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Abstract: Quantum theory of fields is the most general theory to date. It has an extremely wide field of application: - the
physics of elementary particles and their interactions (summarized by the Standard Model); - the physics of the universe close
to the Big Bang (primordial fluctuations from which the formation of the structure of the universe originates, evaporation of
black holes, Hawking radiation); - the formalism of condensed matter physics, with applications such as superconductivity,
superfluidity, phase transitions. Indeed, the quantum theory of fields has been successfully implemented in quantum systems,
notably in research on fundamental state energy, elementary excitations spectrum, degeneracy parameters: long range order,
Bogoliubov approximation, density matrix diagonalization,..., as well as the characteristics of these systems: movement
equation, dynamics of the system,.... Three different quantum systems were concerned in this theoretical study: - a gas of
identical atoms of spin zero confined into the trap; - electron gas of spin ' into the metal; - and a gathering of identical ions of
spin zero at high density confined into a radiofrequency linear Paul trap. The microscopic theory was used in the each case and
the results obtained by the researchers are presented.
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Density Matrix, Fundamental State Energy

of quantum theory and the theory of special relativity [6].
Einstein's special relativity in demonstrating that mass and
energy can be converted into one another has put an end to
matter- energy dualism. The wave-particle duality has been
abolished by the new quantum theory, where field and
particles no longer appear as distinct, but as complementary.
The essential stage of this latest discovery is the article
published in 1928 by Jordan and Eugene Wigner, and the two
articles published in 1929-30 by Heisenberg and Pauli; in
these articles, it is shown that material particles can be
considered as the quantons of various fields in the same way
that the photon is the quantum of the electromagnetic field,
each type of elementary particle being supposed to
correspond to a field [1, 7]. The dogmas of the quantum
theory of fields can be summed up in five points: - The
essential material reality is a set of fields;

The fields obey the principles of special relativity and
quantum theory;

The intensity of a field at a particular point gives the
probability of finding the quantons associated with it, that is

1. Introduction

In quantum theory of fields, particles are described by the
fields; the quanta of these fields being particles [1]. This
theory, also used for the study of elementary particles, has
been successfully used within the framework of quantum
systems, especially in the case of the spin zero boson system
without electric charge confined in a magneto-optical
trap [2, 3], and electron gas confined in a metal [4]. The issue
at stake in this paper is to remind the definition of quantum
systems, to present some theoretical results obtained on using
this theory in the study of neutral boson gas confined in a
magneto-optical trap, and electron gas in a metal. The paper
will end by giving our results, on the study of an ultra-cold
and high density non-neutral plasma of identical spin zero
ions confined in a radiofrequency linear Paul trap [5].

2. Dogmas of Quantum Theory of Fields

The key element of quantum theory of fields is the pooling
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to say, the fundamental particles observed by experimenters;

The fields interact with each other, which means that the
quantons associated with them interact, these interactions are
themselves mediated by quantons;

There is nothing outside of that [7].

These points form the basic image of physics and the task
of physicists is to bring all the rest of physics into this strict
framework.

3. Quantum Theory of Fields Really
Necessary

Whenever we have a system with an interacting body, of
which microscopic physics is supposed to be known, it is
described by an effective theory which is a renormalizable
theory of fields [8]. This results in an extremely wide field of
application which is articulated around three main areas:

The physics of elementary particles and their interactions,
summarized by the Standard Model;

The formalism of condensed matter physics, with
applications such as superconductivity, superfluidity, phase
transitions;

The physics of the universe close to the Big Bang:
primordial fluctuations from which the formation of the
structure of the universe originates, evaporation of black
holes (Hawking radiation), etc. [6].

Quantum theory of fields has given rise to new ideas: anti-
matter, vacuum physics, identical particles, and exchange
forces that have transformed the physicists view reality. The
development of this theory has trained physicists in new
areas of mathematics, such as Hilbert spaces, operator theory
and matrix algebra [7].

4. Quantum Systems

Quantum system is obtained by confining identical
particles (molecules, atoms, electrons, ions...) in a box or a
trap. When the density of the particles is very high or if the
temperature of the system is lower, the quantum effects of
these particles show up [9]. The density of molecules in air
room temperature and atmospheric pressure is about 10" cm™
’_ In liquids and solids, the density of atoms is of order of
10 cm™, while the density of nucleons in atom is about 10°®
cm”. At room temperature, electrons in metal (about 10> to
107 electrons per cm™) are in a quantum system. In solids,
quantum effects become strong for electrons in metals below
the Fermi temperature, which is typically 10*-10°K. For
helium liquids, the temperature required for observing
quantum phenomena is of order of 1K. Due to the much
higher particle density in atomic nuclei, the corresponding
degeneracy temperature is about 10" K [10].

Classical mechanics as well as quantum mechanics are no
longer used. Instead, we have recourse to quantum statistical
physics as well as to quantum theory of fields. So, entire spin
particles (bosons) and half-entire spin particles (fermions)
appear. Bosons comply with Bose-Einstein statistics whereas
fermions comply with Fermi-Dirac statistics. Microscopic

theory has allowed to study the characteristics of these
quantum systems by wusing fields corresponding to
imperceptible identical particles of each system [11].

5. Properties of Quantum Systems

For the quantum system, being made of indiscernable and
identical particles, the use of the second quantization method
offers a more flexible representation that is more concised
and neater. The second quantization usually considers a
group of particles more or less independent paired by weak
interactions [4]. Particle operators which are concerned with
second quantization are attributable to the quantum theory of
fields [12].

5.1. Microscopic Theory

The microscopic theory allows to inquire the properties of
the groups of identical particles enclosed in a box or a
trap[9]. The points of microscopic theory are: - Particle field,
in quantum theory fields stand for Klein-Gordon solutions
deriving from a free Lagrangian density which is an invariant
of Lorentz admitting a positive Hamiltonian density. -
Particle operator (boson operator, fermion operator) annihiles
or creates one-particle. - Space of system quantum states or
Fock space. - Field operators of annihilation and creation of
particle of impulsion p at the position . - Bogoliubov
prescription for a system of particles in the fundamental state
with interaction. - Density matrix of the system, it serves to
characterize the correlations between particles located at T
and . - Hamiltonian of the second quantization of particle
system with short or long range interaction. - Temporal
evolution of the Heisenberg field operator allowing to
establish the Gross-Pitaevskii equation (neutral bosons with
short range interaction) or Hartree-Fock equation (system
with long range interaction). - Energy calculation of the
fundamental  state. -  Spectrum of  elementary
excitations...[13].

5.2. Properties of Identical Neutral Particles of Spin Zero
(Atoms, Molecules) in Trap or Box

The application of microscopic theory to the system of
bosons in interaction is but satisfied when there exists a weak
repulsive interaction between particles, or a gas diluated with
arbitrary repulsive interaction between particles[9]. Bose-
Einstein condensation (BEC) is a very active research field in
condensed matter physics and material science. In the
laboratory a suitable example of BEC is provided by a gas of
an appropriate density of alkali-metal atoms. All stable alkali
species Li, Na, K, Rb, and Cs have been
condensed [16, 17, 18]. Here are the results of the application
of microscopic theory to the system of bosons of spin zero,
with Wander’s short range interaction, confined [9, 10, 14]:

5.2.1. Real Scalar Field

d3k _ . .
[aE e ikx 4 a%e‘kx] (1)

1
ex) = mfm

Equation (1) is the expansion of Klein-Gordon solution,
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which derives to Lagrangian density of zero spin particle
with the mass m.

5.2.2. Boson Operators (One-boson Annihilation/Creation

Operators)
a%_r \/Wf«/ﬁ [H(X) t iko@(x)]eﬁkx (2)

Operators (2) are reducible to operators [1(x) and §(x) of
the quantum system.

5.2.3. Commutation Relations of Boson Operators
at | =
[ a aE] = S, 6)
lap.a5,] = [at.at | = 0
5.2.4. Fock Space of Quantum States

At\?
In) =%|0)n -1,2, ..

(0[0) = 1 )
(mln) = Smn

5.2.5. Field Operators of Annihilation and Creation of
Boson with Impulsion P at the Position T

B = Zpap(rlp) = Tpapep® = 5 Lpape”” 5
HOE 25 ﬁ%(plr) =25 aﬁ(pp(r) = \/_Zp afo-iB#

5.2.6. Properties According to Field Operators

The commutation relations of field operators have the
form:

{ B, §1@)] = G- )
[B@, )] = [§1®, 1) = 0

The density matrix of the system, which serves to

(6)

[ dF'py (7, Dgp(®) = [ ' {55 N5 P py(E) = [

It corresponds to the eigenfunction () with the
largest eigenvalue Ng. This procedure has been used, for
example, to explore Bose-Einstein condensation in finite
drops of liquid helium by Lewart, Pandharipande, and
Pieper (1988).

Bose-Einstein condensation occurs when the number of
atoms N, of a particular single-particle state becomes very
large: Ny > 1 and the ratio Nyo/N remains finite in
thermodynamic limit N— oco. In this limit the states with N
and Nyt 1=N, correspond to the same physical
configuration and, consequently, the operators 3, and ﬁo can
N, . BEC occurs for

a uniform gas, in the single-particle state Y, =

be treated like ¢ numbers: 4, = a0
W having

zero momentum, and the field operator (i(¥) can then be
decomposed in the form

(@) = /No/V+ U'(®) (11)

(2n )3

characterize the correlations between particles located
at¥and ¥, is defined by
p(E ) = (@M [IT®VE)|@(N)) = X5 Npoz (D op(),

it leads to the long range order. Let’s consider the density
matrix in the ground state

po,¥) = No@hDpo) + Y Ny@s®ep(@)

p=0

The first term at right-hand side is of infinite range
in (f —7r'), it arises directly as a consequence of the
macroscopic occupation of a single quantum state, the
condensate.

> > No
po(F i) =0 (1)

Ia[_a

r/—T|-c0

The second term Xg.oNp@s(F)@p(f) has a finite
range Y50 Ny, it describes local correlations between the
excited system particles.

I po(ﬂ ) = —(No + X520 Np) (8)

The presence of a term with an infinite range may be
considered as characteristic of a superfluid boson
system [9].

In finite- sized system neither the concept of broken
gauge symmetry, nor the one of off-diagonal long-range
order can be applied. The condensate wave function @
nevertheless still has a clear meaning: it can in fact be
determined through the diagonalization of the one-body
density matrix [14],

P (¥, 1) = (PTEP(@) ()

The diagonalization of this one-body density matrix is

[ dpe'PC- r’)N%()p(F’) = [dF' 8(F — t)Nzp([T) = Nyop(@) (10)

By treating the operator ((¥) as a small perturbation,
Bogoliubov developed the “first-order” theory for the
excitations of interacting Bose-gas. The generalization of the
Bogoliubov prescription to the case of non-uniform and time-
dependent configurations is given by

B0 = No@oF, D) + X0 8505 D) = G 1) +
530 (12)

Where one has used the Heisenberg representation for the
field operators [9]. The function ¢p(%,t) = \/N_Och(F, t)is a
classical field having the meaning of an order parameter and
is often called the “wave-function of the condensate”.

5.2.7. Properties According to Hamiltonian Operator

The many-body Hamiltonian describing N interacting
bosons confined by an external potential is given, in second
quantization by:
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A= [ dE QD [+ Tpige] DO + 1 diT, BT OT OTOTE)

where PT(¥) and ((¥) are the boson field operators that
create and annihilate the particle at the point T, respectively,
and U, is the two-body interatomic potential. The ground
state of the system, as well as its thermodynamic properties,
can be directly calculated starting from this
Hamiltonian[14].

In order to derive the equation for the condensate wave
function ¢ (¥, t), one has to write the time evolution of the
field operator Y(%, t), using the Heisenberg equation with the
many-body Hamiltonian (13)

V2+V

i 2D = [~ 2292 4 Vg + Dot G OB O] E D (14)

at

When one replaces the operator (%, t) with the classical
field ¢ (1), equation (14) becomes

V2+V

N GE) s r
ih 90o@H _ [ piege T Ugno (T, t)] $o(r, 1) (15)

ot

5.3.1. Electron Field (Dirac Field)

1

(13)

Uy is the effective potential. The use of this potential is
compatible with the replacement of i(%,t) by ¢(r). This
equation, is known as Gross-Pitaevskii equation.

The fundamental state energy is given by

—~ U NZ
= (0[[0) Eo = X, &N, + 22 (N2 = 22)  (16)
and the elementary excitations spectrum are
gp = £+ 5 Ug +-—2U, (17)

5.3. Properties of High Density Electron Gas Confined in a
Metal

The electron gas, confined in a metal has been
considered as a quantum gas to which microscopic theory
has been applied [4, 9]. The results of this inquiry are the
following:

dx) Z%ZPFEP (m> 2_ { (+)(—>)Vs(p)e1px +a( )(p)us(_’)e lpx}

(18)
") = =T, s, (m) 22 {a" P B EeP* +a* (B (F)e P}
5.3.2. Electron and Positron Operators
In order to get positron and electron operator, the fields are transformed into operators
1
—~ 1 Al—) = —> —i
() = 75 Tpper, (2)° T a7 BIvs @™ + 80 Bus(Hre ) )
(19
1
-~ 1 z +) ~ _
100 = = Tpper, (2) 22 fal P Bu@e + 2l v e
The coefficients of the development (19) are determined by inverse Fourier transforms as:
1
Al @) = % (pﬂ)z [ d% e**u,(p) 3, $(x)(annihilation operator of fermion)
0
1 (20)
kﬁg” P = % (2)2 [ dze™*$t(x) 8, v(P) (creation operator of anti — fermion)
Q \po
These operators and their hermitic conjugates constitute . . .
fermion and anti-fermion operators. In taking to account the ~ 3-3-3. Anti-commutation Relations
Pauli exclusion principle, the annihilation operator of a At
fermion ﬁ(_) (P) and the creation operator of fermion {Cp’ P'} = O (22)
AT( (p) take the following shapes[1, 4]: {613', epl} {’éi C%} =0
e=a0®) = (0, —ioy) = (2 g) 5.3.4. Fock Space
- €2y At A
et=al 7@ = 2(ox+ioy) = (8 (1)) ¢T55Cps10) = ng5/0)
ho = {1,p < pr (23)
Oy, 0y are the Pauli matrises. One interprets i = ¢7¢ as an Po - (0,p > pr

operator number of particles with eigenvalues 1 or 0 associed
to the respective eigenfunctions |1) = ((1)) and |0) = (2)



American Journal of Physics and Applications 2019; 7(4): 93-100 97

5.3.5. Field Operators of Creation and Annihilation of
Electron of Impulsion P at the Position 7

5.3.6. Anti-commutation Relations of Electron Field

Operators

(@) = Xpep(rlp) = Xpepop®) 24 { U@ TE)} =6G -1 25)
P1@® = Xpeliplr) = X5 elop @ ORI ES ITHGATH G
5.3.7. Hamiltonian Operator of Electrons System
In second quantization, the Hamiltonian operator has the form
0 N 2N\ Lt 2N\ U2 SINT (2N (2
A= [ dif (@) [ + Vyiage| D@ + 2 [ didE$T® BT EVE - FITEIHE) (26)
V(¥ — 1) is the long range Coulomb interaction.
5.3.8. Equation of Movement (Temporal Evolution of Heisenberg Operator)
hﬁ$@,t)~( +V +fd—>lv " AVAEIA YN T+ d_)’A /’v " AYB AN 2
e bioge + [ A VA" = 1) (@ ENTEN) ) = [ dF G V@ - ) @FTEHFE) @7

5.3.9. Dynamics of the System (Hartree-Fock Equation)

gp@p(r') = ( +V;

oge + 2 J AFTE" = 1) 5ymy 07 () (r')) o) = [ @y (VE" = ) 5ymypf (g &™) (28)

5.3.10. Fundamental State Energy and Elementary Excitation Spectrum
The fundamental state energy according to the Hamiltonian operator is

Ey = <0|ﬁ|0)
Zpa
and the elementary excitations spectrum are

HFA
HFA _ OBo ©
po ONpo

5.4. Properties of Ultra-cold Identical Ions of Spin Zero at
High Density in rf Linear Paul Trap

Ultra-cold trapped ions are used as a quantum memory for
light [19,20] . We applied the microscopic theory to a
gathering of identical ions of spin zero at high density
confined in a radiofrequency linear Paul trap. The results of
our investigation [5, 15] are the following:

5.4.1. Fields of Spin Zero Ion and Anti-ion (Complex
Scalar Field)

00 = i i B v e

€2))
[b(k)elkx +a*(k)e ]

q)(X)_mf

These fields are the expansion of the solutions of Klein —
Gordon equation which derives to a mass particle charged
Lagrangian density.

5.4.2. Spin Zero Ion and Anti-ion Operators

In order to get ion and anti-ion operators, fields (31) are
transformed into operators and the coefficients of the
development are determined by inverse Fourier transforms as:

= Ypo Npotp +3 pr oo’ Vo(O[c poC
8585 + 3 Zpproor VoNSa (N

— <0 0
= Sp + Zp’o’ Nplo_l VO

p’c’cp’c’cpclo) + %quc q+0 Vq<0|efp+qceTpcep+q0'epc|0) =

— 85806 ) + Zpao Vg NorqaNdo (29)
_— Zp’o’ Np,G,Vpr -p 8 (30)
. Px a<T>(x) e T
ap = J(Zn)3 [— T 1k0¢)(x)] e o)

~ d°x
b =

0¢ (X) _ * ikx
v = Tom e [ - ko (0 e

ﬁK' bK and their hermitic conjugates constitute ion and anti-
ion operators.

5.4.3. Commutation Relations of Ion and Anti-ion

Operators
aat 1=l 5t] =
o4 | = [ B B | = b 33)
P I N N _|at 5t | — —
(4] = [ b ] = [alal ] = .. =
5.4.4. Fock Space
Let’s consider the wave functions |...N%+) N%_) )
describing the stationary states, the wave
function |N(+)) corresponding to the state which

in N partlcles have a impulsion p and a charge Q = e N(+)
the wave function |Nﬁ )) corresponding to the state which
in N%_) particles have a impulsion p and a charge Q =

—e N%_). Thus, the Fock space becomes
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_ ~ +)
|N(+)'N( )) - VN(+)|N( )|( T)N (bf)
with
(N(+), N(_)lM(+)' M(—)) = 5N(+)M(+) SN(‘)M(—)
and

(ai|N£+),Ni‘))= [N(+)+1 |N(+)+1 N( )y

p p p

e IRTES B S o) @ O

ibﬁlNﬁ NS ) = /NB +1|Nﬁ NG+ 1)
(s NGO Ny — [N NG _ 1 O
{‘p NNy = N7 NG - 1)
EIN® Oy [N D N
By |NB NG ) = /Nﬁ |Nﬁ NG - 1)

P, = (@[T BT E)|@(N)) = NS 05(P o) + X

In a fundamental state, the one-body density matrix becomes

I 0),N®O,NO®) =0,1,2,3 ... (34)

5.4.5. Field Operators of Annihilation and Creation of Ion
and Anti-ion of Impulsion P at the Position T
V() = Xp[ap + bg] (rIp) = Tp[ap + bp]ep(® 5)
1@ = 25 [af + BF| plr) = 25 [a] + B | 03 ®)

5.4.6. Properties According to the Field Operators
The commutation relations of field operators have the form

a8 ) = N§ 05 Do) + ) NGV 0P0s) + N @i@ea@) + ). NS @5

p+0

Let’s search for the limit of the one-body density matrix in
a fundamental state when |F — F| tends to zero
: 1) 2 + +
limpg g0 p52 (7, [N( D+ Yo NG (38)
It describes local correlations between the excited system
particles.

The limit of one-body density matrix in a fundamental
state when [’ — F] tends to oo is

[ d'p, (&, D) = [ dF' = Zp(N(+) n N%_)) BEF G (7) = [ dF
[ i 8@ =) (NS + NS ) () = NP @@ + NS ()

It corresponds to the eigenfunction cp]—j(F), with the largest
eigenvalue Ng.
In the case of wake interaction or a high density in the

P (@0 = /N(()i)(po(f", ) + 8P, (£ 1) = DL (& 1) + 6P, (T 1)

5.4.7. Properties According to the Hamiltonian Operator

In second quantization, the Hamiltonian operator has the form

A = [ dFGH D) [ + Tyiege| GO + 1 ] didt BT @ BT EVE - ITEITD

here V(¥ — ') is the long range Coulomb interaction.

The temporal evolution of Heisenberg field operator leads to

allJ(rH) [H llJ(r”)] ~ (;

{ [U@, $1E)] = 6GF - 1) 36)
[H®, 5G] = [$7 @, 57@)] = 0
The one-body density matrix is defined
5 O OesE) (37)
p+0
@)z 2y — No”
limypr g e Py (1) = =2 (39)

because of destructive interferences this limit exists and
allows to the presence of macroscopic particles in a
fundamental state (BEC) [5].

Let’s note that in the case of linear Paul trap, the
dimension of the system confined is finite; then the limit to
infinity is no longer used. The condensat wave function @ is
given by the diagonalization of the one-body density matrix

fdp elP-(- rl)(N(+) + N( ))(Pp @)
(40)

(2m )3

trap, the fluctuations in the fundamental state are due to
Coulomb interaction between charged particles. The
Bogoliubov approximation leads for boson ions to

(41)

(42)

Vpisge + [ di' V(" —17) (lTJ*(r’)lTJ(r’))) P + [ AP P VA" = o) @TEPE) (43)
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and the dynamics of the system (Hartree-Fock Equation) is given by

)

p? ¥4 21 X7 n ! * ! ! I 2/ N X7 I U * ! I
spnpﬁ(r”)z<§—m+vpiége+f " Ve =) INS o (s ))npﬁ(r )+ [ dF @p(r) VG =) BN ol (D gy ()

{ (44)

Equation (44) is the Hartree-Fock equation of zero spin positive charge boson in the radiofrequency linear Paul trap. For the

negative charge boson, we have the equation

epop(r) = (f—m+vpiége + [ V- )N <p,f(r'><p,~(r'>> @) + [ dF@prVE" =) NC i () (45)
The energy of the fundamental state of system of positive charge boson in the Paul trap is given by:
q 0, ML 1 ONG
(0|0} = Xy N{ el + L [V + Vo] 4+ 2 %m0 NFPONEP [V + Vg (46)
Similarly, one finds for the antiparticles
o O0 M) 1 NG
(0[H|0) = X N; ] + 1= [Vo + V| + 5 Zyir=o NTN;, 7 [Vo + Vg (47)

The elementary excitations spectrum is

2 2
&5 = 2+ Vyjage + SN [ AP @} () VA" — ) i) + HND [ di @i () VA" = 1)) = 2o+ Vpjage +

VOZT T(+)+Vq27 ]~(+)

6. Conclusion

At low temperature or at high density, the quantum effects
of particles appear. The spin and the electric charge play a
determining role in the quantum degeneration of identical
particle system. The entire spin of a particle is responsible for
the macroscopic occupation of a quantum state of a single
particle, the Bose-Einstein condensate (BEC). Whereas the
half-full spin is responsible for the Pauli exclusion among
fermions, and leads to the Fermi sea. The short range
interaction between particles allows to contact potential and
leads to Gross-Pitaevskii equation, whereas the long range
interaction leads to Hartree-Fock equation.

The use of real scalar field for describing neutral bosons
of spin zero in the trap has given a good agreement with
the experiment. It is the same with Dirac field in the study
of electron gas in a metal. The complex scalar field has
allowed us to determine the parameters of degeneration of
the confined high density spin zero plasma as well as the
energy, elementary excitations spectrum. The microscopic
theory attributable to the quantum theory of fields has
been successfully implemented in three different quantum
systems in this paper.
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