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1. Introduction

Let X be a non-empty set, and 2% be the family of all non-
empty subsets of X. Let E be a topological vector space. We
shall denote by E* the continuous dual of E, by (w,x) the
pairing between E* and E for w € E* and x € E and by
Re{w, x) the real part of (w,x). Given the maps S: X — 2%
and T: X — 2E, the generalized quasi-variational inequality
problem (GQVI) is to find a point y € S(9) and a point
W € T(¥) such that Re(w,y — x) < 0 for all x € S(). The
GQVI was introduced by Chan and Pang [3] in 1982 when E
is finite dimensional and by Shih and Tan [4] in 1985 when E
is infinite dimensional.

In [5] we established some existence theorems of
generalized variational inequalities and generalized
complementarity problems in topological vector spaces for
pseudo-monotone type III operators defined as follows:

Definition 1.1. Let E be a topological vector space, X a
non-empty subset of E and T:X — 28 a map. If h: X - R,
then T is said to be an h-pseudo-monotone (respectively, a
strongly h-pseudo-monotone) type Il operator if for each

x,y €X and every net {y,}qer in X converging to y
(respectively, weakly to y) with

lim SupaEF[infueT(ya) Re<ur YVa — x) + h(ya) - h(x)] = 07
we have

lim su inf
a€r p[uET(Ya

)Re{ur Vo — Y) + h(ya) - h(y)]
> Wél;(fy)Re(w,y —x) + h(y) — h(x).

T is said to be a pseudo-monotone (respectively, a strongly
pseudo-monotone) type III operator if T is an h-pseudo-
monotone type III (respectively, a strongly h-pseudo-
monotone type III) operator with h = 0.

The above operators were originally named h -hemi-
continuous  (respectively, strong h -hemi-continuous)
operators in [5]. Later, in [6], we re-named these operators
pseudo-monotone type III operators.

The following result in [5] justified the validity of a set-
valued pseudo-monotone (respectively, strongly pseudo-
monotone) type III operator.
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Proposition 1.1. Let X be a non-empty compact subset of a
topological vector space E and T:X — 2" an upper semi-
continuous mapping from the relative weak topology on X to
the strong topology on E*, such that each T'(x) is a strongly
compact subset of E*. Then T is both a pseudo-monotone and
a strongly pseudo-monotone type I1I operator.

If T is single-valued and continuous, the compactness of X
is not required and the following result was obtained in [5]:

Proposition 1.2. Let X be a non-empty bounded subset of a
topological vector space E and T:X — E* a continuous
mapping from the relative weak topology on X to the strong
topology on E*. Then T is both a pseudo-monotone and a
strongly pseudo-monotone type III operator.

In this paper, we shall first obtain some general theorems
on solutions for a new class of generalized quasi-variational
inequalities for pseudo-monotone type III operators and
strongly pseudo-monotone type III operators defined on non-
compact sets in topological vector spaces. In obtaining these
results, we shall mainly use the following generalized version
of Ky Fan’s minimax inequality [2] due to M.S.R.
Chowdhury and K.-K Tan [1].

Theorem 1.3. Let E be a topological vector space, X be a
non-empty convex subset of E, h: X — R be lower semi-
continuous on co(A) for each A € F(X), and f: X X X —
R U {—0o0, + 00} be such that
(a) for each A € F(X) and each fixed x € co(4), y =

f(x,y) is lower semi-continuous on co(4);
(b) for each A € F(X) and each y € co(4), r;leiﬂf(x, y) +

h(y) —h(x)] < 0;

(c) for each A € F(X) and each x,y € co(4), every net
{Vadaer in X converging to y with f(tx+
1=y, y,) +h(y) —h(tx+ (1 —-1t)y) <0 for all
a €T and all t € [0,1], we have f(x,y) + h(y) —
h(x) <0;

(d) there exist a non-empty closed and compact subset K of
X and x, € K such that f(x,,y) + h(y) —h(xy) >0
forall y € X\K.

Then there exists § € K such that f(x,)+ h() —

h(x) <0 forall x € X.

2. Preliminaries

Let E be a topological vector space over ®. Then, for each
X, € E, each non-empty subset A of E and each € > 0, let
W(xg; €) :={y € E*: |{y,x0)| < €} and U(4;¢)
i={y € E":supyea[(y, )| < €}

Let o(E™, E) be the topology on E* generated by the family
{W(x;e):x e Eande >0} as a subbase for the
neighborhood system at 0 and §(E*, E’) be the topology on E*
generated by the family {U(4; €): A is a non-empty bounded
subset of E and € > 0} as a base for the neighborhood system
at 0. We note that E*, when equipped with the topology
o(E*, E) or the topology §{E*, E), becomes a locally convex
Hausdorff topological vector space. Furthermore, for a net
{Volaer in E* and fory € E*, (i) y, —» v in o(E*, E) if and
only if (y,, x) = (y,x) for each x € F and (ii) y, —» y in
6(E",E) if and only if (y,, x) = (y, x) uniformly for x € A
for each non-empty bounded subset A of E. The topology

o(E*,E) (respectively, 6(E*,E) ) 1is called the weak*-
topology (respectively, the strong topology) on E*.

If X is a topological space and {U,:a € A} is an open
cover for X, then a partition of unity subordinated to the open
cover {U,:a € A} is a family {§,:a € A} of continuous
real-valued functions S,: X — [0,1] such that
(@) B(y) =0forally € X\U,,

(b) {support S,: a € A} is locally finite and
(¢) XaeaBa(y) =1foreachy € X.

We shall first state the following result which is Lemma 1
of Shih and Tan in [4, pp.334-335]:

Lemma 2.1. Let X be a non-empty subset of a Hausdorff
topological vector space E and S: X — 2F be an upper semi-
continuous map such that S(x) is a bounded subset of E for
each x € X. Then for each continuous linear functional p on
E, the map fy: X = R defined by f,,(¥) = Supyxes(y) Re(p, x)
is upper semi-continuous;, i.e. for each A € R, the set
{yex: fo(¥) = Supyes(y) Re(p, x) < A} is open in X.

The following result is Lemma 3 of Takahashi in [7, p.177]
(see also Lemma 3 in [8, pp.68-85]):

Lemma 2.2. Let X andY be topological spaces, f:X - R
be non-negative and continuous and g:Y — R be lower
semi-continuous. Then the map F:X XY - R, defined by
F(x,y) = f)g) for all (x,y) € X XY, is lower semi-
continuous.

We shall need the following Kneser’s minimax theorem in
[9, pp.2418-2420] (see also [10, pp.40-41]):

Theorem 2.3. Let X be a non-empty convex subset of a
vector space and'Y be a non-empty compact convex subset of
a Hausdorff topological vector space. Suppose that f is a
real-valued function on X X Y such that for each fixed x € X,
the map y » f(x,y), ie. f(x,), is lower semi-continuous
and convex on'Y and for each fixed y €Y, the map x —
f(x,y), i.e. f(:,y) is concave on X. Then

miner SUPxex f(x, :V) = SUPyxex miner f(x' y)-

The following result is Lemma 3 in [1]:

Lemma 2.4. Let E be a Hausdorff topological vector space,
A€EF(E), X=co(A), and T:X — 2 be upper semi-
continuous from X to the weak*-topology on E* such that
T(x) is weak*-compact. Let f:X X X = R be defined by
f(x,y) = inf,erq,) Re<w,y — x) for all x,y € X. Then for
each fixed x € X, y = f(x,y) is lower semi-continuous on X.

3. Generalized Quasi-Variational
Inequalities of Pseudo-Monotone Type
III and Strongly Pseudo-Monotone
Type III Operators

In this section, we shall obtain some general existence
theorems for the solutions to the generalized quasi-
variational inequalities for pseudo-monotone type III
operators and strongly pseudo-monotone type III operators
on non-compact sets.

We shall first establish the following result:

Theorem 3.1. Let E be a locally convex Hausdorff
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topological vector space, X be a non-empty paracompact
convex and bounded subset of E and h:E — R be convex
with h(X) bounded. Let S: X — 2% be upper semi-continuous
such that each S(x) is compact convex and T: X — 2E be an
h-pseudo-monotone type Il (respectively, strongly h-pseudo-
monotone type IIl) operator and be upper semi-continuous
Jfrom co(A) to the weak*-topology on E* for each A € F(X)
and T(X) is strongly bounded. Also, for each x € X, T(x) is
weak*-compact convex. Suppose that the set

={yeX: sup | 1nf Re(w y —x)+ h(y) — h(x)] > 0}
xes(y) W€
is open in X and the following conditions are satisfied:
(a) for each A € F(X) and each x,y € co(A4) and any net
{(Vadaer in X converging to y , we have
lim sup, [infyery,) Re(w, Yo — x) + h(y,) — h(x)] <

0  whenever  lim supy[infyer(y,) Re{w, y, — y) +
h(ya) = h(y)] < 0, and

(b) lim sup, [ianET(ya) Re{w, Yo — x) + h(ya) —
h(x)] = infw(ET(y) Re(W;y —x)+ h(y) - h(x)
whenever lim sup, [inwaT(ya) Re{w,y, —y) +

h(¥e) = h(¥)] Zinfyer(y) Re(w,y —x) + h(y) =
h(x).

Suppose further that there exists a non-empty compact
subset K of X and a point x, € X such that x, € K N S(y)
and infyerq,) Re(w,y — x0) + h(y) — h(xo) >0 for all
y € X\K. Then there exists a point € K such that
(i) yeS@®)and
(ii) there exists a point W € T(J) with Re(Ww,j — x) <

h(x) — h(y) for all x € S(P).

Proof. We shall complete the proof in three steps as
follows:

Step 1. There exists a point € X such that € S(9) and

SUPxes(g)[infwer(p) Re(w,§ — x) + () — h(x)] < 0.

Suppose the contrary. Then for each y € X, either y ¢
S(y) or there exists x € S(y) such that inf,cr(,) Re{w,y —
xy+h() —h(x) >0; that is, for each y € X , either
y € S(y)ory€X Ify ¢ S(y), then by a separation theorem
for convex sets in locally convex Hausdorff topological
vector spaces, there exists p € E* such that Re(p,y) —
SUPyes(y) Re(p, x) > 0. For each y € X, set

y(y) = SUPxes(y) [ianET(y) Re(W,y —-x)+ h(Y) - h(x)]-
LetV, :={y € X|y(y) > 0} = X and for each p € E*, set
V, :={y € X:Re(p,y)

Then X =V, U Upeg+ V. Since each V, is open in X by
Lemma 2.1 and Vj is open in X by hypothesis, {V,,V,:p €
E*} is an open covering for X. Since X is paracompact, there
is a continuous partition of unity {fBo,fp:p € E*} for X
subordinated to the open cover {V,,V,:p € E*} (see, for
example, Theorem VIIL.4.2 of Dugundji in [11]), i.e. for each
pEE", Bp:X—[01] and By:X — [0,1] are continuous
functions such that for each p € E*, B,(y) =0 for all

— SUPxes(y) RG(P, x) > 0.

ye€X\), and PBy(y)=0 for all yeX\V, and
{support Sy, support B,: p € E} is locally finite and
Bo(y) + Xper Bp(y) = 1 for each y € X. Note that for each
A € F(X), h is continuous on co(A) (see e.g. [12, Corollary
10.1.1, p.83]). Define ¢p: X X X — R by

Bx,y) = o) | min, Retw,y =x) +h() = h)

). B ORelpy =

for each x, y € X. Then we have the following:
(1) Since E is Hausdorft, for each A € F(X) and each fixed
x € co(A), the map

y ~ min Re{w,y —x)+ h(y) — h(x)

WET(¥)

is continuous on co(4) by Lemma 2.3 and the fact that h is
continuous on co(A) and therefore the map

y = Bo([minyery, Re(w,y — x) + h(y) — h(x)]

is lower semi-continuous on co(A) by Lemma 2.2. Also, for
each fixed x € X,

Yo Yper Bp(V)Re(p,y — x)

is continuous on X. Hence, for each A € F(X) and each fixed

x € co(A), the map y = ¢(x,y) is lower semi-continuous

on co(4).

(i) For each A€F(X) and for each y € co(4) ,
minge, @(x,y) < 0. If this were false, then there exists
some A = {xy, ..., x,} € F(X) and some y € co(4), say
y=Xrt Ax; with Y4, =1 , such that
min;<j<p, @(x;,y) > 0. Then foreachi =1, ...,n,

Bo () [minyerqy Rew,y — x;) + h(y) — h(x)] +
ZpEE* .Bp(}’)Re(P,y - xi) > Oa

so that

0=00y) =1
—h<21x1>
+z i)lixi)

>Z @mﬂmnmwyx»
+h0) = hx)

+ ZPEE* Bp(Y)Re(p,y — xi)) >0,

n
min Re{w,y — Z Aixi) + h(y)

Bp(W)Rep,y -
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which is a contradiction.

(iii) Suppose that A € F(X), and {yo}eer is a net in X
converging to y with ¢p(tx + (1 — t)y,y,) < 0 for all
a € Tand allt € [0,1].

Case 1: B,(y) = 0.
Since 8, is continuous and y, — y, we have B,(y,) -

Bo(y) =0 . Note that By(y,) =0 for each ¢ €T and
Bo(¥,) — 0. Since T(X) is strongly bounded and {y,},cr is a
bounded set, it follows that

lim supq | Bo(Va) [Minyyery, Rew, Yo — x) + h(ye) =
h(x)]] =0. 2.1)
Also, we have
Bo () [miny,ery) Rew,y — x) + h(y) — h(x)] = 0.
Thus it follows that
lim sup, [ﬁo o) [Minyeryy) ReW, ¥ — X) + h(ye) =

h@)]| + Zpes By ()Re(p,y — x) =

Bo () [miny,ery) Rew,y — x) + h(y) — h(x)] +
ZpEE* Bp ()’)Re(P,y - X). (22)

When t = 1, we have ¢(x,y,) < O0forall @ €T, i.e.

:BO(Ya) [minweT(ya) Re<W' Vo — x) + h(Y(z) - h(x)] +
ZpEE* .Bp (Ya)Re<p' Ya — X) <0 (23)

for all ¢ € T. Therefore, by (2.3), we have
lim sup, [ﬁo(ya) [ min  Re(w,y, =)+ h() - h(x)]]
WET (yq)
+ lim infa [Z ﬁp (}’a)Re(P, Ya — x)]
pEE*
< lim sup, [ﬁo()’a) [ min Re(w,y, — x)
WET (Vq)
) =G|

+ ZPEE* Bo(Ya)Re(p, Yo —x) < 0

and so

lim sup, [BO(Ya) [minwET(ya) Re{w, ¥, —x) + h(ys) —
RG] + Zper By ()Re(p,y —x) 0. (24)

Hence, by (2.2) and (2.4), we have ¢ (x,y) < 0.

Case 2. B,(y) > 0.

Since By(y¥,) = Bo(y) , there exists A €T such that
Bo(e) > 0foralla = A.

When t = 0, we have ¢(y,y,) < O0foralla €T, i.ec.

ﬁo(ya)[minwET(ya) Re(W' Yo — J’) + h(Ya) - h(:V)] +

ZpEE* Bp(Ya)Re<p' Ya — J’) <0

foralla €T.
Thus

lim SUpgy [ﬁO (Ya)[minweT(ya) Re<W' Va — Y) + h(ya) -
h()’)] + ZpEE* ﬁp(ya)Re(p' Ya — Y)] <0 (2-5)

Hence
lim SUup, [ﬁﬂ (ya)[minweT(ya) Re(W' Vo — Y) + h(.Va) -
h)]] + liminf, [Spee- B, Va) Re(p, yo — Y] <

lim SUpg [ﬁo (ya) [minwET(ya) Re(W' Yo — Y) + h(Ya) -
h()] + Xper By (Va)Re(p, yo — )] < 0 (by (2.5)).

Since lim inf,, [ZPEE* By (Vo )ReD, Yo — y)] = 0, we have
lim Sup, [ﬁﬂ (ya)[minweT(ya) Re(W' Vo — Y) + h(.Va) -
h(y)]] <0. (26
Since B,(y,) > 0 for all @ > A, it follows that

BO()’)lim SUpg [minwET(ya) Re(w, Vo — J’) + h(:Va) -
h()’)] = lim sup, [BO(Ya) [minwET(ya) Re{w, Vo — J’) +
ho) =]} 27)

Since B,(y) > 0, by (2.6) and (2.7) we have

lim sup,, [ min _Re{w,y, —y)+ h(y,) — h(y)] <0.
WET (yq)
Then, by hypothesis (a), we have

limsupe |, min  Re(w, o =)+ h() — h(x)] < 0.

Since T is a pseudo-monotone type III operator, we have

lim Supg [minwET(ya) Re(W' Yo — J’) + h(Ya) - h(:V)] =
min,,ery) Re{w,y — x) + h(y) — h(x).

Then, by hypothesis (b), we have

lim supa[minWET(Ya) Re(w,y, — x) + h(y,) — h(x)] =
miny,ery) Re{w,y — x) + h(y) — h(x).

Since B, (y) > 0, we have

ﬁo (Y)lim Supg [minwET(ya) Re(W' Ya — x) + h(:Va) -
h(x)] = Bo(y)[minyery) Rew,y — x) + h(y) — h(x)] (2.8)

Thus,
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Bolim sup, | min | Re(w, o = x) + h(e) = hx)
WET (yq)
+ ZPEE* By(y)Re(p,y
—x)y = fo(¥) [Wrélri%}) Re{w,y — x) + h(y)
—h@)+ Y, BOIRelpy =)

Again, when t = 1, we have ¢(x,y,) <0 foralla €T, i.e.

B |, min | Re(w,y, = x) + k(o) = h(x)|

+ ZPEE* Bp(Ya)Re(p, Yo — x) < 0

forall ¢ €T.
Thus

0 = lim SUPq [ﬁo (ya)[minwET(ya) Re(w, Ya — x) + h(:Va) -
h(x)] + ZpeE* Bp (.%x)Re{p' Ya — x)] =

lim sup,, | Bo(ve) [minyery) Rew, Yo — %) + h(y) =
R()]| + lim inf, [Tpee By Va) Re(p, o — 1] =

Bo ) [lim supe[miny,ercy,) Re(w, vo — ) + h(ye) =
h(x)]] + ZpeE* ﬁp (V)Re{p,y —x) =

Bo)[minyery) Re(w,y — x) + h(y) — h(x)] +

Yper By(¥)Re(p,y — x) (by (2.8)). (2.9)

Hence, we have ¢ (x,y) < 0.
(iv) By hypothesis, there exists a non-empty compact (and
therefore closed) subset K of X and a point x, € X such
that x, EKNS(y) and infyery) Re(w,y —xo) +
h(y) —h(x,) > 0 for all y € X\K.
Thus, for each y € X\K, SUDxes(y) infer[Re{w,y —
xy+h(@) —h(x)] >0 Hence, vy eV, and

Bo) [infyery) Re(w,y — x0) + h(y) — h(x,)] > 0 for all
y € X\K; also, Re(p,y — x,) > 0 whenever f3,(y) > 0 for
p EE™.

Consequently,

d(x0,¥) = Bo(¥) [infweT(y) Re{w,y — x) + h(y) — h(xo)]
£ B GIRe(py = xp) >0
pEE*

forall y € X\K.

Thus, the hypothesis of (d) of Theorem 1.3 is satisfied
trivially. (If T is a strongly h-quasi-pseudo-monotone type III
operator, we equip E with the weak topology.) Thus ¢
satisfies all the hypotheses of Theorem 1.3. Hence, by
Theorem 1.3, there exists a point § € K such that ¢p(x,§) <
0 forall x € X, i.e.

Bo@)[minyersy Rew, 9 — x) + h(P) — h()] +
ZpEE* ﬁp(j})Re(p'j} - x) <0 (210)

forall x € X.
If By(9) > 0, then § € V, = £, so that y(§) > 0. Choose
% € S(9) c X such that

inf, cr(g) Re(w, 9 — 2) + h(9) — h(®) 212 > 0.
Then it follows that

Bo(P)|infy,er(py Rew, — 2) + h(§) — h(2)] > 0.
If B,(§) > 0 for some p € E*, then § € V, and hence

Re(p,¥) > sup Re(p,x) = Re(p,X)
9)

x€eS(y

and so Re(p,y —X) > 0. Then we see that 5,(§)Re(p, ¥ —
%) > 0 whenever 3,(9) > 0 for p € E*. Since $y(9) > 0 or
Bp(P) > 0 for some p € E*, it follows that

$(%9) = fo(|infueriy) Re(w,§ — 2) + h(F) — h(®)] +
Spes By(DRe(p,9 —2) > 0,

which contradicts (2.10). This contradiction proves Step 1.
Hence we have shown that there exists a point ¥ € X such
that y € S(9) and

SUPxes(y) [infyer(p) Re(w,§ — x) + h(F) — h(x)] < 0.

Step 2. We need to show that there exists a point W € T (J)
such that Re(w,§ — x) + h(§) — h(x) < 0 for all x € S(P).
From Step 1, we have

SUPxes)[infyerp) Re(w, ¥ — x) + h(F) — h(x)] < 0, (2.11)

where T(y) is a weak*-compact convex subset of the
Hausdorft topological vector space E* and S(9) is a convex
subset of X.

Now, we define f:SHP)XT(H)->R by f(x.w)=
Re(w,y —x) + h(9) — h(x) for each x € S(J) and w €
T(9). Then, for each fixed x € S(y), the mapping w
f(x,w) is convex and continuous on T'(y) and, for each
fixed w € T(y), the mapping x ~ f(x,w) is concave on
S(@) . So, we can apply Kneser’s Minimax Theorem
(Theorem 2.3) and obtain the following:

minyer(s) s?(g)[Re(w,}? —x)+ h(@) - h(x)] =
x€S(P

sup [ min [Re{w,y — x) + h(§) — h(x)]|.
xes@) |[weT(®)

Hence, by (2.11), we obtain
min,ercp) sup [Re(w,y —x) +h(P) —h(x)] <0
x€S(P)
Since T'(¥) is compact, there exists W € T(§) such that

Re(w,y —x)+h(J) —h(x) <0

for all x € S(¥). This completes the proof. m

When X is compact, we obtain the following immediate
consequence of Theorem 3.1:
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Theorem 3.2. Let E be a locally convex Hausdorff
topological vector space, X be a non-empty compact convex
subset of E and h: E - R be convex with h(X) bounded. Let
S:X — 2% be upper semi-continuous such that each S(x) is
closed convex and T:X — 2E" be an h -pseudo-monotone
type III (respectively, a strongly h-pseudo-monotone type III)
operator and be upper semi-continuous from co(A) to the
weak*-topology on E* for each A € F(X) and T(X) is
strongly bounded. Also, for each x € X, T(x) is weak*-
compact convex. Suppose that the set

Y={y€eX: sup |

inf Re(w,y —x) + h(y) — h(x)] > 0}
xes(y) WET()

is open in X and the following conditions are satisfied:
(a) For each A € F(X), each x,y € co(4), and any net
{Valaer in X converging to y, we have

(b) lim sup,| inf Re(u,y, —x)+ h(y,) — h(x)] <0,
L UET (Vo)
whenever
lim sup, | inf Re(u,y, —y)+ h(y,) — h(y)] <0,
and €T ()
(¢) lim sup,| inf Re{w,y,—x)+ h(y,) —h(x)|=
inf Re(?‘f,e}?(l“;c) + h(y) — h(x) , whienever
i Yp, | inf Re(w,y, —y) + h(y) —h()| =
inf Re(W.y 2%) + h(y) — h(x).

Thé there exists a point ¥ € X such that
» y€eS@)and
(ii) there exists a point W € T(§) with Re(w,y —x) <

h(x) — h() for all x € S(P).

Note that if the map S: X — 2% is, in addition, lower semi-
continuous and for each y € %, T is upper semi-continuous at
y in X, then the set ¥ in Theorem 3.1 is always open in X and
we obtain the following theorem:

Theorem 3.3. Let E be a locally convex Hausdorff
topological vector space, X be a non-empty paracompact
convex and bounded subset of E and h:E — R be convex
with h(X) bounded. Let S:X — 2% be continuous such that
each S(x) is compact convex, T:X — 25" be an h-pseudo-
monotone type Il (respectively, strongly h-pseudo-monotone
type IIl) operator which is upper semi-continuous from
co(A) to the weak*-topology on E* for each A € F(X), with
T (X) strongly bounded. Also, for each x € X, T (x) is weak*-
compact convex. Suppose that for each y €L =1{y€
X: Supyes(y)[infwery) Re(w,y — x) + h(y) —h(x)] >0}, T
is upper semi-continuous at y from the relative topology on X
to the strong topology on E* and the following conditions are

satisfied.:
(a) For each A € F(X), each x,y € co(4), and any net
{Valeer in X converging to y , we have

lim sup, [uElTI%)f, )Re(u, Ve — X))+ h(y,) — h(x)] <0,

whenever  lim sup, [ inf Re{w,y, —y)+h(y,) —
UeT (V)
h(y)] <0, and

(b) lim sup, [ inf Re(w,y, —x)+ h(y,) — h(x)] >
WEeT (Ya)

inf Re(w,y —x)+ h(y) — h(x) , whenever
WET(y)

lim supq [, inf_Re(w,y =) +h(ye) = h(y)| =
w Ya
inf Re(w,y —x)+ h(y) — h(x).
WET(y)

Suppose further that there exists a non-empty compact
subset K of X and a point x, € X such that x, € K n S(y)

and WérTl(fy)Re(W,y —xo) +h(y) —h(xo) >0 for all
y € X\K.

Then there exists a point y € K such that
(1) y€eS@)and
(ii) there exists a point W € T(y) with Re(w,y — x) <

h(x) — h(y) for all x € S(9).

The proof is similar to the proof of Theorem 3.1 in [13].
But for completeness, we shall include the detailed proof
here.

Proof. The proof will follow from Theorem 3.1 if we can
show that the set

ST={y€X: sup [ inf Re{w,y—x)+ h(y) —h(x)] > 0}
xes(y) WET()
is open in X. To show that X is open in X, we start as follows:
Let y, € X be an arbitrary point. We show that there exists
an open neighborhood N;, of y, in X such that N, c . Now,
by definition of %, there exists a point x, in S(y,) with
inf )Re(W' Yo — Xo) + h(yo) — h(xo) >0,

WET (yo

Let
a:= inf Re(w,y, —xo) + h(y,) — h(xy)
WET (¥o) .
Thus, @ > 0. Again, let
W := {W e E*: Supzl,zzeXKW'Zl — Zz)| < a/6},

Then W is a strongly open neighborhood of 0 in E* and so
U, :=T(y,) + W is an open neighborhood of T(y,) in E*.
Since T is upper semi-continuous at y,, there exists an open
neighborhood N; of y, in X such that T(y) c U; for all

yEN, . Welp(go)Re(w, Xo —x) +

h(x,) — h(x) is continuous at x,, there exists an open
neighborhood V; of x, in X such that

Since the mapping * 7

inf Re{w,xy, —x) + h(xy) —h(x)| < a/6
WET (¥o)
forall x € ;.
Since xo €V;NSy)#® and S is lower semi-
continuous at y,, there exists an open neighborhood N, of y,
in X such that S(y) NV, =@ for all y € N,. Since the

mapping ¥ ei;l(fy 0)Re(w,y = Yo} +h(y) —h(yo) s

continuous at y,, there exists an open neighborhood N; of y,
in X such that

inf Re(w,y —y,) + h(y) — h(yy)| < a/6
WET (¥o)
forall y € Nj.
Let Ny := N; N N, N N3. Then N, is an open neighborhood
of y, in X such that for each y; € N,, we have the following:
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(a SNV, #0 as y; EN,; so, we can choose any
x1 € S(y) NV;.

inf Re(w,y; —¥) + h(y1) — h(y,)
WET (¥o)

Yy, € Ns.
() Ty) cU =T(o) +Wasy; €Ny.
(d) inf Re{w,xq —x;) + h(xy) — h(x;)
WET (¥o)
x, EV,.
Hence, we can obtain the following by omitting the details:

(b)

<a/6 as

<a/6 as

inf Re{w,y; —x1) + h(y1) — h(xy)

wET(yl.)
2 WET1(1;115)+W Re{w,y; — x1) + h(y1) — h(x;) by (c)
> inf Re{w,y; —x;)+ h(y1) — h(x;)

WET (¥o)

+ Inf Re{w,y; —x;)
> inf Re{w,y; —yo)+ h(y1) —h(¥,)
weT (¥o)
+ inf )Re(w, Yo — Xo) + h(¥o) — h(xp)

wET (Yo

+ inf Re{w,xq — x;) + h(xy) — h(x;)
weT (¥o)

+inf Rew,y, —x) > —24+a—2-2=25
WEW N1 V="% 676 2 .

Consequently, we have

sup [ inf Re{w,y;, —x)+ h(y;) —h(x)] >0
x€S(V1) WET (¥1)

since x; € S(y,). Hence, y; € X for all y; € N,. Therefore,
Vo € Ny € X. But y, was arbitrary. Consequently, X is open
in X. Thus, all the hypotheses of Theorem 3.1 are satisfied.
Hence, the conclusion follows from Theorem 3.1. This
completes the proof. m

When X is compact, we obtain the following theorem:

Theorem 3.4. Let E be a locally convex Hausdorff
topological vector space, X be a non-empty compact convex
subset of E and h: E — R be convex with h(X) bounded. Let
S:X - 2% be continuous such that each S(x) is closed
convex, T:X —» 2E" be an h -pseudo-monotone type Il
(respectively, strongly h-pseudo-monotone type III) operator
which is upper semi-continuous from co(A) to the weak*-
topology on E* for each A € F(X), with T(X) strongly
bounded. Also, for each x € X, T(x) is weak*-compact
convex. Suppose that for each
yeI= {y € X: Supxes(y)[inwaT(y) Re(W'y - x) + h(Y) -
h(x)] > 0}, T is upper semi-continuous at y from the relative
topology on X to the strong topology on E* and the following
conditions are satisfied:
(a) For each A € F(X), each x,y € co(4A), and any net

{Valeer in X converging to y , we have

lim sup,, [uelTn()f} )Re(u, Yo — %)+ h(y,) — h(x)] <0

whenever  lim sup, [uelTr%}f/ )Re(u, Vo — V) +h(yy) —

h(y)] < 0, and

(b) lim sup, [WeiTn(g )Re(w, Ve — X) + h(y,) — h(x)] >
inf Re(w,y —ax) + h(y) — h(x)

WET(y)

whenever

lim sup, | inf Re{w,y,—y)+ h(y,) — h(y)] >
WET (Ya)
inf Re(w,y —x)+ h(y) — h(x).
wET(y)

Then there exists a point § € X such that
(i) yeS(y) and
(ii) there exists a point W € T(§) with Re(W,j —x) <

h(x) — h(y) for all x € S(9).

Remark 3.5. (1) Theorems 3.1, 3.2, 3.3 and 3.4 of this
paper are further extensions of the results obtained in [4] on
generalized quasi-variational inequalities of pseudo-
monotone type III and strongly pseudo-monotone type III
operators.

(2) In 1985, Shih and Tan ([4]) obtained results on
generalized quasi-variational inequalities in locally convex
topological vector spaces and their results were obtained on
compact sets where the set-valued mappings were either
lower semi-continuous or upper semi-continuous. Our
present paper is another extension of the original work in [4]
using pseudo-monotone type III and strongly pseudo-
monotone type III operators on non-compact sets.
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