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Abstract: The goal of this work is to analyse the performance of quantum error correction codes in regard to fixing independent
errors in several qubits. We say that a quantum code does not fix a quantum computing error if its application does not reduce the
variance of the error. We restrict our study to the classical 5—qubit quantum error correcting code (proposed by Laflamme and
some collaborators), which is able to correct arbitrary errors in a single qubit and is also fault-tolerant. We show that this code
does not fix qubit independent errors, even assuming that the correction circuit does not introduce new errors. We also prove,
for qubit independent errors, that if the correction circuit of the 5—qubit quantum code detects an error, then the corrected state
has central symmetry and, as a consequence, its variance is maximal. We have been able to obtain these results thanks to the
high symmetry of the 5—qubit quantum code. Although the calculations needed to extend our proofs to less symmetric codes
seem to be extremely complicated, we nevertheless think that the results obtained for the 5—qubit quantum code reveal a general
behavior pattern of quantum error correcting codes against qubit independent errors.

Keywords: 5—Qubit Quantum Code, Quantum Error Correcting Codes, Qubit Independent Quantum Computing Errors,
Quantum Computing Error Variance

1. Introduction

It is well known that the main challenge to achieve an
efficient quantum computation is the control of quantum
errors [1]. To address this problem, two fundamental tools
have been developed: quantum error correction codes [2-5]
in combination with fault tolerant quantum computing [6—12].

In this article we study the effectiveness of the 5—qubit
quantum error correcting code [13, 14] to fix qubit independent
quantum computing errors. We restrict the study to this
specific quantum code because it is extremely difficult
to perform the necessary calculations for more general
quantum codes. Only the high degree of symmetry of the
5—qubit quantum code allows carrying out the aforementioned
calculations. However, we believe that the ability of this

code to fix qubit independent errors will show a pattern
of the behavior of general quantum codes against this type
of quantum computing errors. Proof of this is the perfect
adaptation of this code to qubit independent errors using the
least number of qubits.

However, the analysis of qubit independent errors will be
general. In order to do that, we represent n—qubits as points

of the unit real sphere of dimension d = 2"*! — 1 [15],
S§? = {z € R4 | ||z| = 1}, taking coordinates with respect
to the computational basis [|0), 1), ..., [2" — 1)],

U = (xg + i1, 22 +i23,...,Ta—1 +i2q). (1

Following previous works [16, 17], we consider quantum
computing errors as random variables with density function



61 Jesus Lacalle et al.: Quantum Codes Do Not Fix Qubit Independent Errors

defined on S¢ As mentioned in these articles, it is easy
to relate this representation to the usual representation in
quantum computing by density matrices. In fact, if X is a
quantum computing error with density function f(z), then the
density matrix of X, p(X), is obtained as follows, using the
pure quantum states given by (1):

p(X) = /S F(@)|0)(¥|dz where /S F@)de = 1.

Density matrices do not always discriminate different
quantum computing errors [15]. Therefore, representations
of quantum computing errors by random variables are more
accurate than those by density matrices. Beside other
considerations, while the space of random variables over S¢
is infinite-dimensional, the space of n—qubit density matrices
has finite dimension. This is the main reason why the
authors decided to use random variables to represent quantum
computing errors. And once the representation of quantum
computing errors is established by random variables, the most
natural parameter to measure the size of quantum computing
errors is the variance.

As described in [16, 17], the variance of a random variable
X is defined as the mean of the quadratic deviation from the
mean value p of X, V(X) = E[||X — ul/?]. In our case,
since the random variable X represents a quantum computing
error, the mean value of X is the n—qubit ® resulting from
an errorless computation. Without loss of generality, we will
assume that the mean value of every quantum computing error
will always be ® = |0). To achieve this, it suffices to move ®
into |0) through a unitary transformation. Therefore, using the
pure quantum states given by (1), the variance of X will be

V(X) = E[|¥ - @|°] = B[2 — 2]

=2 2/ xof(z)dz. (2)
gd

In [16] the variance of the sum of two independent errors
on S% is presented for the first time. It is proved for isotropic
errors and it is conjectured in general that

V(X1)V(X
V(X1 4+ X5)=V(X1)+V(X2) — w

To relate the variance to the most common error measure
in quantum computing, fidelity [15], the authors define a
quantum variance that takes into account that quantum states
are equivalent under multiplication by a phase. Thereby, the
quantum variance of a random variable X is defined as:

V(X) = Blmin(¥ - c*0[)] =2 - 25|\ + 1]

The fidelity of the random variable X, F'(X), with respect
to the pure quantum state & = |0) satisfies F(X) =
(®|p(X)|®) [15]. Therefore, using the pure quantum states
given by (1), F(X)? = E[(®[U)(¥|®)] = E[|(Q[¥)]’] =
E[z? + x%]. Now, the property \/x2 + 2% > 2% + z% and

Jensen’s inequality \/E[z3 + 23] > E[\/x3 + 7] allow us to

conclude that:

Vo(X)
2

Vo(X)
.

1-—

< F(X) <41

These inequalities show that quantum variance and fidelity
are essentially equivalent, since when quantum variance tends
to 0, fidelity tends to 1 and, conversely, when fidelity tends
to 1, quantum variance tends to 0. Of the three measures, the
variance is the standard measure in Statistics.

But the correct measure for quantum errors is the quantum
variance, which as we have seen is equivalent to fidelity.
However, we are going to see that the variance and the
quantum variance have similar behaviors for the type of error
that we want to analyze. Let ® = |0) be a qubit and suppose
that & is changed by error becoming the state ¥ = W ®, where
W is the error operator given by (5) below whose density
function f(6y) only depends on the angle 6. Then:

¥ = (cos(fy) + isin(fy) cos(y)) |0)
+ (sin(6p) sin(67) cos(f2) + i sin(fp) sin(h; ) sin(62)) |1)

and taking into account that
min([[ — ¢?®?) = 2 - 2/(V|)|
and the equation (2) we obtain:
T cos?(6p) 1 — sin(fo)
V,(X)=2-4 1-— 1
2(X) 7r/0 ( 2sin(6p) ©8 <1 + sin(00)>>
- f(8o) sin® (o) dbo

and
V(X)=2—-4r /7r 2cos(fo) - f(6o)sin®(6y) dby.
0

We observe that the difference between the quantum
variance and the variance are the weight functions of
f(60)sin®(6y) in the integral and that they have a similar
behavior for small errors, that is, for concentrated density
functions f(6y) around 6y = 0 (see Figure 1).

Figure 1. Weight functions for quantum variance (red) and variance (blue).
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Even for large errors, for example a uniform distribution
function f = 1 /27r2, we have comparable values of the
quantum variance and the variance:

Vo(0) = ; and V(¥) = 2.

The study of the effectiveness of quantum error correcting
codes has become essential to face the challenge of quantum
computing. In this context, the problem we want to address
is the following: Let ® be a 5—qubit encoded by the 5—qubit
quantum code C. Suppose that the coded state ® is changed by
error, becoming the state ¥. Now, to fix the error we apply the
code correction circuit, obtaining the final state ®. While @ is
a pure state, ¥ and ® are random variables (mixed states). Our
goal is to compare the variance of ®, V(@) = E[||® — ®||?],
with that of ¥, V(¥) = E[||¥ — ®||?].

In order to compare the variances we will assume that the
corrector circuit of C does not introduce new errors. In other
words, we are going to estimate the theoretical capacity of
the code to correct quantum computing errors. One would
ideally expect that ® = P so that the variance of ® would
be V(é) = 0. Being more practical, we are only going to
demand the minimum that could possibly be asked from an
error correction process: V(®) < V(®). If this minimum
requirement is not met, we will say that the code C does not fix
the corresponding quantum computing error.

The problem we address is, in our opinion, one of the
biggest challenges for quantum computing. Consequently, it is
also one of the most difficult tasks. For this reason, we restrict
the problem in two ways. On the one hand, we consider the
most widespread type of quantum error in the literature; qubit
independent quantum computing errors. And on the other, we
analyze the quantum code best adapted to this type of error; the
5—qubit quantum code. This choice allows us to effectively
compute the variances of the disturbed and corrected states,
¥ and . The results obtained for this specific code reveal
a general behavior pattern of quantum error correcting codes
against qubit independent errors. The extension of the results
of the 5—qubit quantum code to general codes is analyzed in
the conclusions section of this article.

The results that we obtain are analogous to those presented
in [17] for isotropic errors. But, although in both cases the
results are as expected, what is surprising is their similarity
despite the very different characteristics of the two types of
error. The isotropic errors do not occur naturally and their
density functions have a support of dimension 2"+t! — 1,
while the qubit independent errors are commonly used to
model quantum decoherence and their density functions have
a much smaller dimension support, 4n. Despite these great
differences, these two types of errors present two analogies
in relation to the ability of quantum codes to correct them:
quantum error correcting codes do not fix these types of error
and when the correction circuit of a quantum code detects one
of these errors, the corrected state has the maximum variance
and as a result, it has lost all the computing information.

The results are as expected because no quantum code can

correct errors in all qubits simultaneously. The conclusions
of this work and the one cited above [17] seem contradictory
with the quantum threshold theorem, proved in the framework
of fault-tolerant quantum computing [6—12]. The results are
different because we use a different error model. In fault-
tolerant quantum computing the discretized quantum error
model is used. In this model, errors (that can be arbitrarily
large) occur with a given probability p and the probability that
there is an error in k qubits at the same time is p*. Clearly this
error model does not include the qubit independent continuous
quantum errors that we use. Indeed in this latter model the
probability of errors occurring in all qubits simultaneously
is 1 (small errors with high probability). We believe that it
is necessary to develop the continuous quantum error model
because the discrete one does not capture all the peculiarities
of the real quantum computing errors.

The outline of the article is as follows: in Section 2 we set
up the general structure of quantum error correcting codes; in
Section 3 we analyze qubit independent quantum computing
errors, we calculate the variance of the disturbed state ¥ and
we introduce the normal distribution over each qubit, as a
particular case of error; in Section 4 we establish the result
of applying the correction circuit of the 5—qubit quantum
code to a qubit independent error, we prove that this code
does not fix qubit independent quantum computing errors and
we analyze the behavior of a qubit independent error with
normal distribution; finally, in Section 5 we analyze the results,
we study if the behavior pattern of the 5—qubit code can be
extended to more general quantum codes and we comment on
the problems that these results and those of article [17] pose to
the viability of quantum computing.

2. Quantum Error Correcting Codes

An quantum error correcting code of dimension [n, m] is a
subspace C of dimension d’ = 2™ in the n—qubit space H",
whose dimension is d = 2". The C quantum code encoding
function is a unitary operator C' that satisfies the following
properties:

C:H™@H"™ — H"andC = C(H™ @ |0)).

The C code fixes d’ = 2" ™ discrete errors:
Ey, Eq, ..., Eg/—1. Since the identity I should be among
these unitary operators, we assume that £y = I. This process
of discretization of errors allows to correct any of them if the
subspaces S5 = F,(C), 0 < s < d”, satisfy the following
property:

Hn:S()J_Sl J_Sd//,l. (3)

That is, H" is the orthogonal direct sum of said subspaces.
Note also that Sy = Eo(C) = I(C) = C. In the stabilized
code formalism, the code C is the subspace of fixed states of
an Abelian subgroup of the Pauli group P,, = {1, +i} X
{I, X, Z,Y }"™ and discrete errors are operators of P, that anti-
commute with any of the subgroup generators, except for the
identity operator Ejy. If (3) holds, the code is non-degenerate.
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Suppose that a coded state ® is changed by error, becoming
the state W. The initial state is a code state, that is, ® €
So, while the final state in general is not, that is, ¥ ¢
So. If the disturbed state belongs to the subspace Wg =
L(Ey®,...,Ey _1®), that is, if it is of the form

U = OéoEo‘I) + -+ O‘d”—lEd”—l(I)
with |ao> + -+ |agr—1 P =1, @)

then the quantum code allows us to retrieve the initial state ®.
To achieve this, we measure ¥ with respect to the orthogonal
decomposition of (3). The result will be @—JESCI) for a value
s between 0 and d” — 1. The value of s is called syndrome
and allows us to identify the discrete error that the quantum
measurement indicates. Then, applying the quantum operator
E;! we obtain \gil ®. This state is not exactly ® but, differing
only in a phase factor, both states are indistinguishable from
the point of view of Quantum Mechanics. Therefore, the code
has fixed the error.

An error that does not satisfy (4), that is, it does not belong
to Wg, cannot be fixed exactly. For example, if U belongs
to the code subspace C, the error cannot be fixed at all since,
being a code state, it is assumed that it has not been disturbed.
In this work we want to analyze the limitation in the correction
capacity of an arbitrary code, assuming that the code correction
circuit does not introduce new errors.

Finally, we want to highlight that discrete errors can be
chosen so that, for example, all errors affecting a single qubit
are fixed. The best code with this feature that encodes one
qubit is the 5-qubit quantum code [13, 14]. This code is
optimal in the sense that no code with less than 5 qubits can fix
all the errors of one qubit and this article focuses on the ability
of this code to fix qubit independent errors.

3. Qubit Independent Quantum
Computing Errors

As in the previous section, let ® be an initial code state, let
C be the code with which ® has been encoded and let ¥ be the
final state caused by an error on ®. This error can be modeled
by means of a unitary operator VV. Therefore, the disturbed
state will be ¥ = W®. The model of qubit independent
quantum errors is the simplest to represent decoherence in
Quantum Computing. And, applied to a single qubit, it also
allows us to model the error resulting from applying a quantum
gate or a quantum measure to said qubit. Throughout this work
we will use the following one-qubit error (unitary) operator:

cos(fp) + isin(6p) cos(61)

W= < sin(6o) sin(61) cos(02) + isin(6p) sin(61) sin(h2)

— sin(f) sin(01) cos(h2) + isin(6p) sin(61) sin(62)
cos(6o) — isin(6o) cos(61) ) , ()

where 6p, 01 € [0,7] and 02 € [0, 27). The most important property

of this operator is the following:

[W® — ®||* = 2(1 — cos(6)) for all qubit ®. 6)

This fact implies that the variance of the error, which is
defined as the expected value E [||[W® — ®||?] (see [16, 17]),
is independent of the initial qubit ®. Formula (6) as well
as many other results throughout the article is proved by
mechanical calculations that are not made explicit. All of them
are developed in [18].

Actually the error operator W is a random variable that
we are going to describe by means of its density function,
whose natural domain is the three-dimensional sphere Sj
parameterized in spherical coordinates by angles 6y, 6; and
f5. From now on we will consider error operators W whose
density function depends exclusively on the first angle 6. This
fact greatly simplifies the analysis without losing generality, in
view of the property indicated in (6).

In the model of qubit independent quantum errors, the
general n—qubit error operator is the following tensor
product:

W=Wo®: Q@ Wy_1, @)

where W,,, 0 < u < n, is a one-qubit operator of the

form described in (5), with angles 6§, 07 and 05 and density

function f(6y) defined on the sphere S;. Therefore W is a
random variable defined on the space S = S3 x - - - x Ss.

Then, the disturbed state ¥ = W® is also a random
variable. We are especially interested in its variance, as it was
introduced in [16, 17].

Definition 3.1. The variance of the random variable W is the

expected value
E[w—2|].

Let ® be the code state resulting from applying the code
correction circuit to the state W, assuming that this circuit
does not introduce new errors. From the point of view of
the statistical study of errors, the state ® is a random variable.
The random variable ¥ describes the distribution of the error
around ®. On the other hand, the random variable ® describes
the distribution of the error after correction around @ in the
code subspace C (since the accuracy of the correction circuit
we are assuming implies that P belongs to C).

In this context, in order to measure the code correction
capacity, we compare the variance of the final error, V((i)),
with the variance of the initial error, V(¥). Our study focuses
on qubit independent quantum errors, and to describe the
problem precisely, we study their variances.

Theorem 3.1. The variance of a one-qubit quantum error
with density function f () is equal to

V(¥) =2 —8xE [cos(@o) Sinz(eo)] )

where E [cos(6) sinz(ﬁo)] = /Oﬂ f(60) cos(8) sin? (6 )dby.

ProofIn this case the error operatoris W = Wy®I®--- &1
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and, if we take an arbitrary initial state, then:

o2m_1 2" —1
o= aplk)and ¥ —® = > o (W-1)&TI')k),
k=0 k=0

where I and I’ are the identity operators for 1 and n — 1 qubits
respectively and W is the error operator given in (5).

Splitting the index k into the bit kg and the n — 1 bit &’ we
obtain:

V- = Z_ (Z Oéko,k/(W_I)k0>> @ [K).

k'=0 \ko=0

The square of the norm of the above difference is:

on—1_1 1 2
W —@>= 3" > anw (W —1I)lko)
k=0 |lko=0
Finally, applying property (6) we obtain:
on—1_q
1w —@)>=2 3 (laow | +larwl?) (1 cos(do))
k'=0

= 2(1 — cos(bp)).

Now, the expected value is calculated by integrating into the
sphere S3. This integral, in spherical coordinates, is:

V(U)=2-2 [ f(f)cos(bh)ds,

S3

=2 2|S,| /W f(60) cos(6) sin? (6 )dby,
0

where sin?(f) is the volume element corresponding to 6 in
Ss and |Ss| is the volume of the sphere of dimension 2.
Finally, the theorem is proved by substituting the value of
|Sa| = 47 (see Appendix) in the previous expression.
Theorem 3.2. The variance of ¥ = W®, where W is
an n—qubit independent quantum error with density function
f(6y) for all qubit 0 < u < m, is

V(¥) =2 — 2 (47E [cos(fo) sin®(6p)]) ",

s

where E [cos(p) sin®(8y)] = ; f(8o) cos(8o) sin?(8)dby.

Proof First of all we are going to prove that

(W=D )| (W =1Dk))
=2(1 —cos(g) . ..cos(6y ")), + P and
(W =1) 15)|k)
= (cos(6y) ...cos(0y ") —1)d; % + P, (8)
For all 0 < j,k < 2™ where P is, in each case, a

polynomial whose variables are the sine and cosine functions
of the angles 0/, 0 < u < nand 0 < v < 3, such that every

monomial includes at least one of the following variables, with
exponent one: cos(#}'), cos(0y) or sin(6y) with 0 < u < n.
When calculating the expected value for the variance, the
contribution of the polynomial P will be zero.

We are going to prove the previous result by induction in the
number n of qubits.

Base step: If n = 1 (6) easily generalizes to:

(W = D)) |(W = I)|k)) = 2(1 — cos(67))d;.» and
(W = D)|j)|k) = (cos(03) — 1)3j 6 + P, (9)

For all 0 < j,k < 2 (See the proof in [18]). In this case
Property (8) holds.

Induction step: Let n > 1 and suppose by induction
hypothesis that the Property (8) holds for n qubits. We have
to prove the Property (8) for n + 1 qubits.

Splitting the j and k indices, as in the proof of Theorem 3.1,
we obtain:

(W=D |W = DIk))
=(WeW-I'®)(|j") ®|jn))
| W oW —I' @ I)(|K') @ [kn)))
= (W' =D)i") @ (W = Dljn) +15) @ (W = 1)|jn)
+W = I3 @ ljn) [V = I)E") @ (W = I)[kn)
+[K) @ (W = Dkn) W' = I|E') @ |kn)),

where 7’ and k" are n—bits, j,, and k,, are bits, W' is the error
operator on n qubits, I’ is the n—qubit identity operator, W is
the error operator on one-qubit and [ is the one-qubit identity
operator.

Applying the distributive property in the previous
expression, the sum of nine scalar products is obtained.
Everyone decomposes as the product of two scalar products in
which sets of disjoint angles appear. The induction hypothesis
(8) and the base case (9) allow us to conclude the following:

(W =DIH|W = Dk)) =

(2(1 — cos(87) . . . cos(8g "))y + P')
+2(1 = cos(05))d;, ki

+ ((cos(89) .. .cos(8y ") — 1)8,1 s + P')
2(1 = cos(6))d5,, kn

+(2(1 = cos(]) . . .cos(85 ™ ))d 4 + P)
+ ((cos(0g) = 1)0;,, k,, + P)

+ ((cos(89) . .. cos(85 ™) — 1)8ps j» 4+ P'™)
-2(1 — cos(05))8,.kn

+ 657 ,102(1 — cos(60))05,0 ke

+ ((cos(67) - . .cos(8y ") — 1)k jo + P™™)
~((cos(60) = 1)dj, ., + P)

+2((1 — cos(89) . . . cos(85"))d; s + P')
+((cos(05) = 1)k, 5 + P)

+ ((cos(89) . . .cos(05 ™) — 1)8;1 4 + P)
+((cos(65) = 1)dk,, 5, + P7)

+2((1 — cos(69) .. .cos(8y~"))dr s + P')S;

nokn -
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Note that every product in which P, P’ or both appears is
an expression of type “P” and that the sum of expressions of
this type is also of type “P”. Furthermore, in every product in
which neither P nor P’ is included as a factor, the expression
0/ k05, k. = 0% appears. These facts allow us to obtain the
followmg

(W=D = Dk))
= —2(1 —cos(6)). ..
+2(1 — cos(6y))d; k
+2(1 —cos(8)) ...cos(051))d;x + P
= 2(1 —cos(6]) . .. cos(621) cos(6))6; 1 + P.

cos(05 1)) (1 — cos(0))5;.x

This result proves the induction step for the first of the (8)
equalities. The second equality is proved in an analogous way,
from the expression:

(W —=D)5)|k)
:<(W’®W I’®I>(|y>®|an )| 1K) @ [kn))
:<(W/ (W I)|]n>+|]> (W_I)|]n>
+(W’—I’)\y>®|yn ) 1K) @ [kn)).-

This concludes the proof of the induction step and the
equalities of (8) are proved by the induction principle.

Now, the first equality of (8) allow us to conclude the proof
as follows:

2

V(¥) =E giimow—fn@
=E ; ajar (W= DIV = Dlk)
- Z . (B [2 — 2cos(8)) ... cos(83 )]
jffz“o[P])
- 2:2_01 lak|?E [2 — 2cos(0]) ... cos(05 )]

=2 — 2F [cos(6]) . .. COS(eg_l)]
=22 [ f(05) cos(6p)ds, - --
S3
£ cos(03 ),
S3

—2_9 (|S2| /OTr f(HO)cos(@o)sin2(90)d9o>na

where sin?(f) is the volume element corresponding to 6 in
S5 and |Sy| = 4 is the volume of the sphere of dimension 2
(see Appendix).

In Theorem 3.1 we have calculated the variance of the error

Quantum Codes Do Not Fix Qubit Independent Errors

over one qubit, and in Theorem 3.2 the variance of the sum
of the errors over each of the n qubits. These errors are
independent and identically distributed. In [16] the authors
introduce the following formula for the variance of the sum of
two independent errors X7 and Xs:

V(X1)V(X2)

V(X1 + X)) = 5

V(X1)+V(Xa) —
They prove it for isotropic errors and conjecture that it
is generally true. They also generalize it for n identically
distributed independent errors as follows:
V(X1+-~+Xn):2—2(1—g) . (10)
where 7 is the variance of each of the errors. It is easy to check
that in our case this formula is fulfilled. This result reinforces
the conjecture about the variance of the sum of independent
eITOrS.

Let us finish this section by introducing a special distribution
for the error of a qubit that has been key for [16, 17] and that
illustrates well the results of this article.

Definition 3.2. The normal error distribution for a qubit is
one that has the following density function:

1 (1-0?)
272 (1 + 02 — 20 cos(6))2’

fn(bo) =

where the parameter o belongs to the interval [0, 1).

When o approaches 1 the probability is concentrated at
the point ®, canceling the error. And when o approaches 0
the distribution tends to be uniform, that is, a distribution in
which after the disturbance all the states are equally probable.
Figure 2 shows how the distribution changes depending on the
parameter.

14
I

12
I

1.0

0.8

0.6

0.4

0.2
I

Figure 2. Normal density function for a qubit.

The variance of the normal distribution of a one-qubit is
2 — 20 (see Theorem 3.1 and Appendix). And the variance
of an n—qubit independent quantum errors with equal normal
distributions in each qubit is, using (10), V(¥) = 2 — 20™.
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4. Result of Applying the Correction
Circuit of the 5—qubit Quantum
Code to a Qubit Independent Error

Let ® be the corrected state obtained by applying the
correction circuit of code C to the disturbed state W.
Calculating the variance of the corrected state, V(fi>), for a
general quantum code C is an extremely complicated task.
Instead we will study the 5—qubit quantum code [13, 14]. This
code fixes all errors affecting a single qubit and, consequently,
it will show key aspects of the power of quantum codes to
control decoherence errors. On the other hand, the symmetry
of this code allows to carry out the calculations.

The (unitary) error operator for independent qubit errors is,
in this case,

W=Wy®@---Q Wy,

where the qubit errors, as described in (5), are:

[ A,+iB, —C,+iD,
W = ( Cu+iDy A, —iB, )’0§“<5’
being
Ay = cos(05),
B, = sin(6¢) cos(07),
C\, = sin(6y) sin(67') cos(#5) and
D, = sin(6y) sin(67) sin(03),

where 63, 0% € [0, 7], 0% € [0,27) and 0 < u < 5.

Since we are considering qubit independent errors, the
density function of the error operator ¥V will be defined on
the space S5. Also, for simplicity we are considering equally
distributed errors. Therefore the density function will be of the
form

F(00)f(60) f(63)F(63)(65)-

The 5—qubit quantum code C is defined by the following
generators:

0,) = |00000) —|00011) + [00101) — [00110)+
01001) + [01010) — [01100) — |01111)—
110001) + |10010) + [10100) — [10111)—
111000) — [11011) — [11101) — |11110)

1) =— 00001) —[00010) — [00100) — |00111)—
01000) + [01011) + [01101) — |01110)—
110000) — |10011) + [10101) + [10110)—
111001) + [11010) — [11100) + |11111),

and by the discrete errors associated with the orthogonal direct
sum given in (3):

1, Xo, X1, Xo, X3, Xy, Yo, Y1, Yo, Y3, Yy, Zo, Z1, Z>,
Z3 and Z4,

where I, X, Y and Z are the Pauli matrices

1 0 0 1 0 —1
=(o1)x=(Vo) 7 =(7 )
1 0
andZ_<01).

A quantum state without error @ is represented by & =
(wo + dw1)|0L) + (wa + iw3)|1L), wE + w? + w3 + w3 = 1,
and the disturbed quantum state that describes the decoherence
of ® is the random variable ¥ = W®.

To simplify the analysis of the action of the correction
circuit of C, we are going to change the computational basis
B¢ in which the operator W is expressed by the basis
associated with the code:

B =[|05), [11), Xo[0L), Xo[11), X1[02), X1[1),...
ooy Z4|0r), Za|11)].

In this basis the expression of the error operator is
Wpg = MTWM,

where M is the transition matrix from basis B to basis B¢. Its
columns are the vectors of B in coordinates with respect to the
basis B¢. The quantum state ® at basis B has the following
coordinates:

dp = (w0+iw1, ws + tws, 0, - -, O)B-

The disturbed quantum state ¥ g is obtained by multiplying
® g by the error operator: U = Wp®p. Each of the entries
in matrix Wp is a homogeneous polynomial of degree 5 in
the set of variables V = {A,, B,, Cy, D, | 0 < u < 5} and
degree 1 in the subsets of variables of V with subscript u for all
0 < w < 5. Furthermore, each of these polynomials includes
exactly 32 monomials. This fact makes it necessary to use a
symbolic calculation system to carry out the operations [18].

Analogously, the coordinates of Wp are homogeneous
polynomials of degree 5 in the set of variables V), degree 1 in
the subsets of variables of V with subscript u (0 < u < 5) and
degree 1 in the variables wg, wy, ws and ws. We are going to
represent ¥ 5 as follows:

Vg = (Bo, 1, B2, B3, -+, B30, B31)B,

and we are going to establish the properties of this quantum
state (random variable) that will allow us to calculate the
variance of the the corrected state ®. Note that we can consider
the coordinates of ¥ g as functions of wq, w1, w2 and ws.

Note also that, given the definition of the basis B, the
projection of W 5 on the subspace S, 11, is:

(U p) = B2s]25) + Bast1|25+1), 0 < s < 16.  (11)
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Lemma 4.1. The coordinates of the disturbed state W satisfy:

Bas =(as + ibs)wo + (—bs + ias)w;
+ (¢s + ids)we + (—ds + ics)ws, 0 < s < 16,
B1 =(—co + ido)wo + (—do — ico)wr
+ (ap — ibg)ws + (bo + iag)ws and
Bast1 =(cs — ids)wo + (ds 4 ics)wr
+ (—as + ibs)wa + (—bs — ias)ws, 0 < s < 16,

where, forall 0 < s < 16,

as = Re(B24(1,0,0,0)), by = Im(B24(1,0,0,0)),
cs = Re(fB25(0,0,1,0)), ds = Im(Bas(0,0,1,0)).

Proof See the proof in [18].

The following Lemma shows that the projection
probabilities on the subspaces S, 0 < s < 16, do not depend
on the initial state. This property is related to the property
indicated in (6) for the error in one qubit.

Lemma 4.2. The projections of the state W on the subspaces
S, 0 < s < 16, satisfy:

ITL(®)[|* = a2 4 b2 + ¢ + d2,

where a; = Re(f25(1,0,0,0)), bs = Im(B2:(1,0,0,0)),
¢s = Re($25(0,0,1,0)) and ds = Im(B25(0,0,1,0)).

Proof It is enough to check, using Lemma 4.1, the following
equality (which is proved in [18]):

T (P)[|* = |Bas|* + |Bast1|?
= (a + b2 + ¢ + d2)(wg + wi + w3 + w3).

The proof is obtained by considering wi+w? +w3+w3 = 1.

In order to carry out the study of the variance of P, we
need more information about the expressions as, by ¢ and d,
0 < s < 16, introduced in Lemma 4.1 and used in the proof of
Lemma 4.2.

Lemma 4.3. The polinomials

Qs = Re(/BQS(la 07 07 O))a bs = Im(ﬁ?s(la 07 07 O))a
¢s = Re(f25(0,0,1,0)), ds =Im(824(0,0,1,0)),

for all 0 < s < 16, satisfy the following properties:

1) They are homogeneous polynomials of degree 5 on the
set of variables V and degree 1 in the subsets of variables
of V with subscript u, for all 0 < u < 5, and they are
made up of 16 monomials.

2) The monomials of ag, by ¢; and dg forall 0 < s < 16
are different two by two.

3) Forall 0 < s < 16, in each of as, bs ¢, or ds every pair
of different monomials share exactly one variable.

Proof See the proof in [18].
When applying the correction circuit of code C to the
disturbed state W, the corrected state ® is obtained in different
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ways, depending on the measured syndrome s, 0 < s < 16.
We denote by P; the probability that the syndrome is s, 0 <
s < 16. Thus Py is the probability that no error is detected
and, on the other hand, P; is the probability that the E; error
is detected for 0 < s < 16.

The probability that the correction circuit of C measures a

syndrome s is, using Lemma 4.2:
E[P]=E[(V)]=E[a2+b2+cl+d2],0<5<16,
where a; = Re(f25(1,0,0,0)), bs = Im(B2:(1,0,0,0)),
cs = Re(f25(0,0,1,0)) and ds = Im(B25(0,0,1,0)).

To calculate these expected values we need some
preliminary considerations, that can be easily checked with a
symbolic calculation system [18].

The first is related to the expected values of the
combinations of two variables of V, for all 0 < u < 5:

E[A2] = E[cos®(6y)] = 4nE[cos?(6) sin®(6y)],

E[B2] = Elsin®(f) cos®(01)] = X Blsin’ (6)],

E[C?] = E[sin®(fo) sin®(6;) cos?(fs)] = ;r [sin®(6))],

E[D?] = E[sin®(6p) sin?(6,) sin?(0y)] = — E[sin*(6y)],
E[A,B,] = E[A,C,] = E[A,D,] = 0 and

The second has to do with the expected value of the
polynomials a2, b2, ¢? and d?, 0 < s < 16, that appear in
Lemma 4.2. Each of these expected values is equal to the
sum of the expected values of the squared monomials of the
corresponding polynomial. This is because the expected value
of the product of different monomials is equal to zero. See
Lemma 4.3, item 3), and (12), fifth and sixth lines.

The third is related to the number of monomials, classified
by type, that appear in a2, b2, ¢2 and d? and contribute to the

82 s

probability P, 0 < s < 16 (See the proof in [18]):

5As | 4As| 3As| 2As| 1A | 0A’s
Py 1 0 0 30 15 18 (13)
P, 0 1 6 16 26 15

The above considerations allow us to calculate the
probabilities E[P,] for all 0 < s < 16.

Theorem 4.1. The probability that the correction circuit of C
measures a syndrome s is:

E[Py) =(47)° (E[cos*(0p) sin®(6p)]°
+ 23 Bleos? (60) sin’ ()] Blsin' (0o)°
+ g Elcos (B0) sin’ () Elsin (6
+ 28 Bjin' (40)°) and
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E[P] :(47r)5 (1E[cos2 (6o) sin2(90)]4E[sin4(00)]

3
+ %E[COS2(90)SIH (60))° E[sin* (6o))
+ %E[COSQ(GO)sm (60)]*E[sin (6o)]*
3? [cos?(0o) sin?(0y)| E [SlIl (60)]*

15 5
+ 3f5E[sm4(00)] > , 0 < s <16,

T

where E [g(60)] = [ f(60)9(60)dbo.

Proof Tt follows f?om the data in Table (13), applying the
results of (12).

In order to calculate the variance of the corrected state ®
we introduce the corrected states i)s, 0 < s < 16, that
are obtained when the measured syndrome is s. Note that
U, & and P, (0 < s < 16) are random variables, all of
them defined in the space S3. Next we are going to prove
a really surprising result. If the correction circuit for code C
detects an error (measures a syndrome 0 < s < 16), then the
probability distribution of ® has central symmetry in subspace
C. This means that the probability of obtaining a P state is
the same as the probability of obtaining its opposite —®. This
property implies that the variance of ® will be the same as
if the distribution of ® were uniform (see [17], Theorem 3).
Therefore this result is a negative indicator of the correction
power of the C code.

Theorem 4.2. Random variables <f>s, 0 < s < 16,
have central symmetric probability distributions in the code
subspace C.

~ 1
Proof The probability distribution of &, = \/—E(ﬂg s|28) +
P
sr1l2s + 1)) i S
,82 +1| S+ >) 1S E[PS]

We are going to prove that @, has central symmetry. The
proof of the remaining 14 cases is analogous.
According to Lemma 4.1 the generators of S; are

5o :(a1 + ibl)uo + <_b1 +ia1)uy + (Cl + idl)UQ
+ (—dy + ic1)us and

Bs =(c1 — idy)ug + (di +ic1)ur + (—aq + iby)us
+ (=by —ia1)us, where

a; = AoA1A3B2Dy 4+  AgA2A4B3D;
+ ApBi1C3C4D2  + AoB4C1C2D3
— A1A2BoB4sC3  + A1A4CoD2D3
— A1B3C2C4Dg  + A2A3C0C1Cy
— A3B1DoD3Ds — A3A4BoB1C2
— A3B4DoD1Dy — A4B2C1C3Dg
— BoB2C4D1D3 — BoB3C1D2Dy
+ Bi1B2B3BsCo + CoC2C3D1Dy,

b1 = — AoA1B3BsD> — AgA2C1C3D4
—  ApA3C2Cy4D1  — AgAyB1B2Ds3
+  A1AxA3A4Dy +  A1BoC2D3Dy
—  A1B2CoC3Cy + A2BoB1B3Cy

— A3B4sCoD1D3 + A3BoB2B4C:
—  A4B3CoC:1C2  + B1B4C2C3Dg
+ B2B3DoD1Dy + C1C4DoD2Ds3,
c1 = AoA1A4C2C3  +  AgA2A3B1By
+ AoB2B3C1Cy + AgD1D32D3Dy
+ A1A2B3CoDy  —  A1A3BoCaDo>
— A1B3B4DoD3 — A3A4BoC1Ds3
— AxC3C4DoD:1  + A3A4B2CoDy
— A3C1C2DoDy  — A4B1B3DoD>
— BoB1B2:C3Dy — BoB3B4C2Di
+ B1CoC2C4D3  + BsCoC1C3Do,
di = ApA1A2C4 D3 + AoA3A4C1 D>
+ AoB1B3C2Ds + AgB2B4C3D:
+ A1A3B4CoC2 — A1A4BoB2Bs3
— A1C3DoD2Dy  — A3A3BoDi1Dy
+ A2A4B1CoC3 — A2B3B4sC1Dg
— A3B1B2C4Doy — A4C3DoD1Ds3
— BoB1B4D2D3 — BoC1C203C
+ B2CoCiD3Dy + B3CoCy4D1Ds.

We are going to use changes in the angles that define the
variables of the set V' so that all monomials of ag, bs, c¢s and
dg, for a given 0 < s < 16, change sign. The changes that
produce the sign flip of variables of V are, for 0 < u < 5:

Angle change Variable sign change
0 — m— 0y Ay
0y — m— 0} B,
0% — (m — 0%) mod 27 Cy a4
0% — 2w — 0% D,
0% — (0% + 7) mod 27 Cy and D,

Note that these changes allow to flip exactly the sign of any
subset of variables of V.

So, to change the signs of all the monomials of a, b, c¢s and
ds, 0 < s < 16, it is enough to find a subset of variables of ),
V,, such that each of the monomials includes an odd number
of variables of V,. This subset exists for all 0 < s < 16 and if
s # 0 the subset Vs can be chosen so that it does not include
any variable A, forall 0 < u < 5.

For s = 1 a subset V; is for example the following (see all
sets V;, 0 < s < 16, and the proof that they verify the required
property in [18]):

Vl = {B37 B47 007 023 D07 D27 D3a D4}

As we have said, by changing the sign of the variables of V;
we change the sign of all monomials from ay, by, ¢; and d;.
However, both P, and E[P,] remain invariant. In the first case,
because each monomial of P is the product of two monomials
of ay, by, c; or d; (see Lemma 4.2) and, therefore, they have
an even number of variables that change sign. In the second
case because F[P;] does not depend on the angles that have
been modified (see Theorem 4.1). This causes the resulting
quantum state <I>1 to transform into 7<I>1 Finally, since the
density function only depends on the angles 6, 0 < u < 5,
the probabilities of ®; and —&; are the same. This equality
is maintained when integrating in space S5 and, therefore, the
resulting quantum state ®; has central symmetry.

Finally we are able to calculate the variance of the state és
resulting from the application of the correction circuit of the C
code if the measured syndrome s satisfies 0 < s < 16.
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Lemma 4.4. The variance of the corrected state s 1S
V(®,) =2forall 0 < s < 16.

Proof According to Theorem 4.2 the probability of the P,
state is the sameas that of the —®; state. This property allows
us to calculate the variance of ®, as follows:

V(@) = (VE,) +V(-4,)

1 ~ -
=B (18 — @I + ] - &, — @]

~Llpu-e

1 ~
=3B 212 +2)]0]2] = 5

2
In order to calculate V(&)), it is only necessary to calculate
the variance of the random variable (fo, that is, the variance of
the corrected state if the correction circuit of the C code does
not detect any error.
Lemma 4.5. The variance of the state <f>0 is

E [ao (1 - VR)]
B[R] ’

Elaq]

BlRy) TP

V(Do) =22

where ag = Re(80(1,0,0,0)). 3
Proof The probability distribution of the state &y =
1 . R

— 0) + B1]1)), 1s .

\/FTO(ﬂO| > Bl' >) 1 E[Po]

Therefore its variance is:

V(@)= | g [0 = (500 + 1) ]
E[; E [H\/Foq’—ﬁo|0>—f31|1>H1

- (E U\/Fo(wo + dwy) — Boﬂ

E[P]
+E U\/Fo(zu? + iws) ﬂﬂ) .

We use Lemma 4.1 for the coordinates 3y and [31:

V() = E[}O

2
. <E |: vV powo — agwq + bow1 — CoWw2 + do’LUg) :|

97

+ E | (v Powy — bywo — agwy — dowy — cows

(

( )
+ FE <\/170w2 + cowo + dowi — apwa — bow:a)2

( )

)

+ F P()’U)g — do’wo + cowq + bowg — apgws

_ 1
E[P)]
- (w§ + wi + wh + w3)

E [po tai+ b4+ di— zamﬁpo}
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1 [aovPo]
~ B[R E 2P — 200\/By] = 2 B[R]
o o Ela] | Elao (1 - V)]
=22 gm T E[P)] '

We have used Lemma 4.2 for the expression a2 +b3+c3+d3.

Finally we have everything necessary to calculate the
variance of the corrected state . ~

Theorem 4.3. The variance of the corrected state @ is
V(@) = V() +2F a0 (1- V)]
where ag = Re(5y(1,0,0,0)).

Proof The variance of the corrected state satisfies:

15
V(%) + Y E[PJV(®
s=1

Applying Theorem 4.1 and Lemmas 4.4 and 4.5 the
following is obtained:

V(®) =

V(®) = 2(E[P)]+15E[Py])—2E[ao] +2E [ao (1 -

/m).

It is easily proven that

E[Py)+15E[P]
= (47)° (Elcos?(6p) sin(60)] + Efsin®(60)])°)’
= (4m)° E[sin®(6)]°.

The last expected value corresponds to the integral of the
density function:

E[sin®(00)] = (4m) 7",

The polynomial ap has 16 monomials of which only
ApA, A3 A3 A, has a non-zero expected value. The other 15
are canceled because E[B,| = E[C,] = E[D,] = 0 for all
0 < wu < 5. Then the expected value of ag is

therefore E[Py| + 15E[P] =

Elag] = (47)° E[cos(6o) sin?(6o)]°.

The proof is concluded by applying Theorem 3.2.

Theorem 4.4. The 5—qubit quantum code does not fix qubit
independent errors if the density function of the qubit error
satisfies

f(80) > f(m — 8o) forall §y € [0,7/2]. (15)

Proof To conclude the proof it is enough to prove that

V(®) — V(¥) > 0. For this we must analyze the following
variables:

ag = AoA1A2A3As  + AoB1B4C2C3
+ AoB2B3D1Dy + AgC1C4D2D3
+ A1BgB2C3Cy + A1B3ByDoD>
+ A1CoCy2D3Dy + AxBoB4D1D3
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+ A2B1B3CoCy + A2C103DoDy
+ A3BoB1D2Dy  + A3B2B4CoCy
+ A3C2C4DoDy  + AyBoB3C1C2
+ A4B1B2DoD3; + A4CoC3D1Dq,
bo = AgA1B3C2Cy  + AoA2B1D3Dy
+ A9A3B4D1D>  + AgAy4B2C1C3
+ A1A3B4sCoCs + A1A3B2DoDy
+ A1A4BoD2D3 4+  A3A3BoC1Cy4
+ A2A4B3DoD:1 + A3A4B1CoC2
+ BoBi1B2B3By + BoC203D1D4
+ B1C3C4DoD2 + B2CoCy4D1D3
+ B3CoCi1D2Dy + ByC1C2DoDs3,
co = — AoA1C3D2Dy — AoA2B3BsCh
— AoA3B1B2Cy — AgAsC2D1Ds3
— A1A32C4DoD3 — A1A3BoB4C2
- A1A4B2B3Cy A2A3CoD1Dy
— A3A4BoB1C3 — A3A4C1DoD2
— BoB2C1D3Dy — BoB3Cy4D1D2
— B1B3C2DoDs — B1B4CoD2Ds3
— B2B4C3DoD1  — CoC1C2C30CYy,
do = AoA1B2B4D3  + AgA2C3C4Dy
+ AgA3C1C2Dy  +  AgAy4B1B3Da
+ A1A2BoB3Ds  +  A1A3C0C4D>
+ A1A4C2C3Dg + A2A3B1B4Do
+ A2A4CoC1D3  + A3A4BoB2D;
+ BoB1C204D3 + BoB4sC1C3D>
+ B1B2CoC3Dy + B2B3C1C4Dy
+ B3B4sCoC2D1  + DoD1D2D3Dy.

Note that by Lemma 4.2 Py = a2 + b2 + ¢ + d3.

We are going to prove that the expected value of each
monomial of ag multiplied by 1 —+/F is greater than or equal
to 0.

For the first monomial of ag, AgA1AsA3A,, there are five
sets of variables

Vy = {Ao,Bo,Bs,Bs,Cs,Ds,D3,Dy },

V]l. = {A17B17B2aB37047D27D35D4}7

Vi = {A2,Bo,Cy,C3,Cy, Do, D3, Dy },

Vé = {A3vBl7B27B4702aD17D33D4};

VZ/L = {A47317017027037D27D37D4}
such that:

a) The intersection of each of the previous sets with the set
of variables of any monomial of ag, by, ¢y or dy has an
odd cardinal.

b) The intersection of each of the previous sets with the set
of variables of the monomial AgA;AsA3A, is {Ao},
{41}, {42}, {As} and { A4} respectively.

(See the proof that they verify the required property in [18])

We can associate to each one of these sets a change of
variable, according to the pattern given in (14), in such a way
that only one of the variables of the monomial Ay A; As A3 Ay
changes sign while the rest of the variables and P, remain
unchanged.

This allows us to express the integral of A, (1 — v/Py) with
respect to the angle 0¥, 0 < u < 5, as follows:

/0 " A1~ /Bo) fd6y
/2
_ / Au(1— /By f(62)d6Y
+ / " AL — By F (06
w/2

/2
_ / Au(1 = /Py) £(03)d6Y

w/2
_ / A1 — /o) f( — 08y
0
/2

— [ A= VR (F(05) — F(m— 63)) 8

0

In the integral between 7/2 and 7 we have used the change of
variable for 0§ given in (14),

u /u
90:7(—90,

and the properties mentioned above about the variable change
associated to the set of variables V..

Applying the previous result to all the variables of
AgAi1As A3 Ay it is obtained that:

E [A0A1A2A3A4 (1 - \/FO)] — E[Z], where

m/2 w/2
I:/ / ApA; Ay AsA, (1 - \/170)
0 0

~(f(6) — f(m —65)) -~ (f(65) — f(m — 65))
-dey - - - dby.

Given that in the integral Z all the terms are greater than or
equal to 0, the expected value of Z will be greater than or equal
to zero and therefore

E [A0A1A2A3A4 (1 - \/170)] > 0.

The expected value of the remaining monomials of ag is
equal to 0. The proof in all cases is analogous, we will only
show it for the second monomial of ag: AygB1B4C>C3. For
this monomial there is a set of variables

V// = {A17B15B27B37043D27D35D4}
such that:

a) The intersection of S with the set of variables of any
monomial of ag, by, ¢y or dg has an odd cardinal.

b) The intersection of S with the set of variables of the
monomial AygB;B4C>Cs5 is { B}, that is, a set with a
single variable that is not A.

(See all sets V!, 2 < s < 16, and the proof that they verify
the required property in [18]).

This allows us to express the integral of By (1 — v/Py) with
respect to the angle 61 as follows:

/0 "Bi(1 - /By)fdb}
/2
:/ Bi(1—/Py) fdy +
0

s

Bi(1 - /Py) fdb}

/2
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/2 /2
/ Bi(1— /Py fd6} — / Bi(1— /o) fd6))
0 0

In the integral between 7 /2 and 7 we have used the change
of variable for 9% given in (14),

1 /1
91277—91,

and the properties mentioned above about the variable change
associated to the set of variables V5.
Applying the previous result, we obtain:

E [A0B1B4CQC’3 (1 - \/170)} —0.

Hence, we conclude that

V(@) - V(W) =FE [ao (1 - \/Fo)} > 0.

Note that (15) is a sufficient condition for the 5—qubit
quantum code not to fix qubit independent errors. This
condition is fulfilled by general density functions f : [0, 7] —
R such as, for example, non-increasing monotonic functions
and functions with support [0, 7/2]. However, Theorem 4.4
holds for more general density functions, regardless of whether
they meet (15). It is enough that they satisfy that

E[ao (1—\/30)} > 0.

We finish this section by applying the results to the example
of the normal distribution introduced in Definition 3.2. It
satisfies the following properties:

1+ 1508
Elf] ==
1— 8
E[P) = —2 forall 0 < s < 16.

16

They are obtained from Theorem 4.1, using the results of
the Appendix.

On the other hand, this distribution function satisfies the
equation (15) and consequently fulfills the theorem 4.4, that
is, the 5—qubit quantum code does not fix qubit independent
errors with this density function.

5. Conclusions

In this article we have analyzed the ability of the 5—qubit
quantum error correcting code to handle errors in quantum
computing. We have presented a study similar to the one
carried out by the authors in the case of isotropic quantum
computing errors [17] and, despite the radically different
characteristics of the two types of error, the results are
surprisingly similar.

An important feature of quantum errors introduced in [16],

in addition to variance, is the shape of their density functions,
particularly the dimension of their supports (set of points
in the domain where the density function is greater than
zero). Thereby the support of a density function that
represents n—qubit independent quantum computing errors
has dimension 4n, far from the support dimension of an
isotropic error that is equal to d = 2”1 — 1.

Surprisingly the big difference in the support dimension
of isotropic error versus qubit independent errors does not
translate into a different behavior of the quantum error
correcting codes against these two types of error. Both types of
error have a global behavior that makes it difficult for quantum
codes to control them. The final state ®, when an s syndrome
is detected, s > 0, reaches the maximum variance 2 in both
cases, regardless of the error distribution function. In the case
of isotropic error because the resulting distribution function
is uniform (see [17], Theorem 3) and in the case of qubit
independent errors because the resulting distribution function
is centrally symmetric (see Theorem 4.2 and Lemma 4.4).
This means that if an error is detected in the code correcting
circuit, in both cases the computing information has been
completely lost. Furthermore, neither quantum codes fix
isotropic errors (see [17], Theorem 5) nor does the 5-qubit
code fix independent qubit errors (see Theorem 4.4).

In the analysis we have used the variance instead of the
quantum variance due to the enormous difficulties that the
latter poses in the calculations. The fact that the distribution
of the corrected state is centrally symmetric if the code has
detected an error, could lead us to think that when passing to
the quantum variance, considering the phase factor, the error
will be greatly reduced. However, this is not the case because
the central symmetry property indicates that the probability
distribution of the error in the corrected state is very close to
being uniform. As we have analyzed in the introduction for
error operators concentrated around the identity operator, the
quantum variance and the variance will have similar behaviors.

In this work we have only analyzed the 5—qubit quantum
code. We have chosen it for its symmetry that has allowed us to
complete the long and complicated calculations. But, to what
extent the results obtained in this case are generally applicable?
We believe that the pattern of behavior demonstrated for
the 5—qubit quantum code is general. A general quantum
code, probably much less symmetric, will follow the pattern
presented with small perturbations as occurs, for example,
with the Fourier transform of a periodic function when passing
from a domain that is a multiple of the period of the function to
one that is not. Zero-width peaks at multiples of the frequency
lose height and widen slightly due to loss of domain symmetry.
In this sense, we are studying through numerical simulations
the behavior of the Shor 9—qubit quantum code [19] and the
7—qubit quantum code [20].

The results obtained in [17] and, especially, those presented
in this article force us to rethink error control in quantum
computing. The discretized model of errors that was so useful
to design quantum codes seems not to be able to integrate
all the subtleties of errors in quantum computing that are
essentially continuous.
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For future research, we believe that the continuous quantum
computing error model should be further developed. The
results on the ability of quantum codes to reduce the variance
of errors should be extended to other types of error. These
studies should also be extended to other measures of error, for
example quantum variance and fidelity. It is also important to
develop models of the behavior of quantum errors in highly
entangled quantum systems. All these approaches should
allow a reformulation of fault-tolerant quantum computing for
continuous errors. However, the difficulties that we are sure
to encounter in this endeavor suggest that perhaps it is also
interesting to develop discrete quantum computing models.
Therefore we have two roads to quantum computing: build
a continuous fault-tolerant quantum computing or, somehow,
discretize Quantum Physics to arrive at a discrete quantum
computing.

Appendix

The values of the integrals that have been used throughout
the article are included in this appendix:

sin?(6p)

/7r db = f#

o (1402 —20cos(fp))? T2 (1-02)’

/7r cos(6p) sin®(6p) oo =~ _ 7
o (I1+02—=20cos(6p))? °  2(1—02)
n sin(6p) 3

/o 1+ 07 20 cos(0))? " 8™
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The surface of the unit spheres of dimensions 2 and 1 are
|SQ| = 47 and |Sl| = 2.
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