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Abstract: In the present work, a theoretical study of the variation of the photoionization cross-section with the incident 

photon frequency and the axial position of a hydrogenic donor impurity in GaAs quantum well dot of square cross-section is 

carried out. In the calculation, a trial wave function in the effective mass approximation and a finite potential well is used. The 

wave function is constructed with an appropriate envelope wave function that satisfies the boundary conditions, i.e., the wave 

function vanishes at the boundary. A trial wave function is employed to calculate the total energy of the hydrogenic donor 

impurity in the ground state. The total energy is then minimized with respect to the variational parameter in the trial wave 

function to obtain the minimum energy. The minimized total energies are then used to determine the donor binding energies 

within the quantum dot. It is observed that for a quantum dot of constant cross-section, the binding energy increases with a 

decrease in dot length to a peak value; thereafter it decreases rapidly towards zero. The binding energies obtained are used to 

compute the photoionization cross-section of the hydrogenic donor impurity as a function of the incident photon frequency for 

different positions of the donor impurity. It is observed that the photoionization cross-sections rise steeply to their peaks from 

almost zero value then gradually decrease as the photon frequency increases until they become almost constant for very high 

photon frequencies. The photoionization cross-section peak is much higher for the hydrogenic donor impurity located closest 

to the centre of the quantum well dot than for donor impurity located farther away from the dot centre. This indicates that the 

photoionization cross-section is sensitive to the location of the donor impurity in the quantum dot and to the incident photon 

frequency. 
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1. Introduction 

Semiconductor nano-structures can operate at their 

potential if they can be grown with high degree of purity and 

if any introduced impurities and defects are controlled. One 

of the ways of controlling the un-intentional impurities that 

are introduced to a semiconductor device is by 

photoionization. This makes photoionization cross-section an 

important optical property needed for characterization of a 

hydrogenic donor impurity in a semiconductor device. This is 

of great significance due to its numerous applications in laser 

design [1], astrophysics, radiation detection among others. 

Photoionization cross-section of shallow donor impurities in 

nano-structures [2-5] have been studied theoretically by 

many researchers with the aim of improving opto-electronic 

device applications by reaching higher frequency devices, 

low power consumption devices and higher power generating 

devices. In particular, El-Said and Tomak [6, 7] have 

investigated the photon energy dependence of the 

photoionization cross-section of hydrogenic impurities in 

quantum wells [QW] using infinite barrier model. They 

found out that the photoionization cross-section depended on 

the polarization of the incident light relative to the direction 

of carrier confinement. Sali, et al [10]and Heon Ham, C. J. 
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Lee and Harold N. Spector [17] using the infinite confining 

potential well model have investigated the photon energy 

dependence of the donor impurity along the growth axis (z-

axis) of a hydrogenic donor in a GaAs quantum well wire 

[QWW] of cylindricalcross-section. They found that the 

cross-section rises steeply at the threshold frequency and then 

decreases with photon frequency. Variational procedure was 

used to study the influence of an axial magnetic field and 

hydrostatic pressure on the binding energy and the impurity 

related photoionization cross-section in quantum wire [24, 

25]. The findings revealed that the photoionization cross-

section strongly depends on the symmetry of the potential 

that confines the carriers. Later, Sahin et al [26] studied 

photoionization cross-section of an on-centrehydrogenic 

impurity in a multilayered spherical quantum dot. They used 

shooting method to determine electronic energy levels and 

their wave functions numerically. They observed that both 

the binding energy and the photoionization cross-section 

depended strongly on the layer thickness and photon 

energies. Based on the aforementioned observations that 

electronic and opto-electronic devices depend upon how 

electrons inside materials behave and how they are 

influenced by external perturbations which may be electrical 

[29-31], magneti c [32], electromagnetic, mechanical, 

hydrostatic pressure, this study has looked into the dynamic 

behavior of the photoionization cross-section. The variation 

of the photoionization cross-section with the incident photon 

frequency and with the position of the hydrogenic donor 

impurity in a square quantum well dot is determined using 

variational technique. The binding energy as a function of the 

dot length was determined. In addition the variation of the 

photoionization cross-section with axial position of 

hydrogenic donor impurity as a function of photon frequency 

has been investigated. 

2. Theoretical Framework 

In the calculation, the following Hamiltonian is used for a 

hydrogenic donor impurity placed along the axis of the GaAs 

quantum well. 
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The quantity ε0 is the dielectric constant of the system, m∗ 

is the effective mass, e is the elementary charge and VB 

confinement potential for the electron in the x, y and z 

directions and is taken to be, 

0, , , , ,
2 2 2

400 ,

yx z

B

LL L
for x y z

V

meV elsewhewre


<= 




              (2) 

The donor impurity is located at, 
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The method of solution of Schrodinger equation is based 

on the variational principle within the effective mass 

approximation and the following trial wave function is used 
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In the above equation, δ  is a variational parameter, α , β  

and λ are constants while 1sN  the normalization constant. 

The total energy Ĥ  has been calculated using the 

Equations (1) and (4), 
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The total energy was then minimized to obtain the 

minimum energy Eminsubject to the condition, 
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The minimum energy is then subtracted from the free 

energy, Eo, to obtain the binding energyEb [18-19]. 

0 minbindingE E E= −                                 (7) 

Where Eo is the free energy, i.e., the energy in the absence of 

the hydrogenic donor impurity. It is given by, 
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The binding energy obtained from the above is then 

employed to calculate the photoionization cross-section [20, 

21]. 

Photoionization cross-section 
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This expression describes photoionization cross-section for 

the transition of the donor impurity from ground state to a 

final state. The lifetime of the donor impurity in its initial 

state is given by summing up all possible final states, 
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where nr is the refractive index of the semiconductor, ε the 

dielectric constant of the medium[18]. 
2
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, is the fine structure constant and ωℏ is the 

photon energy.
0

effξ
ξ

 is the ratio of the effective electric field 

to the average field of incoming photon in the medium. 

f irψ ψ� is the matrixelement between the initial and final 

states of the dipole moment of the hydrogenic donor 

impurity, iE and fE are the initial and final energies of the 

system and the δ ′ -function [22] is replaced by a narrow 

Lorentz that is 
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Here, Γ is the hydrogenic impurity line width and taken as 0.1 yR∗
. yR∗

 is the effective Rydberg energy which is 

approximately 5.25 meV. The final state wave function is given by, 

( , . ) cos( )cos( )cos( )exp( )f fx y z N x y z ikzψ α β λ= −                                                    (12) 

And its normalization constant given as, 
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where zL  is the length of the quantum well dot and kz is the one dimensional wave vector of the electron along the axis of the 

well. The final state energy into which the hydrogenic donor impurity scatters is given by, 
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where k depends on the final state into which the donor impurity scatters [22]. The matrix element 
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 in the 

photoionization cross-section equation 9 is given by; 
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Where ˆ cos ( )r z zλ=�  

3. Results and Discussion 

Binding energy 

In figure 1, binding energy peaks at 57.0984 meV at 

relatively small dot length value of about 18.7326 nm and then 

decreases with further increase in dot length. It is also noted 

that as the well length increases, the binding energy of the 

hydrogenic donor impurity tends towards a constant value of 

about 44.0 meV. This compares favorably with that found by 

Correa, et al [27]. That is, the binding energy is a non-

monotonic function of the well width and peaks at a relatively 

small width value. This is because where the electron 

distribution is more localized, the probability of finding the 

electrons around the impurity is increased hence the energy 

levels are pulled down because of the attractive coulomb 

potential of the hydrogenic donor impurity while at larger dot 

length where the electrons feels less attractive effect of the 

hydrogenic donor impurity, the binding energy becomes small. 
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Figure 1. The donor impurity binding energy is shown as a function of the 
dot length in the 100nm GaAs quantum well dot embedded in a matrix of 

1 x xGa Al As− . 

Variation of photoionization cross-section with axial 

position of hydrogenic donor impurity 

Figure 2 shows a graph of photoionization cross-section as 

a function of photon frequency for a donor impurity located 

at 10iz nm= from the dot centre. It is observed that the 

photoionization cross-section increases rapidly with 

increasing incident photon frequency up to a peak of 
14 23.5 10 cmσ −= ×  at about 1.75ω = THz, then decreases 

almost exponentially to zero at about 17ω = THz for a 

quantum well dot of length 100.0zL nm= . 

 

Figure 2. Photoionization cross-section is shown as a function of incident 

photon frequency for the donor impurity located at 10.0iz nm= from the 

centre of the GaAs quantum well dot with finite confining potential. 

Where as the overlap of two distinct initial and final state 

wave functions in the computation of matrix element is often 

only partial; in this case the overlap of wave functions for the 

inter-sublevels is higher than the usual situation hence the 

electron tunnels easily resulting to a large photoionization 

cross-section. 

In Figure 3, the donor impurity is located at 25.0 .iz nm=  

 

Figure 3. Photoionization cross-section is shown as a function of incident 

photon frequency for the donor impurity located at 25.0iz nm=  from 

the centre of the GaAs quantum dot with finite confining potential. 

Here the photoionization cross-section rises rapidly up to a 

peak of only 14 20.9 10 cmσ −= × at a frequency of about

1.25ω =  THz. It then decreases much more gradually than 

the first curve to a flat value of nearly zero from about 

15ω = THz. In this case, the barrier thickness is increased so 

that the overlapping of the wave functions between the initial 

and final state wave functions decreases because of the 

localization of the electrons hence the photoionization cross-

section decreases. 

In Figure 4, the donor impurity is located at 45.0iz nm=  

and we observed an even smaller peak of about 
14 20.5 10 cmσ −= × at about 1.5ω = THz. This then 

gradually decreased to zero at about 15ω = THz. In this case, 

the dot region is big, making the tunneling not easy and the 

electron is confined almost completely in the core region 

hence a smaller photoionization cross-section. 

 

Figure 4. Photoionization cross-section is shown as a function of incident 

photon frequency for the donor impurity located at 45.0iz nm=  from the 

centre of the GaAs quantum dot with finite confining potential. 

In Figure 5, the photoionization cross-sections are shown 
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as functions of the photon frequencies for the three different 

impurity positions 10 , 25iz nm nm= and 45 nm  in a GaAs 

quantum well dot using finite dot model for on-axis 

impurities. It is observed that from the three positions of the 

donor impurities, the variation of the photoionization cross-

section with photon frequency is very similar. 

 

Figure 5. Photoionization cross-section is shown as a function of incident 

photon frequency for different positions of the donor impurity along the 

growth axis (z) within the GaAs quantum dot with finite confining potential. 

It is also noted that at low photon frequencies, the 

photoionization cross-section falls rapidly to zero. This is 

indicative of the sublevels separation, f iE E− , being less 

than the photon energy ωℏ . It also indicates that the 

photoionization cross-section is insensitive to frequencies 

below a certain threshold. This occurs as the electrons in 

upper sublevels do not have sufficient energy to emit a 

photon and hence are unable to be photoionized. 

Photoionization only occurs for resonance condition, i.e., 

when the sublevel separation is equal to photon energy and 

the dipole matrix element 

2

f i

f

rψ ψ∑
�

 now plays an 

effective role on the photoionization cross-section. In the 

three cases, the peak value of the cross-section occurs at 

lower photon frequencies since at lower photon frequencies, 

the final state for photoionization is the free electron state 

associated with the first sublevel in the dot, bindingEω =ℏ

[23]. Thus the farther the donor impurity is located from the 

centre of the quantum dot the smaller is the photoionization 

cross-section. The results are in agreement with the reported 

theoretical estimates by Sali, et al [10]. We also noted that 

decreasing the size of the integration step length lδ (which 

will increase the accuracy of any numerical integrals) 

increases the subsequent peak values of the photoionization 

cross-section by a factor of around 10. The step through 

10
l λδ = is considered as a good compromise for all 

subsequent calculations. The spread of the photoionization 

cross-section was attributed to the free motion of the donor 

impurity along the z-direction and the fact that the binding 

energy of hydrogenic donor impurity increases with decrease 

in dot-length in the finite dot model. This indicates that the 

photoionization cross section is sensitive to the location of 

the donor impurity in the quantum dot. 

4. Conclusion 

The variation of photoionization cross-section with the 

position of the donor impurity in a quantum well dot is 

calculated. The results show that photoionization cross-

section is much larger for donor impurities located close to 

the centre of the quantum well dot than for those farther 

away from the quantum well dot centre. Furthermore, it is 

found that the photoionization cross-section rises steeply at 

lower photon frequency and then gradually decreases to 

almost constant values for higher photon frequencies. Since 

both the sublevel energies and the donor impurity binding 

energy increase with decreasing dot length, the frequency at 

which the photoionization cross-section peaks increases with 

decreasing dot length and by changing the donor impurity 

position, a large spread in the photoionization cross-section is 

obtained. It is further shown that the photoionization cross-

section can be controlled by adjusting the position of the 

hydrogenic donor impurity in a quantum dot of square cross-

section and that the sensitivity of an opto-electronic device 

can also be tuned with the variation of photoionization cross-

section with the position of the hydrogenic donor impurity. 

The results show that the distance of the hydrogenic donor 

impurity from the dot centre has an almost is inverse 

proportion relation to the photoionization cross-section which 

is important since some opto-electronic devices are sensitive 

to large photoionization cross-section while some are 

sensitive to small photoionization cross-section. Hence, in 

designing opto-electronic devices, one needs to consider the 

location of any hydrogenic donor impurities that are 

embedded within a quantum well dot. The results are in 

agreement with the recently reported theoretical estimates. It 

is hoped that this present work will provide a stimulus to 

other researchers in the field to fill the gaps that may become 

apparent later. 
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