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Abstract: The g-Calculus has served as a bridge between mathematics and physics, particularly in case of quantum physics.
The g-generalizations of mathematical concepts like Laplace and Fourier transforms, Hypergeometric functions etc. can be
advantageously used in solution of various problems arising in the field of physical and engineering sciences. The present
paper deals with some of the important results of g-Laplace transform of Fox-Wright and Mittag-Leffler functions in terms of
well-known Fox’s H-function. Some special cases have also been discussed.
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1. Introduction

Our translation of real world problems to mathematical
expressions relies on calculus which has been generalized in
several directions. A natural generalization of calculus, called
fractional calculus was developed during eighteenth century
which involved the differentiation and integration operations
of arbitrary order, which is a sort of misnomer. In the
beginning it did not develop sufficiently due to lack of
applications. Over the years various applications of the
concept were explored and the efforts were so rewarding that
the subject itself has been categorized as a significant branch
of applicable mathematics. It plays a significant role in
number of fields such as physics, rheology, quantitative
biology, electro-chemistry, scattering theory, diffusion,
transport theory, probability, -elasticity, control theory,
engineering mathematics and many others.

In order to stimulate more interest in the subject, many
research workers engaged their focus on another dimension
of calculus which sometimes called calculus without limits or
popularly g-calculus. The g-calculus was initiated in twenties

of the last century. Kac and Cheung’s book [13] entitled
“Quantum Calculus” provides the basics of such type of
calculus. The fractional g-calculus is the g-extension of the
ordinary fractional calculus. The investigations of g-integrals
and g-derivatives of arbitrary order have gained importance
due to its various applications in the areas like ordinary
fractional calculus, solutions of the q-difference (differential)
and g-integral equations, g-transform analysis etc.

Hypergeometric functions evolved as natural unification of
a host of functions discussed by analysts from the
seventeenth century to the present day. Functions of this type
may also be generalized using the concept of basic number.
Over the last thirty years, a great resurgence of interest in q-
functions has been witnessed in view of their application to
number theory and other areas of mathematics and physics.

The Mittag—Leffler function and Fox-Wright functions are
generalizations of Hypergeometric functions which appear as
solution of well-known fractional differential and integral
equations representing some physical and physiological
phenomena like diffusion, transport theory, probability,
elasticity and control theory.

The purpose of this paper is to increase the accessibility of
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different dimensions of g-fractional calculus and
generalization of basic hypergeometric functions to the real
world problems of engineering and science through various
integral transforms including Laplace and Fourier transforms
and their g-images.

The classical Laplace, Fourier and Mellin transforms have
been widely used in mathematical physics and applied
mathematics. The classical theory of the Laplace transform is
well known Sneddon [1] and its generalization was
considered by many authors [2, 3, 4, 8 and 9]. Various
existence conditions and the detailed study about the range
and invertibility was studied by Rooney [7]. The Laplace
transform and Mellin transform are widely used together to
solve the fractional kinetic equations and thermonuclear
equations [5].

2. Mathematical Preliminaries

Classical Laplace transform: The Laplace transform is
very useful in analysis and design for systems that are linear
and time-invariant (LTI). Beginning in about 1910, transform
techniques were applied to signal processing at Bell Labs for
signal filtering and telephone long-lines communication by
H. Bode and others. Transform theory subsequently provided
the backbone of Classical Control Theory as practiced during
the World Wars and upto about 1960, when State Variable
techniques began to be used for controls design. Pierre Simon
Laplace was a French mathematician who lived 1749-1827,
during the age of enlightenment characterized by the French
Revolution, Rousseau, Voltaire and Napoleon Bonaparte. Let
f(t) be a function piecewise continuous on [0,4] (for every
A>0) and have an exponential order at infinity withf (t) <
Me®. Then, the Laplace transform L(f) is defined for s > a,
that is {s >a}cDomain(L(f)). The Laplace transform of f{t) is
defined by

LIfO]= F(s) = j: e f(¢)dr )

The Laplace transform is said to exist if the integral (1) is
convergent for some values of s.

Classical Fourier Transform: Fourier analysis is named
after Jean Baptiste Joseph Fourier (1768t01830), a French
mathematician and physicist. Joseph Fourier, while studying
the propagation of heat in the early 1800's, introduced the
idea of a harmonic series that can describe any periodic
motion regardless of its complexity. Later, the spelling of
Fourier analysis gave place to Fourier transform (FT) and
many methods derived from FT are proposed by researchers.
In general, FT is a mathematical process that relates the
measured signal to its frequency content Heideman et.al.[12].
The Fourier series is described in theory and problems of
advanced calculus as follows:

If f(x) be a function defined on (—o0,00) uniformly
continuous in finite interval such that J. || f (x)"d(x) converges,

0

then the Fourier transform of f(x) is defined by

F(f(x))= f (s) = J. eisx f(x) d(x), where e’* is said to be
kernel of the Fourier transform.

g-image of Laplace transform: Hahn[6] defined the g-
image of classical Laplace transform as

Lof(s) = j e, )d(x).Re(s)>0. )
0

1
TA+s(1-q)0 g
The Laplace transform of the power function is defined as

M(u+1)
L(t*)= L+l 3)
S

Where e, ** is defined by e, **

The g-Laplace transform of the power function is defined
asin [10&11]

rwl=q)

S

Also, (1 = )* ' T (@) =(4:9) g
Fox-Wright generalized hypergeometric Function:
The Fox-Wright (Psi) function is defined as follows [14].

(a1, 4)),(ay, 4;),..(a,,, 4,)
P (a1, 4)),(ay, 4;),..(a,, 4,) | z

Ly(th) )

:i Martn A (aatndy)-- T (a,*tnd)y) z (5
n=0 r(b1 +nBl)F(b2+nBz)...r(bq +nB<l) !

Where ai, bj ¢ C>0; Ai >0, Bj > 0; 1+Z?=IB]'—
le Ai > 0; a eR, for suitably bounded value of |z|.
The basic analogue of Fox-Wright hypergeometric

function denoted ,y4(z;q) for z € C is defined in series form
as [18]

v P Tqlagtkay  zK

P B =Ly 0 Tq(b+KB)) (@)
Mittag-Leffler Function:

The Mittag-Leffler function is named after a Swedish
mathematician who defined and studied it. The function is a
direct generalization of the exponential function, e* and it
plays a major role in fractional calculus. The one, two and
three-parameter representations of the Mittag-Leffler
function can be defined in terms of a power series as follows
[15, 16, 17].

where |q|<1.

~N_ Z
E, (z)—;m, for a €C, R(a)>0. (6)
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Eqp(2)= Zr( oy Tor @ ECR@>0. ()

W,z
aﬁ( z)= z FGiam ; fora,B,y €C,R(a)>0. (8)

n=0

where, (V) =y(y + D)y + 2)(y +3)...(y + n—1)
and (y)o=1.
For a,B,yeC,Re(a) > 0,Re(B) > 0,Re(y) >

0 and|q| < 1 thefunction yﬁ(z; q)is defined as[19]:

(q q)n z" .
(@:Dn Tglan+p)’ where Fq(l) is the

Y, (z0) = S

gamma function.

3. Main Results

(A) In this section of paper, the authors have derived the
classical Laplace transform of Fox-Wright and Mittag-Leffler
functions in terms of Fox’s H—function.

Theorem 1: The classical Laplace transform of Fox-Wright
function in terms of Fox’s H-function is given by

L{ plUq (al’Al)(aZ’AQ---(a,,’Ap)‘ 7z |} =
by B)b:B)b,B,)

1 Lp
Lgq

a4 -a,~A)-as~A)-a,~ A, )‘
a- bl _Bl)(l bz Bz)(1 b3 _B3) (1= b B)

Proof: ForR(a) > 0, the classical Laplace transform of
Fox-Wright in terms of Fox’s H-function is given by

arAlarA)a,A,) B
L r7q -

by B)byB)-b, B, §
L{2r(a1+nA1)r(a2+nAz)-~~r(ap+nAp) J o

I—(b]+nBI)I'(b2+nB2).“r(bq+an) n!

From equation (9) we have,

arA)arA)-a,A)|z |\ =
(b1’B1)(b2’B 2)"'(bq’Bq)

L{ pYq

e Martn A (axtndy)-T(apytnd,) ()

2 BB b, 1B

Or by using equation (3) we get,

L pL|Jq (al,Al)(az,AQ)m(ap,Ap)‘ 7 |=
(bl’Bl)(bz’Bz)'"(bq’Bq)

® r(a1+nA1)r(a2+l’lA2)...r(ap+nAp) | Fns)
=0 r(bl * nBl)r(bz 1B 2)‘“r(bq * an) F+l)| s

Which implies that,

L pll)q (al’A1)(a2’Az)"'(ap’A,,)‘ VA =§
by B)byB)-b, B,

= [ (1=(1=a)*+n4)l 1-(1-a,)+n4,)..I (1=(1=a,)+n4,) .
= rd=(1=b)+»B)rd—(1=b)+»B,.-ra-a-p)+B) ’

oy (a-ANa»A)-a,A4),_
(beB)b» By, B)

1

L,
» (=ae AN =ar~A)-a:~A)-0-a,~A,) s}
S

Lq (1_bl’_Bl)(l_bz’_Bz)(l_b3’_B3)'“(1_bq’_Bq)

This is the proof of theorem.
Theorem 2: The classical Laplace transform of ML-
Function in terms of Fox’s H—function is given by

Hll (I-y.-1 s
s r(y) b (1- B,-a)
Proof: ForR(a) > 0, the classical Laplace transform of
ML-Function in terms of Fox’s H-function is given by

s W2

I'(,B+an) n!

L( E. )=

L(E, () =L{>, (10)

n=0

_y+n

Since, (y)n r0)

Therefore, from equation(10) we have,

L(E;/?(Z)) =L i r(y+n)Zn 1

ST (B+anT(y) n!

F(y+n)

Eosdy_
orp(Fad?) - twrn)
= T(Bran [ Fn*D

L n
r(y) “

Or by using equation(3) we get,

© r(y+n) 1 Mn+1)

(V) & T (Brany [T(n+]) S””

L(Ea/} )_
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OrL(E;ﬁ(z)\_ , ir(y+n)

TSty |& T(B+an)
OrL(EZﬁ(Z)) _r Zrl (- y)"'nA-n
st() |& ra-a-p)+an
) E) 1
Oorpy(Fer)= = [1-(1-Y)—(-n)
Sr(y) |WZ=(; ri-(-p)+an N

Which implies,
Ey () _ Ll A=y,
orL(Ler?) = [ ’ S}
oy Holl o)

This is the proof of the theorem.

Observations:
(1.1): If y=1then from above theorem

H“{(l —a)ls}

(1.2): If ¥ =1 and B =1 then from above theorem

L(Ea/]

11 (0,—
UE (== H“Lo _a)\ }

(B) In this section of paper, the authors have derived the g-
image Laplace transform of basic analogue of Fox-Wright
and Mittag-Leffler functions in terms of Fox’s g-analogue of
H—function which is given by

Theorem3: The g-Laplace transform of g-analogue of Fox-
Wright Function in terms of g-analogue of H—function is
given by

LH pll}q (al’Al)(aZ’AZ)“'(ap’Ap)‘ zZ;q =
by B)b.B)b,B,)

1 [0-ar-A0-a,-4)0-a,A)-0-a,~A)
s .| 0-b;"B)A-b,~B,-b.~B)-0-b, B)‘

Proof: For q>0,R(a) >0, the g-image of Laplace
transform of g-type of Fox-Wright Function in terms of basic
analogue of H—function is given by

L puiq (arA)ar»A)-a p’A,,)‘ zq|r=
q (bl,Bl)(bz,Bz)---(bq,Bq)

L irq(al+nAl)rq(a2+nA2)"'rq(ap+nAp) "

n=0 rq(bl+"B|)r¢,(bz+nBz)'"rq(bq+an) (QQQ)” (11)

From equation (11) we have,

(arA)ayA)a,A,)
Lgs W, 239 |p =

(bl’B1)(b2’Bz)“'(bq’Bq)

z q(al+nAl)rq(a2+nA2) rq(ap nAp) L(
=0 I, b*Br b, "Bl b,*"B,) BCE q)

Or by using equation (4) we get,

arAXarA)a,A)
" b BYb:BY)-b,;B)

|z3q

1 T+
[0+

g+l

Z q(al+nAl)rq(a2+nA2) rq(ap+nAp)
= I &b+BT b+ B)-T b, B,)

1 iFq(l-(l-a1)+nA1)l'q(l-(l-a2)+nAz)...rq(l-(l-ap)+nAp)
= r A=(1=b)+Br d—(1-b)+B)-I a-0-p)+1B)

Which implies that,

(a1’ A1)(a 2’ Az)(a P Ap)
(b1’B1)(b2’Bz)"'(bq’Bq)

0-aem AN g A0 g A)-0-a A,
(-by-Bi-bo-B)1-bs-Bo-0-b-B) "

|29 |p =

L
S

This is the proof of theorem.

Theorem 4: The g-Laplace transform of g-analogue of
ML-Function in terms of g-analogue of H—function is given
by

L1

(1=y.1)
S,
{(l—ﬂ,a)l q}

L1

LW o= ] T
sl ,(s)
Proof: For q > 0,R(a@) >, the g-image of Laplace

transform of g-type of ML-Function in terms of basic
analogue of H-function is given by

4 .
LB

RS (V;Q)nzn 1
=0 Fq(ﬂwn) (q’q)n

Y
OrL, (Eavg(z q) Ly(z™)

. (y)J Ty ”)}

[ = ﬁ +an)

(q,q)

By making use of equation (4) we get,
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—— el tn) | 0 g,
La(F Z,B(Z:q): 2 rquwm (3:9), o
Z
y . +n
i G r,(y+n) | .

s, |= T @ran [

Oqu(EZ,

o [er 0=0=pm | 1
s W& T o-0-pran

ﬂ(z :q)

(z:q)=
s, »

This completes the proof.
Observations:
(1.3): If y =1 then from above theorem

Oqu(EZ,;;

y.1)
H“[(l ﬁa)| q}

(2R
L H ol

(1.4): if Yy =1 & B =1then from above theorem

©.1)
L (E (Z)__ H11|:(0 a’)‘ 4 }

L E. 5=

4. Special Cases

Taking q=1, we get following as special case of theorem

“

y ¥D
L(Ea,ﬂ(Z) Ty H”LI ,367)| }

if y=1 then from above theorem

(0,1)
L(Ea,ﬁ Hll{(l ,30')' }

If ¥=1 and B =1 then from above theorem
(0,1
L(F (9)=— H”LO a)| }

5. Conclusion

The results proved in this paper give some contributions to
the theory of the g-series, especially q-analogue of
generalized hypergeometric function and Mittag-Leffler
Function and may find applications to solutions of certain g-
difference, g-integral and qg-differential equations with the
help of g-images of transforms like Laplace and Fourier

transforms. The results proved in this paper appear to be new
and likely to have useful applications to a wide range of
problems of mathematics, statistics and physical sciences.
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