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Abstract: Thermodynamic properties of bce crystals have been studied based on the anharmonic correlated Debye model
high-order expanded Debye-Waller factors and X-ray absorption fine structure (XAFS). The many-body effects are taken into
account in the present one-dimensional model based on the anharmonic effective potential that includes interactions of
absorber and backscatterer atoms with their first shell near neighbors, where Morse potential is assumed to describe the single-
pair atomic interaction. Analytical expressions for dispersion relation, correlated Debye frequency and temperature and four
first temperature-dependent XAFS cumulants of bcc crystals have been derived using the many-body perturbation approach.
The obtained cumulants are applied to calculating XAFS spectra and their Fourier transform magnitude. Numerical results for
Fe, a ferrite crystal, are found to be in good agreement with experiment.
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1. Introduction

X-ray Absorption Fine Structure (XAFS) has developed
into a powerful technique for providing information on local
atomic structure and thermal effects of the substances. The
formalism for including anharmonic effects in XAFS is often
based on the cumulant expansion approach [1] from which
the expression for anharmonic XAFS has resulted as

—2R/A(K)

X(k) = F(k)ekRZIm{equ(k) exp{ZikR + Z(ZZ")HJ‘")}} . (1)

where F(k) is the real atomic backscattering amplitude, k and
A are the wave number and mean free path of the

photoelectron, respectively, @ is net phase shift, R = <r>
with 7 as the instantaneous bond length between absorber and

backscatterer atoms, and ¢™ (n = 1, 2, 3, 4, ...) are the
cumulants describing the high-order expanded Debye-Waller

factors (DWFs).

Hence, the cumulants are very important for the accurate
structural determinations (e.g., the coordination numbers and
the atomic distances) from XAFS experiment, where the
even cumulants contribute to the amplitude, the odd one to
the phase of XAFS and for small anharmonicities, it is
sufficient to keep the third and fourth cumulant terms [2]. If
limiting to the fourth cumulant, the temperature T- and wave
number k-dependent anharmonic contributions to the
amplitude F, (k, T) and to the phase @, (k, T) of XAFS are
given by

F(kT) = exp(-gyw (T)J,

2
P, (k,T) = —%aTm[l+§j_§k3a(3) (T)
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Many efforts have been made to develop procedures for
the calculation and analysis of XAFS cumulants using the
classical [3-5] and quantum [6-16] theories. Unfortunately,
there is still few methods for studying XAFS DWFs with high-
order expansion and no theoretical result on XAFS of bcc
crystals while their experimental results are available [17].

The purpose of this work is to study the thermodynamic
properties of bcc crystals based on temperature dependence
of their high-order expanded DWFs in the anharmonic
correlated Debye model (ACDM) [16] and XAFS Fourier
transform magnitude. The derivation is presented in Section
2 for the analytical expressions of four first temperature-
dependent XAFS cumulant of bee crystals using the many-
body perturbation approach (MBPA) [18], the dispersion
relation and anharmonic effective potential parameters,
where Morse potential is assumed to describe the single-pair
atomic interaction. The obtained cumulants are applied to
calculating XAFS spectra and their Fourier transform
magnitudes (FTM). Numerical results for Fe, a ferrite crystal,
(Section 3) are compared to experiment [17] which show
good agreement. The conclusions of the obtained results are
presented in Sect. 4.

2. Formalism

In order to include the anharmonic effects, Hamiltonian of
the system is written in the summation of the harmonic and
anharmonic components, H, and H_, respectively

H=H,+H,, H =H +H,, 3)

where the anharmonic component H, contain the cubic H.
and quartic H, terms including the anharmonic interatomic
effective potential parameters of bee crystals.

The anharmonic interatomic effective potential expanded
up to the fourth order in the present theory for bcc crystals
can be expressed as a function of the displacement x = » — 7y
along the bond direction with » and r, being the
instantaneous and equilibrium distances between absorber
and backscatterer atoms, respectively

y

eff (x) = %kti/fxz + k3e,lfx3 + k4¢./l'x4 ? (4)

s and kg,

are the anharmonic parameters giving an asymmetry of the
anharmonic effective potential.

For bec crystals, each atom is bonded to 8 near neighbors.
Then, the effective potential Eq. (4) defined based on the first
shell near neighbor contribution approach (FSNNCA) has the
form

where £, is the effective local force constant, &

V.

(%) =V (%) +2V[—§j+6V[%j+6V(—%j .5

which is the sum over not only the term V(x) describing the
pair-interaction between absorber and backscatterer atoms
but also the other terms describing the projections of their

pair-interactions with 14 first shell near neighbors of bcc
crystals along the bond direction excluding the absorber and
backscatterer themselves whose contributions are already
described by V(x).

Applying Morse potential expanded up to the fourth order
as

V(x)= D(eﬂ‘” —2e7‘”) = D(—l +a’x’ -a’x’ +%a’4x4J (6)

to each term of Eq. (5) and comparing the result to Eq. (4),

we obtain the values of k, .k, .k, for bee crystals in

terms of Morse potential parameters

4eff

_11 ) _ 3 5 _ 1715
keﬁ. —?Da’ s kw ——ZDa' s kw ——2592

Da*, (7)
where o describes the width of the potential and D is
dissociation energy.

Hence, the anharmonic effective potential for bce crystals
of Eq. (5) has resulted as

Vr (x) :1_611)0'2"2 _%

1715
+
2592

Da’x’ Da‘x*. (8)

Note that the above mentioned lattice contributions based
on the FSNNCA, to the oscillation between absorber and
backscatterer atoms described by the projections of their
pair-interactions with 14 first shell near neighbors along the
bond direction, make it possible to take into account the
many-body effects in the present one-dimensional model for
bee crystals.

Derivation of the present ACDM for bcc crystals using the
MBPA [18] is based on the dualism of an elementary particle
in quantum theory, i.e., its corpuscular and wave property.
Then, we can describe the system in Debye model involving
all different frequencies up to the Debye frequency as a
system consisting of many bodies, i.e., of many phonons,
each of which corresponds to a wave having frequency ©(gq)
and wave number ¢ varied in the first Brillouin zone (BZ).

For this purpose, the displacement u, 's in the parameter x
in terms of the displacement of nth atom u, of the one
dimensional chain described by

—u ©)

is related to the phonon displacement operators 4, [19] in
the form

_ | e A=A, |A4,4.]1=0
u, 2NM; —w(q)Aq 4 a I:q q]

to be given by

x, =X f(q) 4y fla)= 2Nth(CI) (e -1),

where N is atomic number, M is the mass of composite atoms
and a is lattice constant.

(10)
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The frequency w(gq) contained in Egs. (10) and (11) and
then in all cumulant expressions derived for the vibration
between absorber and backscatterer atoms in XAFS process
describes the dispersion relation. Using the local force
constant of the first equation of Egs. (7), it has resulted as

11D|. (qa
wlq)=2a,|—|sin| — |, <— 12
(0) =203 (2)‘ d (12)
Using the above results in the MBPA [18], we have

derived the analytical expressions for XAFS DWFs presented
in terms of cumulant expansion up to the fourth order for bee
crystals.

The first cumulant describing the net thermal expansion or
disorder in XAFS theory has resulted as

ol =g ”J‘“w 1+ Z _ a'é: o
0 9 (13)
y _  Slah _ .
" = asama ~) ‘e"P(ﬁhw(Q)), B=1/k,T.

Here, ¢° is second cumulant describing the mean square
relative displacement (MSRD) and has the following form

U’”” +2(q)
jw() P

The third cumulant is the mean cubic relative displacement
(MCRD) describing the asymmetry of the pair distribution
function in XAFS theory and has resulted as

3ha

2 T : J
o ) 227Da?

dq, 07 = . (14)
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The fourth cumulant describes the anharmonic contribution to XAFS amplitude. It has been derived and given by
mla mla-q, 7 a—(q+q,)
(7 3( 52 2 ) d d d ql)“’(‘]z)w(‘h)a’(‘h)
POy =t [ T [ e e+ )
{1+8 Z(QI)Z( ) (%)_Z Q4) (‘(LI1)+(‘(‘]2)+(‘(‘]3)
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Note that in the above expressions for the cumulants of
bee crystals, ol’,0;,0",0!" are zero-point energy
contributions to the first, second, third and fourth cumulant,
respectively, and these cumulant expressions have been
obtained for the case of large atomic number N, when the
summation over ¢ is replaced by the corresponding integral
in the first BZ.

Consequently, all the obtained cumulants contribute to the
anharmonic effects described by Egs. (2) for the anharmonic

XAFS of Eq. (1).

)2 (4,
1)z(g;)-1)

q, = _(% +q, +Q3)'

) g, )+ lg,) }
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3. Numerical Results and Discussions

Now the expressions derived in the previous section are
applied to numerical calculations for Fe, a ferrite crystal,
using its Morse potential parameters [20] D =0.4174 eV, a =
1.3885 A'. Table 1 shows good agreement of Debye
frequency wp and temperature 6, of Fe calculated using the
present theory with the experimental values (Expt.) [17] and
significant difference from those calculated using the single-
bond [5] and single-pair [6] potentials denoted for both by
SPP.

Table 1. Debye frequency wp and temperature Op of Fe calculated using the present theory compared to the experimental values (Expt.) [17] and to those

calculated using the SPP parameters.

@, (10°Hz) 8, (K)
Crystal Present Expt. [17] SPP Present Expt. [17] SPP
Fe 4.5023 4.5537 3.3252 343.91 358.5431 253.99
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Fig. 1. a) Anharmonic effective potential and b) dispersion relation of Fe calculated using the present theory compared to experiment [17] and to those
calculated using the SPP.

Figs. 1 illustrate good agreement of the anharmonic effective potential (a) and dispersion relation (b) of Fe calculated using
the present theory with experiment [17] where the anharmonic effective potential is asymmetric (compared to the harmonic
term) due the anharmonic contributions. They have been used for the calculation and analysis of four first temperature-
dependent XAFS cumulants of Fe using the present theory. The good agreement of temperature dependence of the first,
second, third and fourth cumulants with the experimental values [17] is presented in Figs. 2a, 2b, 3a and 3b, respectively. Here,
at high-temperature the first and second cumulants are linear to the temperature T, the third and fourth cumulants vary as T*
and T°, respectively, and at low-temperatures they contain zero-point energy vibration, a quantum effect.
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Fig. 2. Temperature dependence of a) first cumulant o’(T) and b) second cumulant o*(T) of Fe calculated using the present theory compared to the
experimental values [17].
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Fig. 3. Temperature dependence of a) third cumulant o (T) and b) fourth cumulant ¢”(T) of Fe calculated using the present theory compared to the
experimental values [17].
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The obtained cumulants have been applied to calculate the anharmonic contributions to XAFS amplitude using the first
equation and to XAFS phase using the second equation of Egs. (2). They contribute to calculating the anharmonic XAFS
described by Eq. (1) and then to their Fourier transform magnitudes (FTMs) providing structural information. Fig. 4 shows
good agreement of XAFS FTMs for the first shell of Fe at 293 K and 393 K of Fe calculated using Eq. (1) including the
anharmonic contributions described by Eqgs. (2) containing the above obtained four first temperature-dependent cumulants.
These FTMs are shifted when temperature changes from 293 K to 393 K due to the anharmonic effects caused by the

temperature dependence.
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Fig. 4. Fourier transform magnitudes of XAFS for the first shell at 293 K and 393 K of Fe calculated using the present theory compared to experiment [17].

Note that the calculated results of temperature-dependent
cumulants of Fe presented in Figs. 2 - 3 and of XAFS FTMs
of Fe (Fig. 4) contribute to the valuation of the
thermodynamic properties and anharmonic effects in XAFS
of Fe. Here, the first cumulant describes the net thermal
expansion or disorder, the second one describes the MSRD,
the third cumulant or MCRD describes the asymmetry of the
pair distribution function, and the fourth one describes the
anharmonic contribution to XAFS amplitude. These obtained
cumulants describing the high-order expanded DWFs
contribute to XAFS spectra and then to their FTMs of bec
crystals, i.e., Fe based on Egs. (1) and (2). All they provide
the accurate information on the thermodynamic properties
and structural parameters of bce crystals, i.e., Fe from XAFS
experiment.

4. Conclusions

Thermodynamic properties of bce crystals have been
studied based on their ACDM DWFs expanded up to the
fourth order and XAFS FTMs where the ACDM and the
anharmonic effective potential have been derived based on
the MBPA the FSNNCA, respectively. The obtained results
contribute to getting the accurate information on structural
and other parameters of bcc crystals taken from XAFS
experiment.

The thermodynamic properties of bce crystals described by
the obtained cumulants are characterized by their
temperature-dependence, where at high-temperature the first
and second cumulants are linear to the temperature T, the

third and fourth cumulants vary as T and T°, respectively,
and at low-temperatures they contain zero-point energy
vibration, a quantum effect.

The advantage and efficiency of the present theory in
XAFS data analysis are illustrated by the good agreement of
the numerical results of four first temperature-dependent
cumulants and XAFS FTMs of Fe with experiment. This
makes it possible to reproduce the experimental XAFS data
of bee crystals using the present theory.
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