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Abstract: Let G = (V, E) be a finite, simple and undirected graph. A graph G with q edges is said to be odd-graceful if there 

is an injection f : V (G) → {0, 1, 2, . . . , 2q− 1} such that, when each edge xy is assigned the label |f (x)− f (y)| , the resulting 

edge labels are {1, 3, 5, . . . , 2q− 1} and f is called an odd graceful labeling of G. Motivated by the work of Z. Gao [6] in 

which he studied the odd graceful labeling of union of any number of paths and union of any number of stars, we have 

determined odd graceful labeling for some other union of graphs. In this paper we formulate odd-graceful labeling for disjoint 

unions of graphs consisting of generalized combs, stars, bistars and paths. 
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1. Introduction 

Most graph labeling methods trace their origin to one 

introduced by Rosa [12] in 1967, or one given by Graham 

and Sloane [9] in 1980. Rosa [12] called a function f  a β -

valuation of a graph G  with q  edges if f  is an injection 

from the vertices of G  to the set {0,1, , }q…  such that, when 

each edge xy  is assigned the label | ( ) ( ) |f x f y− , the 

resulting edge labels are distinct. Golomb [8] subsequently 

called such labeling graceful and this is now the popular term. 

Rosa introduced β -valuations as well as a number of other 

labeling as tools for decomposing the complete graph into 

isomorphic subgraphs. In particular, β -valuations originated 

as a mean of attacking the conjecture of Ringel [11] that 

2 1n
K +  can be decomposed into 2 1n +  subgraphs that are all 

isomorphic to a given tree with n  edges. 

When a graceful labeling f  of a graph G  has the property 

that there exists an integer λ  such that for each edge xy  of 

G  either ( ) < ( )f x f yλ≤  or ( ) < ( )f y f xλ≤ , f  is named 

an α -labeling and G  is said to be an α -graph. From the 

definition it is possible to deduce that a α -graph is 

necessarily bipartite and that the number λ  (called the 

boundary value of f ) is the smaller of the two vertex labels 

that yield the edge with weight 1 . Some examples of α -

graphs are the cycle n
C when 0( 4)n mod≡ , the complete 

bipartite graph ,m nK , and caterpillars (i.e., any tree with the 

property that the removal of its end vertices leaves a path). 

For detailed studies one can see [2] and [1]. 

A little less restrictive than α -labeling are the odd-

graceful labeling introduced by Gnanajothi in 1991 [7]. A 

graph G  of size n  is odd-graceful if there is an injection 

: ( ) {0,1,2, , 2 1}f V G n→ −…  such that the set of induced 

weights is{1,3, , 2 1}n −… . In this case, f  is said to be an 

odd-graceful labeling of G . One of the applications of this 

labeling is that trees of size n , with a suitable odd-graceful 

labeling, can be used to generate cyclic decompositions of 

the complete bipartite graph ,n nK . 

In general graph labeling serves as useful model for a 

broad range of applications such as: radar, communications 

network, circuit design, coding theory, astronomy, x-ray, 

crystallography, data base management and models for 

constraint programming over finite domains. 

Gnanajothi proved that the class of odd-graceful graphs 

lies between the class of graphs with α -labeling and the 

class of bipartite graphs by showing that every graph with an 
α -labeling has an odd-graceful labeling and every graph 

with an odd cycle is not odd-graceful. She also proved the 

following graphs are odd-graceful: n
P , n

C  if and only if n  is 

even, ,m nK  and combs. 

She conjectured that all trees are odd-graceful and proved 

the conjecture for all trees with order up to 10 . Barrientos [3] 
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has extended this to trees of order up to 12 . Eldergill [4] 

generalized Gnanajothi’s result on stars by showing that the 

graphs obtained by joining one end point from each of any 

odd number of paths of equal length are odd-graceful. 

A detailed account of results in the subject of graph 

labelings can be found in Gallian’ survey [5]. 

Gao [6] has proved the following graphs are odd-graceful: 

the union of any number of paths; the union of any number of 

stars; the union of any number of stars and paths; m n
C P∪ ; 

m n
C C∪ ; and the union of any number of cycles each of 

which has order divisible by 4 . 

In [10] authors have found odd graceful labeling of 

( , , , )
n

Cb k k k…  and (2,3, ,
n

Cb … 1)n +  for 2n ≥  and 3k ≥ . 

Further odd graceful labeling of two copies of generalized 

combs are discussed along with their disjoint union with 

other well known families of graphs, also an open problem 

was proposed to find the odd graceful labeling of union of 

(2,3, , 1)
n

Cb n +…  with ,l mB for l m≠ . Motivated by this open 

problem in [10], in this paper we have defined odd graceful 

labeling for (2,3, , 1)
n

Cb n +…  union ,l mB for l m≠ . We also 

formulate an odd graceful labeling of the union of

( , , , )
n

Cb k k k… , (2,3, , 1)
n

Cb n +…  with paths and stars. 

1.1. Definition 1 

A generalized comb is a graph derived from the path

1 1,0 1,1 1,: , , ,n nP x x x+ … , 2n ≥  by adding n  new paths 

2, 3, ,, , ,j j k j
i

x x x…  of lengths 2
i

k − , where 2,1
i

k i n≥ ≤ ≤  and 

new edges 1, 2,j jx x  for 1 j n≤ ≤  (see Fig. 1 ) and this is 

denoted by 1 2
( , , , )

n n
Cb k k k… . (2, 2, , 2)

n
Cb …  is simply 

called a comb and it is denoted by n
Cb . 

 

Figure 1. 
5
(4 , 5 , 3 , 4 , 2 )C b  

1.2. Definition 2 

A star is a tree with a central node 0
y  and l  leaves 

1 2
{ , , , }

l
y y y…  adjacent to 0

y . A star is a complete bipartite 

graph 1,lk .  

1.3. Definition 3 

A bistar ,m lB  is obtained by joining central nodes 0
y  and 

0
z  of two stars l

S  and m
S  respectively, by an edge. 

2. Odd Graceful Labeling of Disjoint 

Union of Generalized Combs with 

Stars, Bistars and Paths 

This section describes odd graceful labeling for union of 

generalized combs with stars, bistars and paths. 

Theorem 2.1 ( , , , )
n m

Cb k k k P∪…  is odd graceful for 

, 2n m ≥  and 3k ≥ .  

Proof. Let ( , , , )
n m

G Cb k k k P≅ ∪… . Then we denote vertex    

set and edge set of graph G  as follows:  

, 1,0( ) = { :1 ,1 } { } { :1 },i j iV G x i k j n x y i m≤ ≤ ≤ ≤ ∪ ∪ ≤ ≤  

, 1,

1, 1, 1 1

( ) = { :1 1,1 }

{ : 0 1} { :1 1}

i j i j

j j i i

E G x x i k j n

x x j n y y i m

+

+ +

≤ ≤ − ≤ ≤ ∪

≤ ≤ − ∪ ≤ ≤ −
 

Where | ( ) |= 1V G nk m+ +  and =| ( ) |= 1.q E G nk m+ −  

We define the labeling : ( ) {0,1,2, , 2 1}f V G q→ −… . 

( )Case i  

For odd n  where , 3n k ≥  and 2m ≥  

1,0( ) = ( 1) 2 1f x n k m− + −  

For1 i k≤ ≤ , 1 j n≤ ≤  

,

( ) 2 1 0( 2),

1( 2);

( 1) 2 2 1( 2),

0( 2);
( ) =

( ) 1 1( 2),

1( 2);

( 1) 0( 2),

0( 2).

i j

n j k m i if i mod

j mod

n j k m i if i mod

j mod
f x

n j k i if i mod

j mod

n j k i if i mod

j mod

+ + − − ≡
 ≡
 + − + + − ≡
 ≡
 − + − ≡
 ≡


− + − ≡
 ≡

 

For 1 i m≤ ≤  

( 1) 2 3 1( 2)

( ) =

( 1) 2 5 0( 2).

i

n k m i if i mod

f y

n k m i if i mod

− + + − ≡


 − + − − ≡

 

( )Case ii  

For even n where 3k ≥ , , 2n m ≥  and  

1,0( ) =f x nk  

For1 i k≤ ≤ , 1 j n≤ ≤  
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,

( 1) 0( 2),

1( 2);

( ) 1 1( 2),

0( 2);
( ) =

( 1) 2( 1) 1( 2),

1( 2);

( ) 2 1 0( 2),

0( 2).

i j

n j k i if i mod

j mod

n j k i if i mod

j mod
f x

n j k m i if i mod

j mod

n j k m i if i mod

j mod

− + − ≡
 ≡
 − + − ≡
 ≡
 + − + − + ≡
 ≡


+ + − − ≡
 ≡  

For 1 i m≤ ≤  

2 3 1( 2)

( ) =

2 1 0( 2).

i

nk m i if i mod

f y

nk m i if i mod

+ + − ≡


 + − − ≡

 

We can see that the set of edge weights{1,3,5, , 2 1}q −… , 

where 2 1 = 2( ) 3q nk m− + −  consists of q  consecutive odd 

integers. Therefore f  is an odd graceful labeling of G . 

Theorem 2.2 ,( , , , )n m lCb k k k B∪…  for =m l  has odd 

graceful labeling where , , 2n m l ≥  and 3k ≥ . 

Proof. Consider ,( , , , )n m lG Cb k k k B≅ ∪… . We have 

| ( ) |= 3V G nk m l+ + +  and =| ( ) |= 1q E G nk m l+ + + , where 

, 1,0( ) = { :1 ,1 } { } { : 0 }

{ : 0 }

i j i

i

V G x i k j n x z i m

y i l

≤ ≤ ≤ ≤ ∪ ∪ ≤ ≤ ∪

≤ ≤
 

and 

, 1,

1, 1, 1 0

0 0 0

( ) = { :1 1,1 }

{ : 0 1} { :1 }

{ :1 } { }.

i j i j

j j i

i

E G x x i k j n

x x j n z z i m

y y i l y z

+

+

≤ ≤ − ≤ ≤ ∪

≤ ≤ − ∪ ≤ ≤ ∪

≤ ≤ ∪
 

To show that G  is odd graceful we define the labeling 

: ( ) {0,1, 2, , 2 1}.f V G q→ −…  

For , , 2n m l ≥ , 3k ≥  and =m l  

For 0 i m≤ ≤  

0 1

( ) =

2 1 2 .

i

i if i

f z

i if i m

≤ ≤


 − ≤ ≤

 

For 0 i l≤ ≤  

2( ) 1 = 0

( ) =

2 1 .

i

m l nk if i

f y

i if i l

+ + +


 ≤ ≤

 

( )Case i  

For odd n  where , 3n k ≥  and , 2l m ≥  

1,0( ) = ( 1) 2( 1)f x n k l m+ + + +
 

For 1 i k≤ ≤ , 1 j n≤ ≤  

,

( ) 2( ) 2 0( 2),

1( 2);

( 1) 2( ) 1 1( 2),

0( 2);
( ) =

( ) 1( 2),

1( 2);

( 1) 1 0( 2),

0( 2).

i j

n j k l m i if i mod

j mod

n j k l m i if i mod

j mod
f x

n j k i l m if i mod

j mod

n j k i l m if i mod

j mod

+ + + − + ≡
 ≡
 + − + + + + ≡
 ≡
 − + + + ≡
 ≡


− + − + + + ≡
 ≡

 

( )Case ii  

For even n  where 3k ≥ , , , 2n m l ≥  and  

1,0( ) = 1f x nk l m+ + +  

For 1 i k≤ ≤ , 1 j n≤ ≤  

,

( 1) 1 0( 2),

1( 2);

( ) 1( 2),

0( 2);
( ) =

( 1) 2( ) 1 1( 2),

1( 2);

( ) 2( ) 2 0( 2),

0( 2).

i j

n j k l m i if i mod

j mod

n j k l m i if i mod

j mod
f x

n j k l m i if i mod

j mod

n j k l m i if i mod

j mod

− + + + − + ≡
 ≡
 − + + + ≡
 ≡
 + − + + + + ≡
 ≡


+ + + − + ≡
 ≡

 

It is easy to see that the set of edge weights of G  under the 

labeling f  constitute the following set of q  odd consecutive 

integers {1,3,5, , 2 1}q −…  , where 2 1 = 2( ) 1q nk m l− + + + . 

Hence f  is an odd graceful labeling of G. 

Theorem 2.3 1,(2,3, , 1)n mCb n K+ ∪…  have odd graceful 

labeling for , 2n m ≥ .  

Proof. Consider 1,(2,3, , 1)n mG Cb n K≅ + ∪… . We have 

( 1)( 2)
| ( ) |= 1

2

n n
V G m

+ + + +  

And 
( 3)

=| ( ) |=
2

n n
q E G m

+ + , where 

,( ) = { :1 1,0 } { : 0 }i j iV G x i j j n y i m≤ ≤ + ≤ ≤ ∪ ≤ ≤
 

And 

1 , 1 , 1

, 1 ,

0

( ) = { : 0 1 }

{ : 1 , 1 }

{ : 1 } .

j j

i j i j

i

E G x x j n

x x i j j n

y y i m

+

+

≤ ≤ − ∪

≤ ≤ ≤ ≤ ∪

≤ ≤
 

To show that G is odd graceful we define the labeling  

1}.,2{0,1,2,)(: −→ qGVf …  

For mi ≤≤0   
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











≤≤−++


++


.112
2

)4(

0=1
2

)4(

=)(
2

2

miifi
nn

iif
nn

yf i

 

)(iCase  

For 2, ≥mn  and even n   


+


2

4
=)(

2

1,0

nn
xf

 

For 11 +≤≤ ji , nj ≤≤1   






















≡

≡−+−+++


≡

≡−+−+++


≡

≡−−+−−+


≡

≡−+−+−+


2).(0

2),(01
2

4

2

)4(

2);(1

2),(1
2

3)1)((

2

)4(

2);(0

2),(13
2

4)2)((

2

4

2);(1

2),(04
2

54

2

4

=)(

22

2

2

22

,

modj

modiifi
jmnn

modj

modiifi
jjmnn

modj

modiifi
jjnn

modj

modiifi
jjnn

xf ji

 

)(. iiCase  

For 2≥m , 3≥n  and odd n  


+


2

4
=)(

2

1,0

nn
xf

 

For 11 +≤≤ ji , nj ≤≤1   






















≡

≡+−++++


≡

≡+−+−+−++


≡

≡−−+−−+


≡

≡−+−+−+


2).(0

2),(0
2

4

2

1)4(

2);(1

2),(11
2

3)1)((

2

3)4(

2);(0

2),(13
2

4)2)((

2

4

2);(1

2),(04
2

54

2

4

=)(

22

2

2

22

,

modj

modiifi
jmnn

modj

modiifi
jjmnn

modj

modiifi
jjnn

modj

modiifi
jjnn

xf ji

 

The labeling f  produce the set of edge weights consisting 

of q  consecutive odd integers i.e., 1},2{1,3, −q…

, where 

123)(=12 −++− mnnq . Thus 
f

 is an odd graceful 

labeling of graph G .  

Theorem 2.4 lmn BnCb ,1),(2,3, ∪+…  for lm ≠  and 

ml >  has odd graceful labeling where 2,, ≥lmn .  

Proof. Consider lmn BnCbG ,1),(2,3, ∪+≅ … .  

We have 2
2

2)1)((
|=)(| +++++

lm
nn

GV   

And 

1
2

3)(
|=)(=| ++++

lm
nn

GEq
, 

Where 

}0:{

}0:{}1,01:{=)( ,

liy

miznjjixGV

i

iji

≤≤

∪≤≤∪≤≤+≤≤

 

And 

}.{}1:{}1:{

},11:{1}0:{=)(

0000

1,,11,1,

yzliyymizz

njjixxnjxxGE

ii

jijijj

∪≤≤∪≤≤∪

≤≤≤≤∪−≤≤ ++

 

To show that G  is odd graceful we define the labeling 

1}.,2{0,1,2,)(: −→ qGVf …  

For 2,, ≥lmn , lm ≠  and ml >  

For mi ≤≤0   









≤≤−

≤≤

.212

10

=)(

miifi

iifi

zf i

 

For li ≤≤0   









≤≤

++++

.12

0=1)2(3)(

=)(

liifi

iiflmnn

yf i

 

12
2

4
=)(

2

1,0 +++
 l

nn
xf

 

For 11 +≤≤ ji , nj ≤≤1   






















≡

≡+−+++++


≡

≡+−++−++++


≡

≡−−++−−+


≡

≡−++−+−+


2).(0

2),(0
2

4

2

1)4(

2);(1

2),(1
2

3)1)((
1

2

1)4(

2);(0

2),(11)2(
2

4)2)((

2

4

2);(1

2),(032)
2

54
(

2

4

=)(

22

2

2

22

,

modj

modiifi
jnmln

modj

modiif
jj

i
nmln

modj

modiifil
jjnn

modj

modiifil
jjnn

xf ji

 

The set of edge weights of G , under the labeling f , 

constitute the following set of consecutive odd integers

1},2{1,3, −q… , where 11)2(3)(=12 −++++− lmnnq . 

This proves f  to be an odd graceful labeling ofG .  

3. Conclusion 

In the present work we investigate new families of odd 

graceful graphs. To investigate similar results for other graph 
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families and in the context of different labeling techniques is 

an open area of research. 
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