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Abstract: Fast constructions from the Brownian motion and Brownian bridge are required in many applications such as
Quasi-Monte Carlo simulations and statistical inferences on stochastic processes. The simple method for construction of discrete
Brownian motion is a step-by-step method of computing the cumulative sum of i.i.d. normal variables. The construction of a N
dimensional discrete Brownian motion (or a N-1 dimensional discrete Brownian bridge) that require at most O(Nlogh) floating
point operations(flops) is called fast one. Discrete Brownian motion can be also constructed using decompositions of its
covariance matrix and the method based on eigenvalue decomposition not only shows superior performances in many
simulations to the step-by-step method but also becomes a fast construction. Usually the discrete Brownian bridge can be
constructed from the discrete Brownian motion using the linear relationship between them. In this paper, the inverse of the
covariance matrix for the discrete Brownian bridge is computed. The explicit expression of eigenvalue decomposition for the
covariance matrix is given. Using it, a fast construction of the discrete Brownian Bridge is derived. The LDU
(Lower-Diagonal-Upper) decompositions of the covariance matrices for the discrete Brownian motion and Brownian Bridge are
obtained, respectively. The constructions of the discrete Brownian motion and Brownian bridge derived from these
decompositions are fast ones and have step-by-step types. It is interesting that the discrete Brownian bridge is constructed as
the cumulative sum of normal variables. Performances of the step-by-step method and methods using LDU and eigenvalue
decompositions are compared through simulation results on the maximum distributions of the Brownian motion and Brownian
bridge. Finally, an inserting method for construction of discrete Brownian motion using eigenvalue decompositions which
requires O(Nlog(logN)) flops is proposed. The new fast constructions could be significant in Quasi-Monte Carlo simulations
require high accuracy.
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1. Introduction We set

. BB(t) = B(t) — tB(t), 2

Let B={B(#); t€[0, 1]} be a standard Brownian
motion(simply a Brownian motion) and B(0)=0. B is an  then BB={BB(f); t€[0, 1]} is a standard Brownian
independent-increment process and B(f)-B(s), 0<s<t<1  bridge(simply a Brownian bridge). The Brownian bridge is a
follows the normal distribution with mean 0 and variance #-s, ~ Brownian motion given B(1)=0, i.e., BB £ B|p(;)=9, Where
Le., B(1)-B(s)~N(0, t-s). The expectation and covariance of the 2 means equality in distribution. The expectation and

Brownian motion B={B(?); t€[0,1]} are respectively covariance of the Brownian bridge are respectively

EB(1)=0, Cov(B(s), B(1))=s, 0<s<<I. (1) EBB(1)=0, Cov(BB(s), BB(1))=s(1-1), 0=s<t=1. (3)
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(B(t)),..., B(ty)) and (BB(t),..., BB(ty.1)) will be called a
discrete Brownian motion and a discrete Brownian bridges,
respectively for 0=t,<t;<...<ty.;<ty=1. The case that the ¢; are
evenly spaced is the most important one from the practical
point of view. Let B,=B(¢/N), k=1,..., N and BB,=BB(t/N),
k=1,...,N-1. By=(By,..., BN)T is called the N dimensional

called the N-1 dimensional discrete Brownian bridge.

The simple method for construction of the discrete
Brownian motion By is to compute the cumulative sum ofi.i.d.
normal variables of mean zero and variance 1/N and it is called
a step-by-step method and it uses O(N) flops.

From (1) and (3) the covariance matrices of By and BBy

discrete Brownian motion and BBy,=(BBj,..., BBy,)" is are
1 11 1 11
(1 2 2 2 2 2 \|
1 2 3 3 3 3
Tp=N"1 : : )
11 1 N—-1 N—-2 N-2
1 2 3 N—-2 N—-1 N-1
1 2 3 N—-2 N-1 N
N-—-1 N-—-2 N-3 3 2 1
(N—Z 2(N—-2) 2(N-3) 2:3 2-2 2 \|
N—-3 2(N-3) 3(N-3) 3-3 3-2 3
Ypp = N72 : : )
3 2-3 3-3 (N-3)3 (N—-3)2 N-3
2 22 3-2 (N-3)2 (N—-2)2 N-2
1 2 3 N-3 N—-2 N-1
respectively. From (2), the samples of the discrete Brownian bridge

Both of By and BB, follow the multidimensional normal
distribution. If the covariance matrix 2 of the normal random
vector Z is decomposed into Z=CC", samples of Z can be
constructed by CW, where W is a standard normal vector [12].

The methods using the decomposition of covariance matrix
25=C;C5" use O(N?) flops.

Akesson, F and Lehoczky, J. P [1] has shown the following
eigenvalue decomposition of 2.

Zp = TpApTg, ).
where  Ap =diag(Ay,..,Ay) , A; = (4Nsin?((i —
1/2)m/(2N))~* ; Tp = (tij)nxn ; and
tij = 2/V2N + 1sin(i(2j — 1)m/(2N + 1), using

2 -1 0 0 0O
(—1 2 -1 - 0 0O \
0o -1 2 0 0O
3y =N : : (5)
0 0O 2 -1 0
0 0O =1 2 -1
0 0O 0 -1 17 pyxn

Scheicher, K [14] has shown the construction using
eigenvalue decomposition in (4) can be computed using the
fast sine transform, thereby using O(NlogN) flops(in the case
of N=2* for a certain natural number). Leobacher, G [8]
proposed useful orthogonal transforms using O(NlogN) flops.

Wang, X and Sloan, I. H [15] and Imai, J and Tan, K. S [6]
have pointed the importance of the proper choice of Cp in the
decomposition of 23 for problems arising from quasi-Monte
Carlo pricing of financial derivatives.

Scheicher, K [14] has shown any orthogonal
transformation of the discrete Brownian motion by
step-by-step method give another sampling method of it in
theoretical view of point.

BBN_II(BBI,...,BBN_I)T are usually constructed by the linear
transformation of the discrete Brownian motion
By=(By,....By)" as follows.

BBy = By, — (k/N)By, k=1,..., N-1 (6)

To the best of our knowledge, there is no result of sampling
BBy.1 by using decomposition of Xgg.

The method to insert discrete Brownian bridges into a
discrete Brownian motion (called Brownian Bridge
construction) has been considered [2, 4, 5, 9-11]. The
inserting method is useful for sampling high dimensional
discrete Brownian motion [8]. Larcher, G et al. [7] has
proposed a method for finding good weights for several
classes of functions and applied it to certain algorithms using
the Brownian Bridge construction. In that cases inserted
discrete Brownian bridges have been sampled by (6) from the
discrete Brownian motion.

The inserting method using a decomposition of Xggp gives
another decomposition of covariance matrix for high
dimensional discrete Brownian motion and it is significant in
Quasi-Monte Carlo simulations for financial derivatives. For
a financial derivative, the efficiency of Quasi-Monte Carlo
simulations depends crucially on the decomposition of
covariance matrix of the discrete Brownian motion [15].

In this paper, the expressions of eigenvalue and LDU
decompositions of the covariance matrices of the discrete
Brownian motion and Brownian bridge are given and new fast
constructions of the discrete Brownian motion and Brownian
bridge using these decompositions are presented. It is
suggested an inserting method for construction of discrete
Brownian motion which requires O(Nlog(logN)) flops. The
method is based on eigenvalue decompositions of the
covariance matrices and the suitable dimension partition of the
discrete Brownian motion and Brownian bridges.
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This paper is organized as follows. In section 2, the
inverse matrix of ZXgp is computed and the explicit
expression of the eigenvalue decomposition of Xgp is
given. A new fast construction of BBy, using the
decomposition is derived. In section 3, the explicit
expressions of the LDU decompositions of Xzzand Zp are
given and new fast constructions of BBy, and By are
proposed, respectively. The construction algorithms use O(N)
flops same as the step-by-step method. In section 4,
performances of the step-by-step method and methods using
LDU and eigenvalue decomposition are compared by the
simulation results on the maximum distribution of the
Brownian motion and Brownian bridge. Finally, the fast
construction of the high dimensional discrete Brownian
motion using O(Nlog(logN)) flops is shown.

2. Eigenvalue Decomposition and a
Construction Using It

Using Gaussian elimination method, calculate the inverse
matrix of Zzp such as

2 -1 0 0 0 O
-1 2 -1 - 0 0 O w
0o -1 2 0 0 O
5k = Ni : : i (7)
000 2 -1 0
\ 000 = -1 2 —1/
000 0 -1 2

(N=1)x(N—1)

This tridiagonal matrix is different from (5) only in the
dimension and the element of the last row and column.

Theorem 2.1. The eigenvalue decomposition of Zgp =
(6,:]')(1\]_1))((1\[_1) is as follows.

Ypp = TBBABBTBTBa (®)
where Agp = diag(Ay,...,Ay) , 4; = (4Nsin?(in/N))™*,
Tgp = (tij)nxn-and t;; = /2/Nsin(2ijm/N).

Proof. The vectors &; = (14, .., Ey—1:)7, i=1,..., N-1 are

orthonormal basis of N-1 dimensional space [8].
Now, in the similar way to Akesson, F and Lehoczky, J. P
[1], prove

..., N-1. )

For the first component of the left side in (9),
N(@E = &) = V2N (2sin (5F) = sin (7))
8 (2) - 250 2) s 2
~2vZW sin (27 (1 - cos (7))

=4N sin? (2%) . %sin (2%) = A7ty

-th

and for the j"(2<j<N-2) component,

N(=Fi_1; + 28 — Gys)

= \/W(z sin (21%) — sin (W) —sin (2i(j;1)n))
s (25 20 (i) 5
= 2V2Nsin (Zl%) (1 — cos (%))

= 4N sin? (2%) : %sin (2””) =

Finally, for the j*(7=N-1) component,
N(=Ey-z; + 2Ey-14)
— V2N (_ sin (41’(1\11;2)71) + 2sin (Zi(Nl;l)rr))
2N (2 sin (4%) — 2sin (2%))
—V2N (2 sin (2%) — 2sin (2%) cos (2%))
= 2+/2N sin (—Zi(l\;l)”) (1 — cos (2%))
= 4N sin? (2%) : \/%sin (—Zi(Nl;D”)

_ y-1F7
— i UN-1,i»

where, the equality

2ijm
sin = sin
N

(2111: 2i(N— ]))
N
is used.

Now, the fast construction of the discrete Brownian bridge
using (8) is considered. Let WN_lz(wl,...,wN_l)T beaN—-1

—sin (M)
N

dimensional standard normal Vector and
Vyor = (vg, e, vy-)T = Al/ZWN 1, then the i component
ofBBN_IZ(BBl,...,BBN_l) is as follows.
_ L N—1 2kin i _
BB; _\/ﬁz"ﬂ m( ~ )Uk,l 1,...,N-1.

By a mapping F: R"'—R*¥? defined as
Fs:=(0,51,0,55,..,0,sy_1 )TeR?N72,
s = (81,52, ., Sy—1 )T €ERN™L,
and setting

Y =wuy2 "-:yZN—Z)T =FVy_1=(0,v4,0,v,,..,0,vy_1),
then
BBl 2k
IZN m') vy
fzk Lsin k(ZI)n)yk,iZI,...,N-l.

This is the 2i" element of the discrete sine transform TpgY in
dimension 2N—2 on the vector Y=(y,,...,yay.0) . Therefore
BBy_, = N2HTpsFAYZWy_,, (10)

where H:R**?—R"" is a mapping defined as
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Ht:= (ty, ty, o, tay_z) €RN 7L, flops and multiplication by Tps can be done in O((N — 1)log(N
N1 —1)) flops when N=2* for a certain natural number K [8]. So,
t=(ty, ., tay-2)" €R . the construction of BBy.; by (10) uses O(MogN) flops.

Multiplications by H, F and A%/BZ can be done in O(N — 1)

3. LDU Decompositions and Constructions Using Them

The following theorem shows the expression of the LDU decomposition of Xg5.

Theorem 3.1. The LDU decomposition of Xgp = (5"1')(1\/—1)><(N—1) is as follows.

Ypgp = LBBDBBUBTB (11)
where Dgp = diag dpg, dfs = (dy, ..., dy_1) = (2N)™1,2(3N)7L, ..., (N — 1)1\/—2) and

1 -1 1 (—Dn-3 n (—DN?
2 3
0 1 _§ o (DY 4_2 (=DN-3

=
N

2| 2|
N
[uN
_/

w |

3
Lpp = Upp = | 0 0 1 (_1)N SN_ (= 1)N N1
I ' ' I
\ 00 0 1 —E /
0 0 0 0 1
Proof. From (7)
2 -1 0 0 0 O
/—1 2 -1 0 0 O \
0o -1 2 0 0 O
N71zpt = : :
0 0 O 2 -1 0
0 0 O -1 2 -1
0 0 0 0 -1 27 w-pxw-1

The LDU decomposition [13] of above tridiagonal matrix is as follows.
N~'xz} = LDIT,
where D = diag(d,, ..., dy_1),

1 0 O 0 0

{Ez 10 0 0\|
Zzﬁzl 0 t:3 1 0 0 | ,

\0 0 0 1 o/

0 00 tv-r 1 (N-1)x(N-1)

Elz—a,l_z,. LN —1,

and

By recursive calculation,

On the other hand, using Zgp = (Z‘l)T(N_lﬁ_l)Z_l give

Dgp = N™1D~! = diag((2N)™%,2(3N)7%, ...,(N — 1)N 2
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and

_1 DV (DR
1 ~1 E152 Hkltk Hkltk 1 3 Nt 2 Nz 2
01 & | v | (e 0 1 —% o GO CDYT S
Lgg = (Z—l)Tz 0 0 1 Hk 3tk Hk 3tk =10 0 1 (- 1)N Si (- 1)1\/ 4%

0 0 O 1 i"_ T N—

0oo0oo0 o 1 8 g g 1 —E

0 1 (N-1)x(N-1)

Using (11), BBy.1=(BB;,...,BBy.;)" can be constructed as follows.
BBy_1 = Lgg Dy Wy_y.

Now, let Vy_; = (v, .., vy_)T = Dl/ ZWN 1, Where Wy, is a N — 1 dimensional standard normal random vector then
BBy.=(BB,,.. .,BBN_l)T =LppVy.; can be constructed as follows.

BBy_1 = Uy_1,
BB; = v; — — BBy, iFN-2, N-3,..., 1. (12)
The following theorem shows the expression for the LDU decomposition of Xg.
Theorem 3.2. The LDU decomposition of Xz = (al- ]-)NXN is as follows.
Xp = LBDBUgs (13)

where
Dy = diagdg, d} = (dy,...,dy_1) = (2N)™1,2(BN)7L,...,(N —1)N~2,1) and

— 1 11
1 _% % (_1)N 2_ (_1)N lﬁ
0 1 -2 v (=D 2_1 -V
3
Ly=Ul=|0 o0 1 DV (VRS
000 1 -=
000 0 1 e

This proof, being very similar to above theorem, is  decomposition methods, simply. It is easy to find that LDU
omitted. decomposition methods are similar to the step-by-step method
Using (13), By=(B\,...,By)" can be constructed as follows in structure and use O(N) flops.

By = LyDy*Wy. .
4. Performance Comparison and the New

Now, let Uy = (uy, ..., uy)’ = DI/ZWN, where Wy is a N Fast Construction
dimensional standard normal random vector, then
B\=(B 1,,,,,BN)T =L,Uy can be constructed as follows. First, performances of above construction methods for
approximation of the maximum distribution are compared. The
By = uy, cumulative  distribution  functions of  Uzy=maxe,1B(9),

My=maxe|B(9)|, Ugg=maxep 1BB(?) and Mpg=maxejo,)|BB(?)|

B =u; - are represented as follows, respectively [3].

Biyr, i=N-1, N-2,.., 1. (14)

l+1

The construction methods of the discrete Brownian motion
and Brownian bridge using (14) and (12) are called LDU

GF(x) = P(Ug < x) =20(x) — 1,
Gp(x) = P(Mp < x) = 3 _oo(—1)*[®((2k + 1)x) — @((2k — Dx)],x > 0,
Gig(x) = P(Upp < x) = 1 —exp(—2x2),x > 0,
Gpp(x) = P(Mpp < x) = 232 _(—1)*exp(—2k?x?),x > 0,
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where @ is the standard normal distribution function, i.e.,
d(x) = 2m)"Y2 [ exp(—z2/2)dz.

Generating R samples BN,:(BI,,...,BN,)T, r=1,..., R and
BBN_L,.:(BBI,,...,BBN_L,.)T, r=1,..., R wusing step-by-step
method, LDU decomposition and eigenvalue decomposition
methods, respectively, Ug, = maxi<j<yBj , Mgy, =
maX1sjsN|Bjr| > Uppy_,, = MaXicjey—1 BBj  and
Mppy_,, = maxlstN_1|BBjr|, r=1,..., R are calculated.

Let denote by Gi(x), Gg(x), Giz(x) and Gpp(x), the
empirical distribution functions of them, respectively. For
three methods, norm square errors

~112 ~ 2
[AG|° = []]G () — 6(x)| dx
calculated using MATLAB are presented in Table 1.

Table 1. The norm square errors of the empirical distribution functions in
the case of N=1024, R=10°, and T = 4.

Methods ||AG’,§||2 ”AGBHZ ”AGEBH2 ”AGBB”Z
step-by-step 0.0176 0.0196  0.0185 0.0181
LDU decomposition 0.0168 0.0178  0.0194 0.0187
Eigenvalue decomposition 0.0147 0.0143  0.0172  0.0167

Table 1 shows that the eigenvalue decomposition method
has the smallest error in all cases and the LDU decomposition
method is superior to the step-by-step method in 3 cases
except of approximation of Ggp.

Finally, a method to construct the N=N;N, dimensional
discrete Brownian motion by inserting N, discrete Brownian
bridges of dimension N,-1 into a N; dimensional discrete
Brownian motion is considered. Let denote by

0 _ (p©® O
By, = (B, ... By,)

. T
BBy’ )i, Ny,

Ni-1

= (BBY, ...,BY

2—1

N, dimensional discrete Brownian motion and N, discrete
Brownian bridges of dimension N,-1, respectively. Then, the

N=N|N, dimensional discrete = Brownian  motion
By=(By,.. .,BN)T can be constructed as
BjNZ :B](O)a jzla"'a N17 (15)
and for [ = (j — 1)N, + k, j=1,...,Ny, k=1,..., N»-1,
Nk k 1 )
B, = IZV_ZB(J'—l)Nz +N—ZBjN2 +JTTBB’< , (16)

where By=0.

Constructing BIS,?) and BBIE,?_l by using the eigenvalue
decomposition allows the above construction using (15) and
(16) of By use O(NjlogN;+N;N>logN,) flops. If we set
Ny=logN, it turns to O(Nlog(logN)).

5. Conclusion

In this paper, explicit expressions of the eigenvalue and
LDU decompositions of the covariance matrix of the discrete

Brownian bridge have been given. And explicit expression of
LDU decomposition of the covariance matrix of the discrete
Brownian motion has been also given. New fast construction
algorithms for sampling the discrete Brownian motion and
Brownian bridge using these decompositions have been
proposed.

The new fast constructions using LDU decomposition can
be useful in certain simulations. Wang, X and Sloan, 1. H [15]
noted that if a decomposition works well for a given financial
derivative using a QMC methods, then for every other
decomposition there is another financial derivative which can
be priced with exactly the same result. Also Table 1 shows
that the LDU decomposition method is superior to the
step-by-step method in most cases of approximation of the
maximum distribution.

Further, the construction of the high dimensional discrete
Brownian motion using O(N log(log N)) flops by inserting
the discrete Brownian bridges constructed using the fast
construction into the discrete Brownian motion have been
presented. Inserting the discrete Brownian bridges
constructed using different methods could provide different
constructions of the discrete Brownian motion. For example,
the discrete Brownian motion can be constructed
alternatively by inserting discrete Brownian bridges
constructed using LDU decomposition. It can be seen from
Wang, X and Sloan, I. H [15] that every construction has a
certain payoff function for which it is especially well suited.
Several construction methods have been proposed and
finding a suitable payoff function for each construction can
be our future research. The new fast constructions will be
useful in many Quasi-Monte Carlo simulations that require
high accuracy.
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