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Abstract: In this paper, we present some new results for the Nadir’s operator
 
such the normality, the skew normality and the 

compactness of this operator and study its invertibility in the algebra of all bounded linear operators on a complex separable 

Hilbert space. 

Keywords: Skew Operator, Compact Operator, Normal Operator 

 

1. Introduction 

We call Nadir's operator all operators of the form 

N AB BA∗ ∗= −  where the two operators A and B are bounded 

or unbounded operators acting on a Hilbert space is a central 

concept in quantum mechanics, since it quantifies how well the 

two observables described by these operators can be measured 

simultaneously. From this definition, we can see that if the 

operator N  is zero, then AB BA∗ ∗=  represents in a sense the 

degree to which ( )AB∗  is equal to its adjoint ( )AB
∗∗  so, the 

order of which the two corresponding measurements are applied 

to the physical system does not matter. On the contrary, if it is 

non-zero, then the order does matter also we reveal that the 

identity of any such algebra is never a Nadir's operator. This 

translates in the Banach algebra B(H)  with unit element that 

the operator I K+  where K  is a compact operator is non 

Nadir's operator. 

2. Main Results 

Theorem 2.1 

Let )(HB  be a Banach algebra with unit element I,  then 

for all operators A  and B  in B(H).  The operator 

N AB BA∗ ∗= −  is a Skew self-adjoint operator and never 

equal to the identity I . In other words 

N AB BA I∗ ∗= − ≠  

Proof 

Indeed, we have 

( )
( ) ( )

( )

N AB BA

AB BA

BA AB

AB BA

N.

∗∗ ∗ ∗

∗ ∗∗ ∗

∗ ∗

∗ ∗

= −

= −

= −

= − −

= −

 

Assume that, N AB BA I,
∗ ∗= − =  it follows 

( )N AB BA I I.
∗∗ ∗ ∗ ∗= − = =  Hence, from the relation 

N N,
∗ = −  we get 

I I.= −  

Contradiction 

Proposition 2.1 

Let A  and B  be two normal operators. If A  commutes 

with B ,
∗

 then operator sum A B+  is normal. 

Indeed, we have 

(A B) (A B) (A B )(A B) A A A B B A B B∗ ∗ ∗ ∗ ∗ ∗ ∗+ + = + + = + + +
 

and 

(A B)(A B) AA AB BA BB∗ ∗ ∗ ∗ ∗+ + = + + +  

Since AB B A, BA A B.∗ ∗ ∗ ∗= =  Combining these two 

equations with the normality of A  and B  yield the equality 

of the first and the second expressions above and hence 

establishing the normality of A B.+  
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Remark 2.1 

The converse of the previous proposition is not generally 

true. 

Remark 2.2 

The sum of two normal operators is not generally a normal 

operator 

Example 2.1 

Consider the matrices A  and B  defined as 

( ) ( ) ( ) ( )

2 3 2 3 0 0
A , B , A B

3 2 3 2 6 4

13 0 13 0
AA A A , BB B B

0 13 0 13

0 0 36 24
A B A B , A B A B

0 52 24 16

∗ ∗ ∗ ∗

∗ ∗

− −     = = + =     
     

   = = = =   
   

   + + = + + =   
     

So, 

( ) ( ) ( ) ( )A B A B A B A B
∗ ∗+ + ≠ + +  

Proposition 2.2 

For all bounded operators A  and B,  the operator 

N AB BA∗ ∗= −  is normal 

Indeed, it follows from the theorem 2.1 

( ) ( )
( )

( )

NN AB BA AB BA

N N

N N

N N

∗∗ ∗ ∗ ∗ ∗

∗

= − −

= −

= −

=

 

Corollary 

The operator 
2N  is negative, that is to say 2N x, x 0≤  

for all non-zero vectors x  in H.  

Indeed, it is known that the operator NN∗
 is always 

positive and from the proposition 2.1 

( ) 2NN N N N∗ = − = −  

Theorem 2.2 

Let A, B  be a bounded operator on the Hilbert space H  

where one of the operators A  and B  is compact, then the 

operator N AB BA∗ ∗= −  is compact with the operator I N−  

is invertible. 

1. First case A  is compact B  bounded 

A  compact A∗⇒  compact AB∗⇒  and BA∗  are 

compacts. Hence N  is compact. 

2. Second case B  is compact A  bounded 

B  compact B∗⇒  compact AB∗⇒  and BA∗  are 

compacts. Hence N  is compact. 

Besides, it is known that, the operator N  is never equal to 

the identity I,  then N I 0− ≠  and so, N I−  is injective. 

Hence N I−  is bijective. 

Theorem 2.3 

Let A, B  be a bounded operator on the Hilbert space H  

where one of the operators A  and B  is compact, then 

1. the operator N AB BA∗ ∗= −  has a eigenvalue satisfying 

1
Nλ =  

2. If λ  is scalar and x  in H  then Nx xλ=  if and only if 

N x xλ∗ =  

3. Every eigenvalue of N  has an index one 

Proof 

Indeed, the spectral radius of N  is N ,  so there exists an 

element 
1λ  in (N)σ  satisfying 

1
Nλ =                     (1) 

By the compactness of the operator N , we have 

Nx N x∗=  for each .Hx ∈  Replacing the operator N  

by the normal operator N I−  we obtain 

Nx x N x x∗− = −λ λ  

which proves (2) 

Suppose that λ  is a eigenvalue of the operator N,  and 

( )2
N x 0,λ− =  for x H,∈  by the relation (2) we can write 

( ) ( )N I N I x 0.λ λ∗ − − =  

Hence 

( ) ( ) ( )
( ) ( )

2

N I x N I x, N I x

N I N I x, x 0,

λ λ λ

λ λ∗

− = − −

= − − =
 

and therefore ( )N x 0.λ− = This proves (3). 

3. Conclusion 

There are various uses of Nadir's operator, but the most 

obvious one is this. Given two operators AB∗ and BA∗  that 

correspond to physically observable quantities, if their 

difference is 0, it means we can simultaneously measure both 

physical quantities. If their difference is non-zero, it means 

that we cannot simultaneously know the values of both those 

observables, and that there is an uncertainty relationship 

between those observables, with the Nadir's operator telling 

you how much your knowledge of one observable limits how 

well you can measure the other. 

 
References 

[1] A. Aluthge, On p-hyponormal Operators for 0<p≤1, Integral 
Equations Operators Theory, 13(1990), 307-315. 

[2] S. A. Alzuraiqi, A. B. Patel, On n-normal operators, General 
Mathematics Notes, Vol 1, No 2 (2010), 61-73. 

[3] T. Ando, On Hyponormal operators, Proc. Amer. Math. Soc., 14 
(1963), 290-291. 



130 Mostefa Nadir:  Some Results on the Bounded Nadir's Operato  

 

[4] M. S. Birman and M. Z. Solomjak, Spectral theory of Self-Adjoint 
operators in Hilbert Space, D. Reidel Publishing Company, 1986. 

[5] J. Conway, A course in Functional analysis, Second Edition, 
Spring-Verlag, New york, 1990. 

[6] B. Fuglede, A commutativity theorem for normal operators. Proc. 
Natl. Acad. Sci. 36, 35–40(1950). 

[7] P. Hess, T. Kato, Perturbation of closed operators and their adjoints. 
Comment. Math. Helv. 45, 524–529 (1970). 

[8] A. A. S. Jibril. On n-power normal operators. The journal. for Sc 
and Emg, vol 33. numbr 2 (2008) 247-251. 

[9] T. Kato, Perturbation Theory for Linear Operators (Reprint of the 
2nd edition of 1980). Springer, New York (1995). 

[10] Panayappan, S., On n-power class (Q) operators, Int. J. of Math. 
Anal., 6(31) (2012)1513-1518. 

[11] M. H. Mortad, On the Normality of the Sum of Two Normal 
Operators in Complex Anal. Oper. Theory (2012) 6: 105–112. 

[12] A. Gupta and P. Sharma, (α, β)-Normal Composition Operators, 
Thai Journal of Mathematics 14 (2016) Number 1: 83-92. 

[13] J. Weidmann, Linear operators in Hilbert spaces (translated 
from the German by J. Szücs), Srpinger-Verlag, GTM 68 
(1980). 

[14] K. Yosida, Functional Analysis, Springer-verlag, Berlin 
Heidelberg New York 1980 (Sixth Edition). 

 


