] + L2225 ¢ for £ > &,

YV2n-11ta¥Y2n+2

which means, #(¢) is the supersolution of the equation

e (§) = di JoJ IEE =) = ATy —GO[1 - @] + L2227 = 0 for £ > ¢,

-11aV2n42

Using the fact that 1 — y,,,43 = —Brenvz gy >0, we

V2n+1+ta¥V2n+2
can get that fi(§) = yyp43 for &€ = €. By the same arguments

as before and #i(§) = y,,43, One can easy to conclude that
D(&) = Yonyeg for & = &,. Then we can use the result to get
that (&) < yapya for & = &;. Thus (28) holds true forn + 1.
Letting n — 400 of (28), we can obtain that

completes the proof of the theorem.

4. Nonexistence of Traveling Waves

In this section, we will establish the nonexistence of
traveling waves for (5) when 0 < ¢ < ¢*. When the initial
value is given, the traveling wave system becomes a single
i@ =1-L 5@y =1-L fisher's equation. So we can use the comparison principle to

+1 a+1 prove the non-existence of traveling wave solutions. Firstly,
we consider an associated Cauchy problem for Fisher’s KPP

_ . B
for § = &o. So we can get #i(+00) = ¥(+00) = 1 ——=. This equation with the nonlocal diffusion
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{"”(’”) 40+ U0 = UG ) + V@O - U@ D). (39
U(x,0) =x(x),x €ER,
where J satisfies condition (K;) — (K;), d is a constant, and
the initial function y(x) is uniformly continuous and
bounded. In view of [18], we have the following Lemmas of
system (30).

Lemma 4.1. Assume that 0 < y(x) < 1. Then system (30)
admits a solution for all x € R and t > 0. If W(x,0) is
uniformly continuous and bounded, and W (x, t) satisfies

AW (x, t)
at
W(x,0) = (S)x(x),x €R,
then there holds
W(x,t) = (U (x,t),x ER,t > 0.

Lemma 4.2. Assume that y(x) > 0. Then for any 0 < ¢ <
c*, we have

liminf inf U(x,t) = limsup sup U(x,t) = 1.

oo fx|<ct to+oo |x|<ct

Lemmas 4.1-4.2 can be directly derived from the theorem
2.3 and 3.5 of [18].

Theorem 4.1. For any speed 0 < ¢ < c*, there exists no
nontrivial positive solution (u($), u(§)) of (5) satisfying

[Am (), v(§) = (1,0) and lim (u(§),v($) = (k. k). (31)

Proof. By contradiction, we suppose that there exists some
c; <c* such that system (5) has a positive solution
(u(é),v(&)) satisfying (31). Then u(¢) is bounded on R. We
can find a positive constant R, such that v(§) = v(x + ¢, t)
satisfies

dv(x,t)

T >d,(J *v(x,t) —v(xt)) +rv(xt))(1 — Rv(x,t)),
v(x,0) =v(x) > 0.
Let x(t) = — ¢ Then |x(0)] = e < c'e .

From Lemmas 4.1-4.2, we obtain

liminf  inf
t—+o (c1tc”
x|= T

v(x, t) = L >o.
Ry

(C1 )

On the other hand, let x(t) + c;t = t, then

E=x+ct—> —oast - +oo,
and

limsupv(x(t),t) = hm v(f) =0,

t—>+o

which is a contradiction. Hence, the proof is completed.
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