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Abstract: In this paper, we introduce a new class of convex functions, which is called nonconvex functions. We show that this
class unifies several previously known and new classes of convex functions. We derive several new inequalities of
Hermite-Hadamard type for nonconvex functions. Some special cases are also discussed. Results proved in this paper continue to

hold for these special cases.
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1. Introduction

Theory of convexity has played an important role in the
development of various branches of pure and applied sciences,
see [2]. In recent years, the cconcepts of convex functions
have been generalized in various directions using novel and
innovative ideas, see[1,2,3,4,5,7,8,10,11,12,13,16]. Varosanec
[11] introduced the class of /4 -convex functions. This class of
functions unifies various classes of convex functions and is
being used to discuss several concepts in a unified manners.

Definition1.1[16]. Let #:J=[0,1] - R a nonnegative

function. We say that f:/ OR — R is A -convex function,
if f isnonnegative and for all x,y0/ and #0U[0,1].

[+ (1=0y) Sh@) f()+h(1-0f(»), (1)

The class of A -convex functions along with classical
convex functions unifies some other known classes of convex
functions, that is, § -Breckner convex functions [1], P
-convex functions [7], Godunova-Levin functions [8] and §
-Godunova-Levin functions [4].

It is known that theory of convex functions and theory of
inequalities are very much interrelated to each other. One of
the most extensively studied inequality in the literature is
Hermite-Hadmard’s inequality. This inequality provides
necessary and sufficient condition for a function to be convex.
For some useful details on Hermite-Hadmard’s inequality,
readers are referred to [3,4,5,6,7,9,10,11,12,13,14,15].

Inspired by the ongoing research, we in this paper,
introduce a class of (%,5) -convex functions, which is called
nonconvex. This class also generalizes the class of % -convex
functions. This new class of noconvex functions is quite
flexible and includes several previously known and new
classes as special cases. We derive some Hermite-Hadmard
type inequalities for this new class, which is main motivation
of this paper. The interested readers may find its applications
in pure and applied sciences.

We now define a new class of convex functions, which is

called as (%,5) -convex function.

Definitionl.2. Let A:J=[0,1]- R a
function. A function f:/0OR - R
is (h,8)— convex function, if f is nonnegative and
S+ (1=0)y) < h(t) f(x) +h(1=0") f (),

(v, y 01,5 0(0,1], and ¢0[0,1].

Remark. For s=1 in Definition 1.2, then, we have the
definition of /4 -convex functions, introduced and studied by
Varosanec [16]. For A(t')=¢", h(@')=t", h(t')=1, the
class of (%,s) -convex functions reduces to the class of , §
-Breckner convex functions [1], $§ -Godunova-Levin
functions [4] and P -functions [7] respectively.

In the next section, we derive some Hermite-Hadamard
type inequalities for the class of (%,s) -convex functions. We
also discuss some special cases.

To prove some of our main results, we need following result,

nonnegative
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which is proved using the technique of [15].
Lemma 1.4. Let f be (4,s)-convex functions.Then for
any xU[a,b] and 0z0[0,1], we have

Sfla+b=x)<(h(") +h((1=0)")[f (@) + f(B)] = [ ().

Proof. As we know that xU[a,b], can be represented as
=ta+(1-t)b, Ot0O[0,1].
Thus which is the desired result.

fla+b-x)
= f((1~1)a+1b)

S h((1=1)")f(a) +h(z*) 1 (b)

= (h(@") +h((1=0)" ) f(a) + [ ()]
—h(@) f(a) + h((1=1)") f(D)]

< (W(@) +h((1=0)))Lf (@) + 1 (b)]
—f(ta+(1-0)b)

= (h(@)+ (=0 DS (@) + [ ()]
- (%),

2. Main Results

In this section we derive several integral inequalities of
Hermite-Hadamard type for (%,)-convex functions, which
is the main motivation of this paper.

Theorem 2.1. Let f:IOR - R be (hs) -convex
function. If fUOL[a,b], then, for h(is)io, we have

11 réEh jf(x)dx<[f<a>+f(b) Jh(t )dt.
2h()

2

Proof. Let f be (h,s)-convex, then

a+b)_ (ta+(1=0)b+(1-0a+1b
(G G e

< h(%)(f(ta +(1-0b)+ f((1-)a +1b).

Integration of above inequality with respectto ¢ on [0,1],
leads to the following step

1 a+b 1 %
f[ )S f(x)dx.
Zh(zls) 2 b—a;[

Also

Sta+(A=0b) < h(t*) f(a)+ h(1=1)") /(D).

Integration of above inequality with respectto ¢ on [0,1],
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we have
L[ roasLr@ + ronfhe i
b-a’ o

This completes the proof.
Special Cases.
We now discuss some special cases.
i. If s=1 in Theorem 2.1 then, we have Theorem 6 [14].

ii. If AE)=¢ in Theorem 2.1 then, we have
Hermite-Hadamard type inequality for s-convex
functions, see [6].

iii. If A@)=¢" in Theorem 2.1 then, we have
Hermite-Hadamard type inequality for
s-Godunova-Levin convex functions, see [4].

iv. If A@)=1 in Theorem 2.1 then, we have

Hermite-Hadamard type inequality for P functions, see
[7].
We need the following result, which is proved essentially
using the technique of [15].
Theorem 2.2. Let f be (h,s) -convex function on
=[a,b], fUOL[a,b] and w:[a,b] - R" is non-negative,

about ath ,
2

ol o

b
Proof. Using the given facts, we have J f(x)w(x)dx

a

then

integrable and  symmetric

j.f(x)w(x)dx< f(a) /) J.( [

= %{jf(x)w(x)dx +[fa+b-x)w(a+b- x)dx},

- %{I(f(x) +fla+b- x))w(x)dx},

-y e o,
QU

—a
<—{(f(a)+f(b)) Jil ¢ jw(x)dx

+<f(a)+f(b)>jh[

jw(x)dx}
=
f(a)+f(b)j b-a

a +h[(b Z)J

which is the desired result.

Note that, if s=1, then Theorem 2.2 reduces to Theorem 5
[15].

We now derive Hermite-Hadamard-Fejer version of
inequality for the class of (%,5)—convex functions.

w(x)dx,
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Theorem 2.3. Let f be (h,s) -convex functions and
a,b01, fUL[a,b] and w:[a,b] - R" is a non-negative,
a+b

integrable and symmetric about , then, for h(%) %0,

we have

11 f(a;ij.W(X)dX
2h(§) “

< j F(x)w(x)dx

< %f(b) (h() + (1= 1)) [w(x)dx.

Proof. Using the given facts and Lemma 1.4, we have

11 f(a;bjjw(x)dx
2h(§) a

_ l1 J.f(a+b;x+xjw(x)dx
2h(;)"

<1 I I[h(%)(f (a+b-x)+ f(x))} w(x)dx
2h(§) a

= % j f(a+b—x)w(a+b-x)dx +% j £ () w(x)dx

< j F(x)w(x)dx.
To prove the other part of the inequality, we consider
[jf ()w(x)dx
- %j f(a+b=x)wa+b-x)dx +%if (X)w(x)dx
= %Ef(a +b = x)w(x)dx +%Ef (x)w(x)dx
< %j[(h(ts) +h((1=0")f (@) + f(b)]

=/ () Iw(x)dx + [ £ () mw(x)de

_ M(h(f) +h((1=1)) w(x)dx.

This completes the proof.
Theorem 2.4. Let fw be the product of two (/4,5) -convex

functions, a,b01 and fwUL[a,b], then, for h(%) £0

1 a+b

2

1 (fw)(

1 b
j <— [ Gow(xdx
2h(5) “

<~ [(m00ds S @) + (b
-a a 0

Proof. Since fw is (h,s) -convex function, then, for
t00(0,1), we have

(fw)(zx+(1=1)y) < h(O(fw)(x) +h(1=)(fw)(y).

For x=ta+(1-1t)b, y=(1-1t)a+tb, t:%,
we have

a+b
2

<fw>( j Sh(%)(ﬁv)(mﬂl—t)(b)
+h(%j(ﬁv)((1-t)a +1b).

Integration of both sides of the above inequality with

respect to ¢ on [0,1] | leads to following step
1 a+b 14
(fw) <— [(fm(dr,
1 2 b-a
20(:) ?

which is the first part of the inequality.
Using the fact that fw is (4,5) -convex function and a

simple integrations gives us the second part of the inequality.
This completes the proof.

Theorem 2.5. Let f(x)U(k,s) and w(x)U(h,,s) ,
a,b01, be the functions such that fwOL[a,b], then, for

hl(%) Z0 and £, (2—1s) # 0, we have

1 7 a+b a+b
1 2 )M\ 2

M (a,b) [ (1Y, (1=1)" )

+N(a, b)jAh1 (" )h, (¢ )dt

M(a,b)jh1 (£*)h, (£°)dt

<

+N(a, b)jh1 (Y, (1= 1) )dt

where M (a,b) = f(a)w(a)+ f(b)w(b)
and N(a,b)= f(a)w(b)+ f(b)w(a).
Proof. We can write
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a+b a+b
f( 2 jw( 2 j
_ (ar+(1=0b  (1-na+ib
f[ 2 * 2 j
XW(at+(l—t)b+(1—t)a+tbj
2 2

< B (at+(1=0)
+ f((1=0)a+b)lh, (%)[w(at +(1=1)b)
+w((1-£)a +1b)]
= %)hz (%)[f(at +(1=0)byw(at +(1-1)b)
+£((1=1)a + by w((1 - £)a +1b)]

+h, (%)hz (2—{)[ fat+(1=0)byw((1=1)a +tb)

+ f((1=1)a+ ywlat +(1=Db),
S GG at+ (1=0bywiat +(1=0D)
+1((1=t)a+tb)w((1-t)a +1b)]

GO )@+ (=0 ()

{h((1=0)" )w(a) + b, (£ )w(b)}
+H{h (-0 [ (@) +h(@)f(b)}
iy (£ )w(a) + by (1= 1) )w(b)}],

= (%)hz (%)[f(at +(1=0)byw(at +(1-1)b)
+1((1-t)a+th)yw((1-t)a +1b)]
1 1 s s
IO (M ((1=0))
(=0 Yoy ()

{F(@w(a)+ FBYwb)} + (A () ()
(=0 (1= f @w(b) + F(B)w(a)}]
- %)hz (%)[f(at +(1=0)byw(at +(1-1)b)

+ f((1-t)a +tb)w((1—1t)a +tb)]
+h %)hz (%)[{hl )y (1-1))

B (=0 iy (VS M () + (1 Y ()
(1= Yy (=1 )} N(a,b)].

Integration of both sides with respect to ¢ on [0,1], leads
to the following step
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1 b
A !f(x)W(x)dx
Shl(?)hz(_s)

1 b
o !f(x)W(x)dx

2M((a, b)j.hl (Y, (1~ 1) )dt

D) °

1

+2N(a,b)jh1 (t*)h, (¢ )dt

This implies that

11 1 f(a;bjw[a;b]
2h (—)h,(—
GOm0

M (a,b) [ (£ ) (1= 1) )de

+N(a,b)jh1 (*)h, (*)dt

[,
)

<

which is the left side of the inequality. Now we derive the
other side of the inequality.
For this we have

flta+ <[ (1) f (@) +h((1=1)") ()]
Xy (8 )w(a) + by (1= 1) )w(b)].

Integration of both sides of above inequality with respect to
t on [0,1], leads to the following step

S [P0 s F@w(a@) 0V 0
-a a 0

+ £ (@w(b) [y (¢ ), (1 =) )t

+ [ BYW(@) [y (¢ Y (1= 1) )d

+ £ BYw(B) [ (1= )" Yy (1= 1) )dl
= [f (@yw(@)+ £ (B)w(B)][h (¢ Yy (¢ )dt

+Hf(@mw(d) + f (b)W(a))].fhl (©)h,(1=1)")ds,



American Journal of Applied Mathematics 2015; 3(3-1): 1-5 5

M(a,b)j.hl (t)h, (£ )dt

>

+N (a,b)jhl (€ )h (1-1)")de

which is the desired result.

Remark. For suitable and appropriate choces of auxiliary
function A(.) one can obtain several new and known
Hermite-Hadamard type inequalities for other classes of
convex functions. We leave this to the interested readers.

3. Conclusion

We have introduced and investigated some new classes of
convex functions involving and auxiliary function 4. Several
Hermite-Hadamard type of inequalities are obtained. Our
results represents refinement and improvement of previously
known results. The ideas and techniques of this paper may
inspire further research in this field. The interested readers are
encouraged to find the application of these new classes of
convex functions in pure and applied sciences. This is an other
aspect of future research.

Acknowldgment

Authors would like to thank Dr. S. M. Junaid Zaidi, Rector,
COMSATS Institute of Information Technology, Islamabad,
Pakistan, for providing excellent research facilities. This
research is supported by HEC NRPU project No:
20-1966/R&D/11-2553.

References

[1] W. W. Breckner, Stetigkeitsaussagen fiir eine Klasse
verallgemeinerter convexer funktionen in topologischen
linearen Raumen. Pupl. Inst. Math. 23 (1978), 13-20.

[2] G.Cristescu and L. Lupsa, Non-connected Convexities and
Applications. Kluwer Academic Publishers, Dordrecht,
Holland, 2002.

[3] G. Cristescu, M. A. Noor, M. U. Awan, Bounds of the second
degree cumulative frontier gaps of functions with generalized
convexity, Carpath. J. Math, 31(2), (2015).

(4]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

S. S. Dragomir, Inequalities of Hermite-Hadamard type for
h -convex functions on linear spaces, preprint, (2014).

S. S. Dragomir, C. E. M. Pearce, Selected topics on
Hermite-Hadamard inequalities and applications. Victoria
University, Australia, 2000.

S. S. Dragomir, S. Fitzpatrik, The Hadamard’s inequality for
s-convex functions in the second sense, Demonstration Math.,
32 (4) (1999), 687-696.

S. S. Dragomir, J. Pecaric, L. E. Persson, Some inequalities of
Hadamard type. Soochow J. Math. 21 (1995), 335-341.

E. K. Godunova, V. L. Levin, Neravenstva dlja funkcii sirokogo
klassa, soderzascego vypuklye, monotonnye i nekotorye drugie
vidy funkii. Vycislitel. Mat. i. Fiz. Mezvuzov. Sb. Nauc. Trudov,
MGPI, Moskva. (1985) 138-142, (in Russian).

M. V. Mihai, M. A. Noor, K. I. Noor, M. U. Awan, Some
integral inequalities for harmonic /4-convex functions involving
hypergeometric functions, Appl. Math. Comput. 252 (2015)
257-262.

M.A. Noor, K.I. Noor, M.U. Awan, Generalized convexity and
integral inequalities, Appl. Math. Inf. Sci. 9 (1) (2015),
233-243

M.A. Noor, K.I. Noor, M.U. Awan, Integral inequalities for
coordinated Harmonically convex functions, Complex Var.
Elliptic Equ. (2014).

M.A. Noor, K.I. Noor, M.U. Awan, S. Costache, Some integral
inequalities for harmonically /-convex functions, U.P.B. Sci.
Bull. Serai A. 77(1) 2015, 5-16.

M.A. Noor, K.I. Noor, M.U. Awan, S. Khan, Fractional
Hermite—Hadamard inequalities for some new classes of
Godunova—Levin functions, Appl. Math. Inf. Sci. 8 (6) (2014),
2865-2872.

M. Z. Sarikaya, A. Saglam, H. Yildirim, On some
Hadamard-type inequalities for /4 —convex functions, J. Math.
Inequal. 2, 3(2008), 335-341.

M. Z. Sarikaya, E. Set, M. E. Ozdemir, On some new
inequalities of Hadamard type involving / -convex functions,
Acta Math. Univ. Comenianae LXXIX, 2(2010), 265-272.

S. VaroSanec, On / -convexity, J. Math. Anal. Appl. 326
(2007), 303-311.



