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Abstract: In order to ensure the normal operation of the engine, the stability of the fuel supply system must be ensured. The
fuel supply system needs to obtain fuel from the outside, and then pressurized into the high-pressure oil pipe, and then input
into the engine cylinder. Therefore, the fuel parameters in the components of the fuel supply system affect each other. In this
paper, a mathematical model is established to describe the relationship between the fuel parameters of each part of the fuel
supply system, and then the stability of the fuel supply system can be controlled by controlling some parameters under given
conditions. We intercept a very short time, analyze the mutual transfer of fuel in the fuel supply system through the micro
element method, and establish the differential equations. Because some differential equations are more complex, it is difficult
to find the formula solution, so we discretize the differential equations and get a group of recurrence relations. After calculating
the initial state and related parameters, the fuel pressure parameters and fuel density parameters of each part of the fuel supply
system at each time can be obtained recursively. Because the pressure and density of the fuel can express each other, we focus
on the density parameter of the fuel, and do the conversion when the pressure is needed. On the basis of this group of recursive
relations, we established an optimization model of fuel pressure control in high-pressure oil pipe: Taking the fuel supply time
of one-way valve as decision variables, minimizing the difference between fuel pressure and standard value at each time as
optimization objective, taking the practical significance of each physical quantity as constraint condition, and gave a discrete
algorithm.

Keywords: High-Pressure Fuel Pipe, The Stability of Fuel Supply Pressure, The Micro Element Method,
Differential Equations, The Optimization Model

stability of the fuel supply system (Figure 1) must be improved

1. Introduction [17, the following problems are intended to be solved.

In order to ensure the normal operation of the engine, the

High pressure oil pump | A
High-pressure tubing
B
0il fuel spray nozzle

Figure 1. Schematic diagram of fuel supply system.

Question 1: The relevant parameters of high pressure oil Question 2: The cam is added to drive the plunger to feed
pipe, fuel supply port and injection nozzle are given, and itis  oil into the high-pressure fuel pipe. Under the condition that
required to adjust the fuel supply time of each opening of the  the relevant parameters of the cam and other components are
one-way valve A in order to keep the fuel supply pressure in  determined, the angular velocity of the cam is obtained to
the high-pressure fuel pipe as stable as possible. keep the fuel supply pressure as stable as possible.
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Question 3: As shown in Figure 2, a fuel injection nozzle
and an one-way pressure reducing valve are added on the basis
of problem 2, which is required to determine the angular speed
of the cam, the fuel supply law of each nozzle, and the time for
the one-way pressure reducing valve to open at one time, so as
to maintain the stability of the fuel supply pressure.

In order to better solve the above problems, make some
reasonable assumptions:

(1) It is assumed that the conduit connecting the
high-pressure fuel pump and the high-pressure fuel pipe is
very thin and its volume is negligible.

Reason: the conduit is very thin relative to the oil storage
container in the actual production, and its volume can be

ignored.
m
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Figure 2. Schematic diagram of high-pressure fuel pipe with pressure
reducing valve and two injectors.

(2) It is assumed that the one-way valve A opens and
closes instantly, regardless of the gradual opening and
closing process of the valve A.

Reason: the gradual opening and closing buffering process of
the fuel injection nozzle B has been considered. if the valve A
opening and closing buffering process is taken into account, the
treatment method is the same; and the cushioning property of the
valve A is not given in the design, so the gradual opening and
closing process of the valve A is not considered.

(3) the beginning of the suction stroke of the engine, the
pressure inside the cylinder is negligible.

Reason: at the beginning of the suction stroke of the
engine, the piston has squeezed out most of the gas in the
cylinder, and the pressure inside the cylinder is very small, so
it can be ignored as a simplified model.

(4) It is assumed that the angular velocity of the cam
rotation is constant.

Reason: In the process of mechanical transmission, the
uniform rotation of the cam is easy to design.

In order to make the engine run normally, the stability of the
fuel supply system must be ensured. The fuel supply system
pressurizes the fuel obtained from external oil sources into the
high-pressure oil pipe and then into the cylinder of the engine.
Therefore, the fuel parameters in each component of the fuel
supply system influence each other. A mathematical model is
established to describe the relationship between the fuel
parameters of each part of the fuel supply system, and then the
stability of the fuel supply system can be controlled by
adjusting some parameters under given conditions.

The transfer of fuel in the fuel supply system can be
analyzed finely by the differential element method [2], and
the differential equations are established. When the
differential equation is discretized, a set of recursive relations
is obtained. After obtaining the initial state and related
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parameters, the fuel pressure parameters and fuel density
parameters in each part of the fuel supply system at each time
can be obtained recursively. Furthermore, the optimization
model of fuel pressure control in high pressure fuel pipe can
be established: the fuel supply duration of the one-way valve
is used as the decision variable, and the difference between
the fuel pressure at each time and the standard value is
minimized as the optimization goal. The practical
significance of each physical quantity is taken as the
constraint condition.

In order to solve the optimization model in the case given
in problem 1, it is necessary to find out the parameters. First
of all, the analytical formula of elastic modulus and fuel
pressure is fitted according to the experimental data; secondly,
the relationship between fuel density and fuel pressure is
obtained by solving differential equations. Then the pressure
change law of high-pressure fuel pipe in the process of fuel
injection is discussed and the characteristic function is
introduced to describe the opening and closing law of valve;
Similarly, the pressure change in the process of high-pressure
fuel pump feeding into high-pressure fuel pipe is discussed.
Finally, the model can be solved by substituting the
parameters of each equipment into the optimization model.

Problem 2 changes the high-pressure fuel pump into an
fuel pressing device composed of cam and plunger. Under
this new condition, it is necessary to recalculate the
parameters of the model. First of all, the relationship between
the polar diameter and the polar angle of the cam can be
obtained according to the edge curve of the cam; Secondly,
the changing law of fuel volume and fuel density in the
plunger cavity can be obtained by analyzing the motion law
of the cam. Then, the opening and closing law of the injector
can be obtained by analyzing the motion law of the needle
valve at the nozzle. Accordingly, the objective function of the
optimization model is kept unchanged, and the decision
variable is changed to the angular velocity of the cam.

Question 3 adds a new fuel injection nozzle and an
one-way pressure reducing valve on the basis of question 2.
Accordingly, when we analyze the fuel pressure of the high
pressure fuel pipe in a very short time, we should consider
the influence of the new nozzle and the one-way pressure
reducing valve, which only needs to add two terms to the
corresponding differential relation.

A study on the design of fuel pipelines. for example:
According to the characteristics of the distributed structure of
the accumulator volume, a novel optimisation idea to
improve the steady-state performance of the high-pressure
common-rail fuel injection system designed for a marine
engine retrofitting is proposed [3]; Aiming at the problem
that the dynamic characteristic of the sphere structure high
speed on/off valve (HSV) is greatly affected by the supply
pressure, a control algorithm for HSV that adaptive to supply
pressure changes is proposed [4]; uses fuel in and out of the
flow equation. the fluid flow equations, and other methods,
the establishment of a suit-able, multi-objective optimization
model of the system, by adopting the combination of
quantitative analysis and qualitative analysis method to
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calibrate model parameters, in order to deal with high
pressure tubing pressure control problem analysis [5];
experimental modal test results as well as finite element
analysis of the fuel pipe due to the vibrational motion of an
engine were reported [6]; uses infinitesimal method and
multiple search algorithm to get recursive formula of density
and pressure, and to obtain the pressure control strategy of
the high-pressure fuel pipe hrough iteration [7].

2. Model Building

2.1. Relationship Between Elastic Modulus E and Fuel
Pressure P

The relationship between elastic modulus E and pressure
P can be obtained by experimental method, as shown in
Annex 3. Referring to the references, we can see that the
elastic modulus of the gas spring is approximately linear with
the pressure [9]. According to the corresponding values in
Annex 3, the linear correlation coefficient of the data points
is calculated, which is very close to 1, so it can be
approximately regarded as linear relationship. By using

Matlab software for linear fitting, the approximate
relationship E — P is obtained as follows:
E =89P + 1379.2 (1)

Figure 3 shows the data scatter diagram and the fitting line
comparison image in Annex 3, which shows that the fitting
effect of the primary function is better.
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Figure 3. Scatter diagram and linear fitting comparison diagram of elastic
modulus E and fuel pressure P.

2.2. Relationship Between Fuel Pressure P and Fuel
Density p

It can be seen from the question that the change of fuel
pressure is proportional to the change of density, and the
proportional coefficient is %,E = E(P) is obtained by
experimental method. Accordingly:

s _ E(R)
Ap P

2)

Taking the minimal change process, the differential
relation will be gotten,

dP _ E(P)
dp P

3

With the initial condition attached, When the pressure is
100, the density of the fuel p (100) = 0.850, the initial
value problem of the following differential equation can be
obtained,

a _ E(P)
o~ p 4)
p(Py) = po

The relationship between fuel pressure P and fuel density
p is obtained by solving the differential equation. In order to
solve the problem conveniently, define E = kP + b, the
constant k = 8.9,b = 1379.2.

By separating the variables from the differential equation,
get

dp__dp
kP+b  p ©)

Integral on both sides, get
%ln(kP +b)=lnp+C (6)

Replace the initial condition p = 0.85 and determine the
integral constant C;=1.0307. Therefore, the relationship P
and p can be gotten:

p = p(P) = eC(kP +b)k + CoP = P(p) = 1 (p¥ekt = ) (7)

It can be seen that P is closely related to p, and if you
give one of them, you can solve the other. Therefore, this
paper only needs to find out the change law of the fuel
density with time in the high-pressure fuel pipe.

2.3. Mathematical Description of Fuel Supply Process of
High Pressure Fuel Pump

Assuming that the fuel supply starts at the moment ¢, the
length of time for each opening of the one-way valve (the
duration of a fuel supply) is recorded as T,. At this time, the
fuel pressure in the high-pressure fuel pipe P = P(t) and
the fuel pressure in the high-pressure fuel pump are recorded
as P, = P4(t). Therefore, the pressure difference between
the high-pressure fuel pump and the high-pressure fuel pipe
is:

AP =Py(t) = P(t) ®)
Note that the length of the high-pressure fuel pipe is L, the

inner diameter is d, and its volume can be obtained

V= n(g)zL. The area of the hole can be obtained according

to the aperture of the oil supply nozzle S,= n(df)z.

Taking a short interval [t,t+ dt], fuel pressure P(t)
within high-pressure fuel pipe may be considered as
unchanged during this period. According to the flow formula
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given by note 2 of the design, the flow rate Q,(t) of
high-pressure fuel pump entering high-pressure fuel pipe is
calculated within unit time (1 ms):

Qs(t) = CSA\/% )

Where, C = 0.85 is the flow coefficient, p, is the
density of the fuel on the side of the high-pressure fuel pump.
The volume of fuel flowing into the high-pressure fuel pipe
in time [¢,t + dt] is: Q4(t) dt, the mass of this part of the
fuel is p,Q,(t) dt. Therefore, the fuel density p(t + dt) in
the high-pressure fuel pipe at t + dt moment is,
p(t +dt) = P(f)V+P€QA(t)dt =p(t) + PAQAV(f) dat (10)
The change law of the fuel density in the high-pressure
fuel pipe during the fuel supply process is described in this
differential equation, and then according to the relationship
P = P(p), the change law P(t) of the fuel pressure in the
high-pressure fuel pipe can be gotten.

2.4. Mathematical Description of Fuel Injection Process of
High-Pressure Fuel Pump

Assuming that fuel injection starts at a certain time t, the
duration of each opening of injector B is recorded as Tp. At
this time, the fuel pressure in the high-pressure fuel pipe is
recorded as P = P(t), the pressure in the cylinder of the
external engine is P; (the engine starts to inhale new gas
after the exhaust stroke ends, at this time, the cylinder has
been emptied and its air pressure can be approximately
constant P; = 0). Therefore, the pressure difference on both
sides of the injector is,

AP =P(t)—Pg (11)

Taking a short time interval [¢t, t + dt], the fuel pressure in
the high-pressure fuel pipe during this period can be
approximately regarded as unchanged. According to the flow
formula given by note 2 of the design, the flow rate Qg (t)
of high-pressure fuel pump entering high-pressure fuel pipe
is calculated within unit time (1 ms):

— ’E
Qp(t) = CSp 20

Where, C = 0.85 is the flow coefficient, p(t) is the
density of the fuel on the side of the high-pressure fuel pipe.
The area of holes can be obtained according to nozzle B
diameter dg. Therefore, the volume of fuel flowing into the
high-pressure fuel pipe in time [t,t + dt] is Qg(t) dt, and
the mass of this part of the fuel is pgQg(t) dt. Therefore, the
fuel density p(t + dt) in the high-pressure fuel pipe at time
t +dt is,

(12)

POV-p®)Qpt)dt _

p(t +dt) = ”

d
p(t) — ZO%OL (13,

The changing law of the fuel density in the high-pressure
fuel pipe during the fuel injection process is described in this
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differential equation, and then the changing law P(t) of the
fuel pressure in the high-pressure fuel pipe during the fuel
injection process is gotten according to the relationship
equation P = P(p).

2.5. The Change Law of the Pressure P(t) in the
High-Pressure Fuel Pipe During the Indirect Working
Process of Fuel Feeding and Ejecting

The working state of the high-pressure fuel pipe is divided
into: fuel feeding, fuel injection, waiting. For the
convenience of machining design, we assume that the fuel
feeding operation is cyclically reciprocating, the machine
starts to feed fuel for T, ms after it is turned on, then closes
for 10 ms (the known conditions given in the design), and
then feed fuel for T, ms, -+, again and again. Similarly, the
fuel injection operation starts injection Tz ms after the
machine is turned on, then shuts down for 100—T, ms
(injector works 10 times per second, so a working cycle is
100 ms), and then injection Tz ms, -+, again and again. Ata
moment t, the high-pressure fuel pipe may feed or inject fuel
or may be in a waiting state. In order to find out the working
state of the high-pressure fuel pipe at the moment, we define
the characteristic function according to the periodicity of the
working process x;,(t) and x,,.(t):

1,0<t<T,
0,T,<t<T,+10

LO<St<T,
0,Tg <t < 100
Xoue (€ — 100), ¢ > 100

Xin () = { (14)

Xout(t) = { (15)

With the help of the characteristic function to judge
whether the fuel is entering and exiting, we can easily
consider all kinds of conditions in the working process. Next,
the law of change is established by using the following steps.
At any time t, the fuel pressure in the high-pressure fuel pipe
P = P(t), the pressure in the cylinder of the external engine
P; = 0 and the fuel pressure in the high-pressure pump is
P,. Taking a very short time interval [t, t + dt], during which
the fuel pressure P(t) in the high-pressure fuel pipe can be
approximately regarded as unchanged. According to the flow
formula, the fuel supply flow rate Q4(t) and injection flow
rate Qp(t) in unit time (1 ms) can be calculated. According
to the characteristic function to judge whether the process is
fuel feeding and injection, it is obtained that the volume of
fuel flowing into the high pressure fuel pipe in time [¢, t + dt]
is X, (£)Qu(t)dt , the mass of this part of fuel
is:x, () pa(t)Q4(t) dt, the volume of fuel flowing out of the
high-pressure fuel pipe in time is: x,,;(t) Qg (t) dt, the mass
of this part of fuel is x4, (t)p(t)Qp(t) dt. Therefore, the
fuel density in the high-pressure fuel pipe becomes:

p(t +dt)
_ POV + xin(0)pa()Qa()dt — Xou (D)p() Q5 () dt
%4
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Xin(£)pa(£)Qa(E)dt—Xout (t)p(£)Qp(t)dt

=p(t) + - (16)
The differential equation can also be rewritten as:
dp _ xin(0pa(©0a®) _ xout(H)p()Qp(1) (17)

dt %4 14

According to the initial state of the high-pressure fuel pipe,
it is easy to get its initial condition: p(0) = p,.

The changing law of the fuel density p(t) in the
high-pressure fuel pipe at any time can be described in this
differential equation (the working state of the fuel supply
system may be fuel injection, fuel feeding or waiting). The
fuel density of the high-pressure fuel pipe p(t) at any time
t will be gotten by solving the differential equation.
According to the relational formula P = P(p), the change
rule of fuel pressure in the high-pressure fuel pipe during fuel
injection P(t) is obtained.

2.6. The Optimal Model of Pressure P(t) Controlin
High-Pressure Oil Pipe

In order to check whether the engine fuel supply is stable
or not, a long enough observation time T can be selected,
and the recursive relation is used to iteratively calculate the
pressure P(t) in the high pressure fuel pipe at each time in
[0,T]. The deviation of P(t) and Rating P, measures the
stability of the engine fuel supply system. Therefore, we
construct the objective function as follows:

MinZ = [ |P(t) - P.|dt (18)

Where, the decision variable is the length of time for each
opening of the one-way valve Tj.

Considering the practical significance, the constraints are
increased: 0 < T, <T.

2.7. Discretization Algorithm of P(t) Control Optimization
Model

Although the differential equation of P(t) can determine
P(t), it is difficult to solve it. Therefore, the discretization
method can be used for numerical solution. The specific
algorithm steps are as follows:

Step 1 Initialize the preparation work. Determining the
initial state of the fuel supply system, which includes the
initial state of the high pressure fuel pipe, that is fuel pressure
P(0), fuel density p(0), and the initial state of the high
pressure fuel pump, that is fuel pressure P,(0) and fuel
density p,(0). The initial state of the engine side is fuel
pressure P; and fuel density p;(it has been assumed that
the fuel pressure and fuel density on the engine side are
always constant). Choosing Choose an appropriate time
interval dt (for example, 0.01 ms) and a long enough
observation period [0, T].

Step 2 The decision variable w is cyclically changed. After
setting cycle change decision variables, the fuel supply judgment
characteristic function x;,(t) and the fuel injection judgment
characteristic function x,,,(t) can be determined. Discretizing
the differential equation into difference equation:

Xin(£)pa()Qa(E)dt—Xout (t)p(£)Qp(t)dt (19)
|4

p(t+dt) = p(t) +

On the right side of the equation are the known quantities of
the moment t, and the physical quantities p(t + dt),P(t + dt)
of the next moment t + dt can be obtained by using the
recursive iteration. If you continue to iterate, you will get the
pressure value of the high-pressure fuel pipe at each moment.

P(0),P(0+dt),P(0 + 2dt),---,P(T)

The sum of the deviations between the pressure values and
the ratings at these moments is calculated to equivalent
replace the objective function in the optimization model.

S(Ty) = Yi=1|P(0 + idt) — P,| dt (20)

3. Solution of the Model
3.1. Solution of the Model in the Case of Question 1

The optimization model of P(t) has been established and
the discretization solution method has been given. Combined
with these specific data that given in Question 1, each
parameter of the model can be calculated, then specific
solution model can be obtained. Although some specific
relationships such as E =89P +1379.2 have been
calculated above, these relationships are listed briefly here
again for the sake of clarity.

3.1.1. Relationship Between Elastic Modulus E and Fuel
Pressure P
The formula of E-P has been obtained by using the method
of data fitting:

E=kP+b @1

Where, constant k = 8.9,b = 1379.2.

3.1.2. Relationship Between Elastic Modulus E and Fuel
Density p
In chapter 2, the relation of P — p has been obtained by
solving differential equations:

p=p(P)=eC1(kP + bF) (22)

P =P(p) =1 (p*e"1 — b) 23)

Where, constan k = 8.9,b = 1379.2,C, = %ln(lOOk +
b) — In0.85

3.1.3. The Flow Function Q,(t) and the Characteristic
Function x;,(t)
The flow function Q,(t) of the fuel supply process is:

Qu®) = €5, [22 = cs, (A2
pa pa

Where, the flow coefficient C=0.85, and the area of the
hole S,= n(dTA)zzl.5394. The density of fuel p, on the side
of the high pressure oil pump is a fixed value, which can be

24
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1
calculated from the formula p,=p(P,)= ec, (kP + bk) =
0.8704.

Assuming that the fuel supply A open for T, each time,
and then closed for 10 ms, and then cycled periodically, thus
the characteristic function x;,(t) for fuel supply judgment
is as follows:

1,0<t<T,
0,T,<t<T,+10
Xinlt — (T4 + 10)],t > T, + 10

Xin @® = (25)

3.1.4. The Flow Function of the Fuel Injection Process
Qg (t) and the Characteristic Function X, (t)
While the diameter of hole B is not given in Question 1,
the fuel injection rate in a cycle when the injector working
normally, that is, the flow rateQp(t), is given directly by the
image which is shown in Figure 4.

Fuel Injection Rate (mm? /ms)«
20]- -~
0_

02 22 24 Time (ms)

Figure 4. Schematic diagram of the velocity of injector B.

From the Figure 4, it can be seen that the injection rate is
stable at 20 under the standard state where the pressure in the
high pressure fuel pipe P(t) = 100.

_ [2ap _ /Z[PA—PG]
Qs(t) = CSp p(t) CSp P(t)

It can obtain Sz =16.6378, what’s more, an implicit
condition that can inferred that the diameter of the hole B in
question 1 dg=4.6026.

On the other hand, the fuel injection rate rises linearly
from 0 to 0.2 ms, and then stabilizes at 20. It means that the
opening of fuel injector B requiring a process, which takes
0.2 ms to complete the valve from fully closed to fully open.
At the same, it can be regarded as the closing process of the
valve within 2.2 to 2.4 ms. It can be inferred that the switch
of the valve is a device similar to a spring, and the buffer
time of the switch is related to the mechanical properties of
itself. For the sake of simplification, it is assumed that the
opening and closing buffer time of valve B is constant at 0.2
ms, which is independent of fuel pressure.

In order to describe the opening and closing process of the
valve in detail, we set the characteristic function x,,; (t)
describing whether the nozzle is open to a fuzzy value, which
is no longer limited to number between 0 and 1 can be taken
to express the state of partial opening of the valve (e.g. 0.5
means that the valve is half open). The valve B gradually
open Within 0-0.2 ms and the corresponding feature function
increases linearly from 0 to 1 (for the sake of simplification,
the feature function is regarded as a linear function about
time). The valve B remains open and the characteristic
function remains at 1 within 0.2-2.2 ms. The valve B
gradually closes and the corresponding characteristic
function decreases linearly from 1 to 0 within 2.2-2.4
milliseconds. Therefore, the periodic characteristic function

(26)
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Xoue (t) can be obtained as follows:

( 5t,0<t<0.2
1,02<t<Tz—02
1-5(t—22),Tz—02<t<Tg
0,Ts <t <100
Xoyt (t — 100),t > 100

Xout (t) = (27)

Where, it is known that the length of time for the valve B
to be opened at one time Tz=2.4.

When the air pressure of the high-pressure fuel pipe P(t)
is not at the standard value of 100, the speed of the fuel
injection nozzle Qg (t) is still determined by the flow formula:

_ /g _ [21p@©)-Pg]
Qs(t) = CSp pt) CSs P(t)

Where, flow coefficient € =0.85, the area of the hole
Sp =16.6378, and the pressure on the engine side is
approximately zero P;=0. By substituting these parameters
into the flow formula, you can get

_cs. [P = s, [PO-Fal _
Qp(t) = CSp /p(t) = CSp ["pg = =20 (29)

It can be seen that at the injection nozzle B, the flow
velocity Qg(t) does not change with the change of pressure,
and is always Qg (t)=20.

(28)

3.1.5. Variation Law of Fuel Density p(t) and Pressure
P(t) in High Pressure Fuel Pipe
It has been concluded in §4 that the satisfied differential
equation P(t) is:

dp _ xin(®)pa®)Qa(®)  Xouc(®)p()Qp(t)
dt v v

(30)

Discretizing this differential equation, and the satisfied
recurrence relation is

xin(0)pa()QaB)dt—xout (£)p(t)Qp(t)dt G1)

p(t+dt) = p(t) + -

Where, the volume of high-pressure fuel pipe V=39270.
The initial conditions: p(0) = 0.85.

3.1.6. Optimized T, to Stabilize the Fuel Pressure in the
High-Pressure Fuel Pipe at 100
The optimization goal is:

Min S(Ty) = Xie1 |P(0 + idt) — P,|dt  (32)

Constraint condition: 0 < T, < T, where, the observation
period T can be selected according to the need.

3.1.7. Discretization Algorithm for Solving P(t) Control
Optimization Model

Although the differential equation about P(t) can be
determined, it is difficult to solve. Therefore, the
discretization method is used for numerical solution in this
paper. The specific steps of the algorithm are as follows:

Step 1 Initialization preparations. Recording the initial
state of the high-pressure fuel pipe that is fuel pressure
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P(0)=100, fuel density p(0) = 0.85, the initial state of the
high-pressure fuel pump that is fuel pressure P,(0) = 160,
fuel density p,(0) = 0.8704, the initial state of the engine
side is fuel pressure P;=0, fuel density p;=0. Choosing an
appropriate interval = 0.01, Observation period [O0,T ],
T =10s = 10000ms is selected.

Step 2 Cyclic change of decision variables T, € (0,T).

After determining T,, the characteristic function of fuel
supply x;,(t) can be determined.

Then solving Qg (t) (itis constant 20), Q,(t).

Next, the iterative recursive relationship:

xin(1)pa()QaB)dt—Xour (D) p(t)Qp(t)dt (33)

p(t+dt) =p() + -

The right side of the equation are the known quantities of
the moment t, and the physical quantities of the next
moment t + dt can be obtained by iterating one step with
the recursive formula p(t + dt). P(t + dt).

Continue to iterate, the pressure value of the high-pressure
fuel pipe at each time will be gotten.

P(0), P(0 + dt), P(0 + 2dt), - P(T)

In particular, the pressure value (2000) at 2 seconds, the
pressure value at 5 seconds (5000), and the pressure value at
10 seconds (10000) are stored for use.
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Calculating the sum of the deviations between the pressure

values and the ratings at these moments:
S(Ty) = Yi=1|P(0 +idt) — P,| dt (34)

Step 3 Changing the decision variable T, € (0,T) to find

out the minimum value of the deviation S, which
corresponds T, to the optimal fuel supply time, that is,
S(Ty) = T%gg}T)S(TA) (35)

The program is written with Mathematica software to
solve the optimization model. In the process of solving the
model, some of the values searched are listed in Table 1.

In order to minimize the error, the optimal fuel supply time
is obtained by searching T,=0.29ms.

If the fuel pressure of the high pressure fuel pipe is
increased to 150 and stabilized at 150 after 2 seconds, it is
only necessary to change the objective function in the
optimization model: minimize the error between the pressure
and 150 after 2 seconds, and increase the constraint condition
P(2000) = 150. By computer search, the optimal fuel
supply time T;=0.86 ms is obtained. Some of the search
results in the solution process are shown in Table 2.

Table 1. The error between the pressure in the high-pressure fuel pipe and the standard pressure 100 under the condition of different fuel supply time.

The pressure at 2s The pressure at Ss

fuel supply timeT ,

The pressure at 10s

Error between pressure and standard pressure

P(2000) P(5000) P10000) within 10s
1 153.8543 155.4610 155.6329 502590
0.5 126.1389 138.1154 140.0343 314590
0.3 102.3237 104.0432 105.1219 24946.3889
0.25 95.1959 90.3301 86.4599 98609.0042
0.2 87.6359 74.8517 62.2865 242831.4175

If the fuel pressure of the high pressure fuel pipe is
increased to 150 and stabilized at 150 after 5 seconds, it is
only necessary to change the objective function in the
optimization model to: minimize the error between P(t)

after 5 seconds and 150, and increase the constraint condition
P(5000) = 150. The optimal fuel supply time T,;=0.75 ms
is obtained by cyclic search. Some of the search results in the
solution process are listed in Table 2.

Table 2. The error between the pressure in the high-pressure fuel pipe and the standard pressure 150 under the condition of different fuel supply time.

fuel supply time The pressure at 2s The pressure at Ss

The pressure at 10s

Cumulative error between pressure and standard

T, P(2000) P(5000) P10000) pressure 150 in 5-10 s
0.9 151.3312 154.1801 154.2605 13970.0001

0.8 147.6559 152.3680 152.4100 5682.6103

0.7 142.0512 149.9404 150.0179 7224.3693

0.6 135.0614 145.5089 146.2694 26674.3516

0.5 126.1388 138.1154 140.0343 59692.77794

If the fuel pressure of the high pressure fuel pipe is
increased to 150 and stabilized at 150 after 10 seconds, it is
only necessary to change the objective function in the
optimization model: minimize the error between P(t) after
10 seconds and 150, and increase the constraint condition
P(10000) = 150. Because the longer the fuel supply, the

faster the pressure increases, we only need to increase T,
gradually to make just P(10000) = 150, which the smallest
one meets the requirements of the model. Programming search
to get the optimal fuel supply time 7,=0.7 ms. Some of the
search results in the solution process are shown in Table 3.

Table 3. The pressure value of the 10th second in the high-pressure tubing under the condition of different fuel supply time.

Fuel supply time T, 0.9 0.85 0.8 0.75

The pressure in the high-pressure fuel pipe at the 10s P(10000) 154.2605 153.4107 152.4100 151.4883
Fuel supply time T, 0.7 0.65 0.6 0.5

The pressure in the high-pressure fuel pipe at the 10s P(10000) 150.0179 148.2163 146.2694 140.0343
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Figure 5. Cam edge curve in polar coordinate system.

3.2. Solution of the Model in the Case of Problem 2

The conditions given in question (2) are more complex
and more similar to the actual fuel supply system. Among
them, high-pressure fuel pump is no longer an ideal stable
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fuel source, and its fuel pressure T, = T,(t) changes
periodically with the rotation of cam; The fuel injection rule
of the fuel injector B is determined by the movement of the
needle valve, so the fuel injection characteristic function
Xout(t) also changes accordingly. As in problem 1, we find
out the parameters of the model under this new condition,
and then substitute the optimization model established in §2
to solve it.

3.2.1. Determination of the Cam Edge Curve

Annex 1 has measured the edge curve of the cam, read in
these data, and made the cam curve diagram as shown in
Figure 5.

Because the expression of the cam curve is more
complicated [10], This article regards the polar angle-polar
diameter corresponding data given in Annex 1 as the discrete
form of the cam curve equation, When the polar angle is give,
the polar diameter can be found by periodically converting
the angle to 0-6.27 and then using a look-up table. A part of
the corresponding data of polar angle and polar diameter in
Annex 1 is listed in table 4:

Table 4. Polar angle-polar diameter of cam edge curve.

Polar angle (rad) 0 0.1 0.2 0.3

0.5 0.6 0.7 0.8 0.9

polar diameter (mm)  7.239 7.2389 7.2385 7.2379

7.2371

7.236 7.2347 7.2331 7.2313 7.2292

3.2.2. Variation Law of Fuel Volume V ., (t) in Plunger
Cavity During Cam Rotation
In the polar coordinate system, consider the movement law
of the cam and the plunger contact point J(6(t)),r(0(t)).
The cam rotates at an angular velocity w, the initial position

of point Jis 68, = g, then at time t
r(t) = r6(t)

According to Annex 1, on the edge curve of the cam, the
minimum pole diameter 7y,;,=2.4130 and the maximum pole
diameter 7;,,,=7.2390. The difference between the two is the
maximum stroke of the piston h,uy = Tnex — Tmin =
48260, the minimum volume in the cavity during the
movement of the piston is V,,;, =20. The known inner
diameter of the plunger -cavity d,,, =5, and its

zhu

. d .
cross-sectional area n(T)2 = 19.6350, the maximum

(36)
(37

volume of fuel in the plunger cavity is:
dZ u
Vinax = Vinin + 1( zh )thhu (38)

The volume of fuel in the plunger cavity at time t can be
calculated as:

Vonu = Vinax — ”(dzzﬁ)z(r(t) = Tmin) (39)

The change rule of the fuel volume in the plunger cavity
during the cam rotation is obtained, where the polar diameter

of the initial point | is r =1(8y) = rg = 4.8279, and the
corresponding fuel

dZ u
Voru(0) = Vinax — ”(Th)z(r(t) — Tmin) = 67.3418.

volume

3.2.3. Variation Law of Fuel Density p,(t) and Pressure
P4 (t) in the Plunger Cavity

Taking a very short time course [t,t + dt] and perform a
small amount analysis. In this process, the height of the
plunger rise is dr = r(t + dt) — r(t); The volume of fuel in
the plunger cavity also becomes Vg, (t+dt) . The
expression for this volume has been given in Section 3.1,

If the pressure in the plunger cavity is greater than the
pressure in the high-pressure fuel pipe, the one-way valve A
opens and the fuel supply process starts, otherwise no fuel is
supplied. Therefore, the characteristic function for judging
fuel supply is modified as:

1,P.(t) > P(t)
i ®1g PA(D) < PO (40)
or
1, pa(t) > p(t)
O 10 < o0 @

If the period [¢,t + dt] belongs to the fuel supply phase,
the fuel supply rate Q,4(t) is:

Q4(t) = CS, /ﬂ =S, /””A—”“” (42)
pA pA
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The fuel supply volume during this period is Q,4(t)dt, and
its mass is py(t) Q4(t)dt. Considering the compression
process and fuel supply process comprehensively, the fuel
density in the plunger cavity at t 4+ dt can be determined by
the recursive relationship as follows:

_ PA®Vzhu(O)dt—xin (Opa(©)Qa(t)dt
pa(t +dt) = Vzhu(t+dt)

(43)

Every time the plunger moves to the bottom dead center,
the external low-pressure fuel (constant pressure 0.5) will
fill the plunger cavity, so when the smallest point of the
pole diameter on the cam turns to the contact point, P,(t)
will automatically reset to P,(t) = 0.5, the pressure is
converted into the corresponding density, and p,(t) will
be reset to p,(t) = 8040. At this moment, the polar angle
of point J is:

0(t) =mm+2n,mw+4n,w+2ntn €N (44)

In this way, we get the variation law of fuel density
(pressure) in the plunger cavity.

Next, determine the initial state of the fuel in the plunger
cavity. Since the fuel in the plunger cavity must be reset
every cycle, the initial pressure and density values only affect
the data in a very short time (less than one cycle). Based on
this, we simply set the initial value Set as
P,(0)=0.5,p4(0)=0.80458.

3.2.4. Characteristic Function X, (t) for Judging
Whether to Inject Fuel
Annex 2 gives the needle valve lift data in a period of 100
milliseconds, based on which Figure 6 can be made.

0.8 B

Needle lift ( millimeter)

0.6 B

0.4+ B

0.2 b

0 Il Il I I
0 0.5 1 1.5 2 2.5

Time (millisecond)

Figure 6. The lift of the needle valve changes with time during the operation
of the fuel injector.

From Figure 6, it can be seen that from 0 to 0.45
milliseconds, the needle valve gradually rises and the fuel
injector B gradually opens; then the needle valve is stable
within 0.45-2 milliseconds (the lift remains at 2 mm), the fuel
injector B is fully open; within 2-2.45 milliseconds, the
needle valve gradually drops, and the fuel injector B
gradually closes. The opening and closing buffer time of the

fuel injector B is about 0.45 milliseconds.

For the sake of simplicity, it is assumed that the opening
and closing buffer process of the fuel injector B is regarded
as a linear function. So, similar to question 1, write the
characteristic function x,,.(t) describing the opening and
closing law of valve B as follows:

2 0<t<045
0.45
1,045 <t <2
Xout (t) = 1—5;&—2)23t<245
0,Tz <t <100
Xoyt (t —100),t > 100

(45)

3.2.5. Flow Function Qg(t) During Fuel Injection
Question 2 gives the diameter of hole B dp = 1.4, and the

area of hole B is n(d?B)Z = 1.5394. It is known that the flow

coefficient C = 0.85, and it has been assumed that the
pressure on the engine side is approximately zero, ie P; = 0.
Substitute the flow formula to get the flow during the fuel
injection process

_ 2aP 2[P4—Pg] _
Qp(t) = CAg /p(t) = CAp /—P(t) = 1.8505 (46)

The density in the high-pressure fuel pipe is still updated
by the recurrence equation given in Chapter 2:

xin(0)pa()QaB)dt—xout (£)p(t)Qp(t)dt (47)

p(t+dt) = p(t) + -

3.2.6. The Recursive Method of Solving Without the
Conversion Function of Pressure and Density

We start from the differential relationship Z—Z = ?,
discretize it, and get the recurrence relationship
P(t+dt)—P(t) _ E(P(t)) (48)

p(t+dt)—p(t) p(®)

Where, the parameters P(t) and p(t) at time t can be
regarded as known in the recursive process; and E(P(t))
can be obtained by checking the table in Annex 3; and
p(t+dt) can be The previous recurrence relation is
obtained, and therefore:

P(t +dt) = P(t) + E(%(t;” [p(t +dt) —p()]  (49)

If the exact formula of E(P) can be obtained but the

P_E®

differential equation Z—p cannot be solved, the

conversion formula of P(t) and p(t) cannot be obtained.
In this case, the recursive method can be used to obtain the
fuel parameter p(t +dt), P(t +dt) at time t + dt from
the fuel parameters P(t), p(t) and E(P(t)) attime t.

In particular, combined with the initial conditions: when P
= 100, p = 0.850, the corresponding density under each
pressure value can be calculated. Such as by

100-99.5 21714
0.85—p(99.5) 0.85

(50)

It is easy to figure out the corresponding density value
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p(99.5) = 0.8498 when the pressure is 99.5. In the same
way, starting from the initial conditions and iterating forward
and backward, a series of pressure and density corresponding
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value tables can be obtained. Part of the results are listed in
Table 5, and the entire data list is shown in supporting
materials.

Table 5. Starting from the initial conditions, iteratively calculates the partial corresponding value table of pressure and density forward and backward.

Pressure P 0 0.5 1 1.5 2 2.5 3 35 4 4.5
Density p 0.8043 0.8046 0.8048 0.8051 0.8053 0.8056 0.8058 0.8061 0.8063 0.8066
Pressure P 5 5.5 6 6.5 7 7.5 8 8.5 9 9.5
Density p 0.8069 0.8071 0.8074 0.8076 0.8079 0.8082 0.8084 0.8087 0.8089 0.8092

3.2.7. Optimization to Stabilize the Fuel Pressure in the
High-Pressure Fuel Pipe at 100

The optimization goal is:Min S(w) = Y,;—, |P(0 + idt) —
P,| dt

According to the actual meaning, the constraint condition
is given: w >0, where the observation period can be
selected artificially.

Through Baidu search, the general speed of the cam is
about 100 rpm., the speed higher than 200 rpm is called high
speed, and the speed lower than 100 rpm is called low speed.
Therefore, the speed range is about 0-1000 rpm, which is
0-0.10472 radians/ms.

3.2.8. Discretization Algorithm of P(t) Control
Optimization Model

Step 1 Initialization preparations. Record the initial state of
the high-pressure fuel pipe that is fuel pressure P(0)=100,
fuel density p(0) =0.850 , the initial state of the
high-pressure fuel pump is fuel pressure P,(0) = 0.5, fuel
density p,(0) = 0.8040, engine The initial state of the side
is fuel pressure P; = 0, fuel density p; = 0. Choose an
appropriate time step dt = 0.01, observation period [0, T],
T = 10s = 10000ms can be selected.

Step 2 The decision variable w is cyclically changed.
After @ is determined, the fuel supply characteristic
function x;,(t) can be determined; then Qgz(t) (constant
1.8505), Q4(t), according to the position of the cam at the
current moment, determine whether to reset py, P,.

Next, the iterative recursion relationship:

PAMV zpu(O)dt—xin ()pa(t)Qa(t)dt
Vzhu(t+dt)

pa(t +dt) = 62

p(t + dt) — p(t) +xin(f)PA(f)QA(f)dt;xout(f)P(f)QB(t)df (52)

The right side of the equation is the known quantity of the
time. Using this recursion to iterate one step, you can get the
physical quantity p,(t + dt),P,(t + dt), p(t + dt) at the
next time t+dt, And convert the density parameter to the
pressure parameter P(t + dt).

Continue to iterate to get the pressure value of the
high-pressure fuel pipe at each moment:

P(0), P(0 + dt), P(0 + 2dt), -, P(T)

Calculate the sum of the deviations between the pressure
value and the rated value at these moments (objective
function):

S(Ty) = Yi=1|P(0 + idt) — P,| dt (53)

Step 3 Variable decision variable ®, Find the minimum
value of the deviation S, at this time the corresponding w”* is
the optimal angular velocity, namely:

S(w*) = Min,, S(T,) (54)

Using the mathematical software Matlab to program the
solution model, and use the solution data to make the angular
velocity-error relationship image, as shown in Figure 7.

x 10"

The error between the pressure and the standard value 100

0 I L L L Il
0 0.02 0.04 0.06 0.08 0.1 0.12
Angular velocity (radian/millisecond)

Figure 7. The relationship between angular velocity and error of cam.

It can be seen from the figure that the higher the speed of
the cam, the smaller the total deviation of the pressure in the
high-pressure fuel pipe from the standard value. However,
the cam speed is generally between 100 rpm and 200 rpm,
that is, between 0.01047 radians/ms and 0.02094 radians/ms.
In order to minimize the error, blindly increasing the speed is
not worth the gain, and too high speed is difficult to achieve
in mechanical design. Therefore, we choose the optimal
speed w* as the angular velocity corresponding to the
inflection point in the figure above. Its meaning is: before
w*, as the speed increases, the error decreases rapidly; after
w”, as the speed increases, the rate of error decrease becomes
slower. It can be seen from the figure that the optimal value
is between 0.02-0.03. After programming numerical
calculation, the optimal angular velocity value w* =0.0220
radians/ms, that is, 210.0845 revolutions/minute is obtained.
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3.3. Model Solution in the Case of Question 3

The solution of problem 3 is similar to that of problem 2,
only minor adjustments are needed. Under given new
conditions, we find the corresponding parameters of the
model, and add several items to the corresponding iterative
formula, then we can substitute into the optimization model
to solve.

3.3.1. Add Another Optimization Model in the Case of
Injectors
After adding an injector, the iterative law of fuel
parameters in the plunger cavity remains unchanged; and the
iterative relationship of fuel density in the high-pressure fuel
pipe needs to add an item corresponding to the new injector:

p(t+dt) =
xin(0)pa(®)Qa®)dt—xout () p(H)Qp () dt—xout2 () p(H)Qp(t)dt (55)
14

p(t) +

Where, X,,:2(t) is the injection characteristic function of
the newly added injector.

If two injectors are allowed to work completely
synchronously, X,,:2(t) = %oy (t), the model at this time is
equivalent to double the cross-sectional area of injector B in
question 2.

In order to increase the flexibility of the model, the two

injectors can be staggered to work, this only needs to make
Xout2 (t):xout(t) (t+ Talpha) (56)

Where, Talpha represents the time difference between the
working hours of the new fuel injector and the original fuel

Xin(®©)pa)Qa®)dt—[xout () +Xout2(O)]p()QB () dt—xoyt3 () p(t)Qp (t)dt

injector.
At this time, the objective function remains unchanged and
remains

Min S(w,T,) = Z IP(0 + idt) — P, dt
i=1

Constraints are still given in actual meaning: w €
(0,0.1),T, € [0,100].

The decision variables are the angular velocity w of cam
rotation and the working time difference T, of the two
injectors.

Solving this optimization model, you can get the best
parameters @ and T,, that is, get the best fuel injection
strategy and fuel supply strategy. Since a one-way pressure
reducing valve is added to the next question, we regard the
following situation as a broader situation. We will not solve
the optimization model for this situation for the time being.
Instead, we will solve the model in the more general case in
Section 3.3.2 below, and then take the special case and return
to the model in Section 3.3.1 to obtain the solution of the
model in this section.

3.3.2. The Optimization Model in the Case of Adding a Fuel
Injector and a One-Way Pressure Reducing Valve
After adding a fuel injector and a one-way pressure
reducing valve, the iterative law of fuel parameters in the
plunger cavity remains unchanged; while the iterative
relationship of fuel density in the high-pressure fuel pipe
needs to add one more one-way pressure reducing valve:

p(t+dt) = p(t) +

Where X,,.5(t) is the fuel injection characteristic
function of the newly added fuel injector, and its opening
time is recorded as Tp. For convenience, it is still assumed
that the pressure reducing valve needs to be closed every
time it is opened Tp,' milliseconds, then

1,0<t<T,

0,Tp <t<Tp+Tp
Xouezlt = (Tp + Tp )], t > Tp + T’

Xout3 (t) = (58)

The flow rate Qp(t) is still determined by the flow

rate formula:
24P 2[P(£)-0.5]
Qo (8) = CAp /m =CAp /T (59)

Because the diameter of the pressure reducing valve
dp=1.4 has been given, the cross-sectional area Ap=1.5394
can be obtained.

At this time, the objective function remains unchanged and
remains,

Min S(w,T,, Tp, Tp') = Xi=1 |P(0 + idt) — P,| dt.

Constraints are still given in actual meaning: w €
(0,0.1),T, € [0,100],Tp and Tp' € [0,100].

- (57)
The decision variables are w, T, Tp, T
In the numerical solution process, in order to facilitate the

solution and mechanical design, we assume that the two

injectors not only have the same structure, but also work
synchronously, with the instant difference T,=0. Since the
pressure reducing valve D has the same size parameters as
the one-way valve A in question 1, in order to simplify the
solution of the model, it may be assumed that the
performance of the two is exactly the same, that is, the
one-way valve D must be closed for 10 milliseconds after
one operation, which is a fixed parameter T,  =10.

Substituting specific data and solving the optimization model,

the remaining two optimization parameters are obtained:

w=0.0312, which is 297.9381 rpm, and Tp=1 millisecond.

In the model of this section, you only need to take Tp=0,
that is, the pressure reducing valve will never open, and the
situation in section 3.1 is obtained. Solving the optimization
model obtains: the optimal speed of the cam w*=0.015.

4. Conclusion

In this paper, we have explored the law of fuel pressure
change in the high-pressure oil pipe. On one hand, we have
used the calculus method to accurately describe the physical
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change law of fuel pressure. On the other hand, we have
proposed the discrete algorithm to carry out the numerical
simulation. The numerical results have shown the
effectiveness of our mathematical model. In the future, we
will improve the existing mathematical model to deal with
more complex oil supply system.
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