
 

American Journal of Optics and Photonics 
2021; 9(1): 1-9 

http://www.sciencepublishinggroup.com/j/ajop 

doi: 10.11648/j.ajop.20210901.11 

ISSN: 2330-8486 (Print); ISSN: 2330-8494 (Online)  

 

V-type Three-Level Laser Coupled to Squeezed Vacuum 
Reservoir 

Gomera Biyazn
*
, Misrak Gatahun 

Department of Physics, Hawassa University, Hawassa, Ethiopia 

Email address: 
 

To cite this article: 
Gomera Biyazn, Misrak Gatahun. V-type Three-Level Laser Coupled to Squeezed Vacuum Reservoir. American Journal of Optics and 

Photonics. Vol. 9, No. 1, 2021, pp. 1-9. doi: 10.11648/j.ajop.20210901.11 

Received: February 1, 2021; Accepted: February 16, 2021; Published: March 3, 2021 

 

Abstract: The squeezing, entanglement, and statistical properties of cavity modes produced by V-type three-level laser 

coupled to squeezed vacuum reservoir were studied employing the steady state solutions of the expectation values of the cavity 

mode operators. The study showed that a light in squeezing state can be produced by the system under consideration under the 

condition that the cavity decay constant is larger than linear gain coefficient and the squeezing occurs in the plus-quadrature. 

The cavity modes do not exhibit entanglement properties. It is also observed that the degree of squeezing increases with the 

linear gain coefficient and squeezing parameter. We also determined the mean and variance of the photon number, intensity 

difference fluctuations, and the second order correlation function of the two modes. The mean and variance of the photon 

number as well as the correlation function of two modes decrease as the difference of the probability of the two states at initial 

time increases. The photons have super-poissionian statistics. The point, 	η , at which the maximum intensity difference 

fluctuation occurred depends on linear gain coefficient but not squeezing parameter. The result shows that the correlation of the 

two modes decreases as η the linear gain coefficient and squeezing parameter. 
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1. Introduction 

The heart of quantum optics is the interaction of matter 

with radiation [1]. The light beam consists of photons that 

carry energies which contribute to the interaction between 

the light and the gravitational force [2]. 

Squeezing is one of the non-classical features of light in 

which the quantum noise in one quadrature is below 

quantum standard limit at which in the expense of enhanced 

fluctuation in the conjugate quadrature, with the product of 

the variance in the two quadrature satisfying the uncertainty 

relation [3-15]. Quantum squeezing and entanglement have 

both fundamental scientific significance and potential 

applications in quantum metrology and quantum 

information processing [7]. A three-level laser may be 

defined as a quantum optical system in which three-level 

atoms initially prepared in a coherent superposition of their 

two levels, are injected into a cavity coupled to a vacuum 

reservoir via a single-port mirror. Three-level system 

involves two dipole transients [8]. The V-type three-level 

laser in which the atoms’ one ground state is coupled to two 

excited. 

In this paper, we wish to study the squeezing, 

entanglement, and statistical properties of two-mode light 

produced by V-type three-level laser coupled to squeezed 

vacuum reservoir by using the expectation value of the cavity 

mode operators at steady state. 

2. Radiation of V-type Three Level Laser 

2.1. Quantum Hamiltonian 

The interaction of one electron-atom having position (�̂) 

and charge (e) with a radiation represented by vector 

potential (��) is described by the Hamiltonian [15] 

Ĥ
 = −	
	ȓ ���Â                               (1) 

In dipole approximation, the vector potential does not 

depend on the position coordinates 

�
��Â = 

�
��Â = -Ê                              (2)	
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The vector potentials for two-mode light is given by 

Â � 	��ȃ	
����� 	� â�	
����� 	� 	����
����� �	���	
����� !  (3) 

Using Eq. (3) into Eq. (2) the electric field of the system is 

defined as 

Ê � 	"��#$�ȃ	
����� 	� 	â�
����� 	� 	�#%���
����� �	���	
����� !                                           (4) 

The Hamiltonian of the atom can be expressed as 

&' � (!$$)$ � (!%%)% � (!**)*                                                                          (5) 

The position operator for atomic electron defined as 

��+� =	�$*
����,�+ �*$
����,� � �%*
����,�+ �*%
����,�                                                 (6) 

 

Figure 1. Schematic diagram of V-type three-level laser coupled to squeezed vacuum reservoir. 

The Hamiltonian of V-type three-level laser expressed as 

&-
=	ig01((!$*ȃ
����,23���- (!*$ȃ�
�����,�4���� � ig51�(!%*��
����,23���+ (!*%���
�����,�4���)                         (7) 

Where, 678$* � �#$
�$* .  !  and 6%* � 	�#%
�%* .  !	:�
 known as the coupling constants. 

2.2. Master Equation 

The interaction of V-type three-level atom with cavity modes at resonance can be described by Hamiltonian 

&
 � ig01((!$*â	
����,�4��� � (!*$ȃ�
�����,�4��� � ig51�(!%*��
����,23���-(!*%���
�����,�4���)                         (8) 

We take the initial state of V-type three-level atoms to be 

;'	�0� 	� 	=:�0�|: ? 	�	=��0�|� ?                                                                         (9) 

The density operator for a single atom is 

@'A= @$$A 	|a><a | + @$%A |a><b | +@%$A |� ?B :| + @%%A 	|� ?B �	|                                                 (10) 

Where,	@$$A � 	=:C and @%%A � 	=�C	are the probability for the atom to be in state :� 	and �� 	at the initial time, respectively and @$%�0�C �	=$=%	�
Dresents the atomic coherence at the initial time with the relation, 

@$%�0�C �	@$$�0�	@%%�0�                                                                               (11) 

The master equation for V-type three-level laser coupled to a two-mode squeeze vacuum reservoir can be defined as 
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�
�� @ =

E
C �FG � �	@$$A �(2	ȃ�ρ	ȃ	-	ȃ	ȃ�@	- ρȃ	ȃ�)	+EC(FG + �	@%%A )(2���ρ��	-2�����ρ-

2@�����) + E
C (�@$%

A )(2ȃ�@�� −2���ρȃ� −2ρ��ȃ�)	+ E
C�@%$(2��

�@ȃ − 2ȃ���@ − 2@ȃ���) + E
C F(G + 1)(2ȃ@ȃ� − 2ȃ�ȃ@ −

2@ȃ�ȃ) +	 	EC 	F(G + 1)(2	�-ρ���-2�����ρ-2ρ�����) + ½ FK(2ȃ����ρ−ȃ����ρ-ρȃ����+2ȃ	�-ρ-ȃ	�-ρ-@ȃ	�- )+ E
CFK(2���â�@ − â����@ −

@â���� + 2	�-ȃ@ − ȃ	�-ρ − ρȃ	�-)                                                 (12) 

Where F	is the cavity decay constant, A is the linear gain coefficient, r is being the squeeze parameter, N = L"MℎC(�) and 

K	 = 	L"Mℎ(�)=NLℎ(�) are reservoir parameters. 

2.3. Expectation Values 

The solution of the expectation value of the cavity mode operators using Eq. (12) and trace operation 

�
�� < ȃ > − E

CO$ < â > + E
C P < �� >,                                                                         (13) 

�
�� < �� >= − E

C 	O% < �� > + E
C 	P < â >,                                                  (14)	

�
�� < âC >	= 	−O$ < âC >	+	P < â�� >,                                                  (15)	

�
�� < ��C >	= −O% < ��C > +P < ȃ�� >,                                                 (16) 

�
�� < ȃ�ȃ >= 	−O$ < ȃ�ȃ > + E

C PR< ȃ��� > +< ���ȃ	 >S + FG,                                                  (17) 

�
�� < �	-��� >=	−O% < ����� > + E

C PR< ȃ��� > +< ���ȃ	 >S + FG,	                          (18) 

�
�� < ȃ�� > =	− E

C (O$ + O%) < ȃ�� > + E
C < T > R< ȃC > +< ��C >S − FK,	                          (19)	

�
�� < ȃ��� > = − E

C (O$ + O%) < ȃ��� > + E
C < T > R< ȃ�ȃ > +< ����� >S,                         (20) 

Where O$ = F − �@$$A , O% = F − �@$$A  and P = �@$%A =
�@%$A . 

The steady state solution of the expectation value of the 

system have a solution by considering the case for O$O% >
PC, and the solution 

< â >	=< �� >= 	0,	                          (21) 

< âC >	= − CUV�WX
(V��V�)(V�V��UY)

,	                          (22)	

< ��C >	= − CUV�WX
(V��V�)(V�V��UY)

,                         (23)	

< â�â >	= V�WZ(V��V�)
(V��V�)(V�V��	UY)

,                         (24)	

< ����� >	= V�WZ(V��V�)
(V��V�)(V�V��UY)

,                         (25) 

< â��� >	= UWZ(V��V�)
(V��V�)(V�V��	UY)

,                         (26)	

< â�� >	= 	− CV�V�	WX
	(V��V�)(V�V��	UY)

.                           (27) 

3. Quadrature Squeezing 

The quadrature squeezing property of two-mode light is 

described by two Hermitian quadrature operators defined by 

=̂± = √±1	(=	]� ±	 =̂),	                          (28)	
Where, 

=̂ 	= E
√C	 Râ + ��S.                         (29)	

The variance of the quadratures defined by 

^=±C =< =̂±, =̂± >,                         (30) 

we can be expressed as 

^=̂± = 1 + E
C R2 < â�, â > +2 < ���, �� > +2 < â�, �� > +2 < ���, âS±	< â�, â� > ±< â, â > ±< ���, ��� > ±< �,- �� > ±2 <

â�, ��� > ±2 < â, �� >)                                                                         (31) 

Using Eqs. (21) - (27), the quadrature variance can be defined as 

^=	]±C =
(CW�')_W�'�_CW�'�'`E�aYb(Z∓X)±X'YaYb

(CW�')(W�') .                                                  (32) 

Where, @%%A − @$$A = d and @$%A = E
C`1 − dC	 
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Figure 2. Represent the plots of the quadrature variance [Eq. (32)] versus η for k=0.8, r=0.2 and A=0.5. 

The figure shows that the system under consideration can produce squeezed light and the squeezing occurs in the plus 

quadrature. 

 

Figure 3. Represent the plots of the quadrature squeezing [Eq. (35)] versus η for k=0.8, r=0.2 and for different value of A. 

 

 

Figure 4. Represent the plots of the plus quadrature variance [Eq. (32)] versus d for F � 	0.8, �	 � 	0.5 and for different squeezing parameter. 
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Figure 3 and Figure 4 shows that the quadrature variance 

increase with d, and decreases as the linear gain coefficient 

and squeezing parameter. 

The quadrature squeezing of a two-mode cavity light 

relative to the quadrature variance of the two-mode coherent 

(vacuum) light can be defined as 

f	 � g*	][hY �g*î
Rg*̂[ShY

,	                           (33) 

where	
^=̂[jC � 	1,                          (34)	

is the quadrature variance for coherent (vacuum) state. 

With the aid of Eqs. (32), (33), and (34), the quadrature 

squeezing relative to coherent (vacuum) state 

f	 � �CW�'�_CW�'�'`E�aYb�Z�X��X'Ykl
�CW�'��W�'� .      (35) 

 

Figure 5. Represent the plots of the quadrature squeezing [Eq. (35)] versusη for k=0.8, r=0.2 and for different value of A. 

 

Figure 6. Represent the plots of the quadrature squeezing [Eq.(35)] versus η for k=0.8, A=0.2 for different squeezing parameter. 

Figures 5 and 6 shows that the degree of squeezing 

increases with linear gain coefficient and squeezing 

parameter. 

4. Entanglement 

The EPR like operators can be expressed in the form 

Û	 � 	 â� � ���                         (36) 

T!	=	â� 	� 	�-�                           (37) 

The variance of EPR-type variables can be defined as 

∆ !C �	B  !,  ! ?                               (38)	
^T!C �	B T	] , T! ?                              (39)	

Adding Eqs. (38) and (39), we have 

∆ !C � ^T!C � 	2 � C�CW�'�Y�Z�X��C'nkl
�CW�'��W�'� .           (40) 

Eq. (40) represents the sum of the variances of EPR-like 

variables for a two-mode light produced by V-type three-

level Laser with squeezed vacuum reservoirs. We easily see 

from the equation that ∆ !C � ^T!C	>	2. This result shows that 

the cavity modes produced by the system under consideration 
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do not exhibited entanglement. 

5. Statistical Properties 

To study the statistical properties of a two-mode light 

produced by V-type three-level laser coupled to squeezed 

vacuum reservoir. 

5.1. The Mean Photon Number 

The mean photon number for a two-mode light can be 

defined as 

Mo = <	=̂�=̂ 	?,                              (41) 

The mean photon number at steady state to be 

Mo =	Z�CW�'�'`E�aY	C�W�'� .	                          (42) 

 

Figure 7. Represent the plots of the mean photon number [Eq. (40)] versus η for r=0.2, κ=0.8, and different values of A. 

 

Figure 8. Represent the Plots of the mean photon number [Eq. (40)] versus k	 7N�	F	 � 	0.8, �	 � 	0.2 and different values of �. 

Figure 7. shows that the mean photon number decreases as d but increases with linear gain coefficient. 

Figure 8. shows that the mean photon number increase 

with squeezing parameter. 

5.2. The Variance of Photon Number 

The variance of the photon number can be defined by 

^MC �	B �=̂�=̂�C ? �	B =̂�=̂ ?C;               (43) 

The variance of two-mode light can be defined as 

^MC � Mo(1 � Mo� 	� | B =̂C ? |C:            (44) 

We easily see from Eq. (44), the cavity modes have super 

poisonian photon statics. 

∆MC � sYt	R�Cu�'�Y�'YaYSv_C'`E�aY	�Eb�'Y	RE�aYSwx
y�Cu�'��u�'�Y � ZYvC'`E�aY	��Cu�'�R'Y�ESw

y�Cu�'��u�'�Y  � Zv�Cu�'�_'`E�aY	�Ebw
C�u�'� � 'YaY

y�Cu�'�Y�u�'�Y  (45) 

Eq. (45), is the variance of the two-mode light produced by V-type three-level laser coupled to squeezed vacuum reservoir. 



 American Journal of Optics and Photonics 2021; 9(1): 1-9 7 

 

 

Figure 9. Represent the plots the variance of photon number [Eq. (45)] versus k	 for k= 0.8, r = 0.2 and for different values of A. 

 

Figure 10. Represent the plots the variance of photon number [Eq. (45)] versus k	 for k= 0.8, r = 0.2 and for different values of r. 

Figures 9 and 10. shows that variance of photon number 

increase with linear gain coefficient and squeeze parameter. 

5.3. Intensity Difference Fluctuations 

The variance of the intensity difference can be defined by 

^z�C �	B z�C ?	�	B z� ?C,                   (46) 

Where, 

z{	 � 	 â�â � �����,	                        (47) 

^z�C �	B â�â ?C �B ����� ?C �B â�â ? �B ����� ? �	| B âC ? |C � | B ��C ? |C � 2| B â�� ? |C - 2|<	â���>|C,      (48) 

Applying Eqs. (22) - (27) into (48), we have 

^z�C � XYaY	�EA'Y�CyuY'�|u'�|'}	aY�E~u'��
|�Cu�'�Y�u�'�Y � XY_'YRyAuY�Cyu'���'YS�E~u��u�C'�b

|�Cu�'�Y�u�'�Y � ZYvCu�E�'��'Y_�}��aYbw
�u�'�Y � uZ

Cu�'						     (49) 

 

Figure 11. Represent plots the variance of intensity difference [Eq.(49)] versus	k	 for the value of k= 0.8, r = 0.2 and different values of linear gain coefficient. 
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Figure 12. Represent the plots of the variance of intensity difference versus k	 for different values squeezing parameter with k= 0.8 and r = 0.2  

Figure 11 and Figure 12 indicates that the point k	, at 

which the maximum intensity difference fluctuation occurred 

depends on linear gain coefficient but not on the squeezing 

parameter. 

5.4. Second Order Correlation Function 

The second-order correlation function for the two-mode 

radiation at equal time is given 

 

Figure 13. Represent the plots of second-order correlation function [Eq. (50)] versus k	 for k= 0.8, r = 0.2 and for different values of A. 

g�0,5��C� �0� � �0!i0!5-i5-�
�0!i0!��5-i5-�	                 (50) 

Since ȃ and �� are Gaussian variable with vanishing means, this equation can be written as 

g�0,5��C� �0� � 1 � �0!5-�Y�	�0!i5-�Y
�0!i0!��5-i5-� 	        (51) 

On account of Eq. (24) -(27), we find Eq. (51) 

g�0,5��C� �0� � 1 � �Y�E���
�C����Y��Y�� � �Y��C����Y��Y�Y�Y

�Y	�C����Y��C����Y��Y��	(52) 

Eq. (52) represents the second-order correlation function of the two-modes light produced by V-type three-level laser 

coupled to squeezed vacuum reservoir. 
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Figure 14. Represent the plots of second order correlation function [Eq. (50)] versus k	 for k= 0.8, A = 0.2 and different values of squeezing parameter. 

Figures 13 and 14 shows that the correlation function 

decrease as the linear gain coefficient and squeezing 

parameter. 

6. Conclusion 

It is found that the two-mode light produced by the 

system under consideration is in a squeezed state for the 

case the cavity decay constant is greater than linear gain 

coefficient and the squeezing occurs in the plus quadrature. 

It is observed that the degree of squeezing increase with the 

linear gain coefficient and squeezing parameter. The cavity 

modes do not exhibit entanglement properties. The mean 

and variance of the photon number calculation results 

indicate that the effect of linear gain coefficient and 

squeezing parameter are increase the mean and variance of 

the photon number and the cavity two-mode has super-

poisonian photon statistics. The point, η, at which the 

maximum intensity difference fluctuation occurred depends 

on linear gain coefficient but not squeezing parameter. The 

result shows that the correlation of the two modes decreases 

as η, the linear gain coefficient and squeezing parameter 

increase. 
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