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Abstract: The advection diffusion equation (ADE) is solved in two directions to obtain the crosswind integrated
concentration. The solution is solved using separation variables technique and considering the wind speed depends on the
vertical height and eddy diffusivity depends on downwind and vertical distances. Comparing between the two predicted
concentrations and observed concentration data are taken on the Copenhagen in Denmark.
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1. Introduction

The analytical solution of the atmospheric diffusion
equation has been containing different shaped depending on
Gaussian and non-Gaussian solutions. An analytical solution
with power law for the wind speed and eddy diffusivity with
the realistic assumption was studied by [1] the solution has
been implemented in the KAPPA-G model [2],and [3]
extended the solution of [1] under boundary conditions
suitable for dry deposition at the ground. The mathematics
of atmospheric dispersion modeling is studied by [4]. In the
analytical solutions of the diffusion-advection equation,
assuming constant along the whole planetary boundary layer
(PBL) or following a power law was studied by [5-7], [2]
and [8].

Estimating of crosswind integrated Gaussian and
non-Gaussian concentration through different dispersion
schemes is studied by [9]. Analytical solution of diffusion
equation in two dimensions using two forms of eddy
diffusivities is studied by [9]

In this paper the advection diffusion equation (ADE) is
solved in two directions to obtain crosswind integrated
ground level concentration in unstable conditions. We use

separation variables technique and considering the wind
speed and eddy diffusivity depends on the vertical height
and downwind distance. We compare between observed data
from Copenhagen (Denmark) and predicted concentration
data using statistical technique.

2. Analytical Method

Time dependent advection — diffusion equation is written
as [10]

BC(x,y,z) . BC(x,y,z) :i
ot Ox Ox

X aC(x,y,z)]+ ] (K‘ aC(x,y,z)} ] (K:

Ox a dy 0z
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For steady state, taking 9C(x..2) -o and the diffusion in
ot

the x-axis direction is assumed to be zero compared with the
adjective in the same directions, hence:
0C(x,y,z 0 0C(x,y,z 0 0C(x,y,z
(x.0.2) _ (y)i[Kz(y)} )
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where: C (x, y,z) is the average concentration of air

pollution (pg/m’) in three dimension. u is the mean wind
speed in x-direction (m/s).
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K » and KZ are the eddy diffusivities coefficients which

are function in x-direction (m%/s) i,e

K =K =K.,

Integrating the equation (1) with respect to y from -0 to oo
at a point (x,z)of the atmospheric advection—diffusion
equation is written in the form [11];

u‘%jic(x,y,z)dy:K,%+KZ%(J:OC(LJ),Z)@)' (2)

Let C, (x,z) = TC(x, y,z)dy 3)

where Cy (x,z ) is the normalized crosswind integrated
concentration. Note that the value of concentration tends to
zero at far distance i.e. g 9C(x,y.2) =0 ¥
v dy
Substituting by equations (3) and (4) in Eq. (2) it was
getting:

uﬁCy (x,z) =£kz(x) acC, (x,z) 5)
ox 0z 0z

MOCV(x,z) :k:(x)a C, (,X’Z) (6)
O0x 0z°

let the solution of Eq. (6) in the form:

C,(xz)= an(x)Zn(z) (7

n=0

For simplicity Eq. (7) can be written in the form

C,(x2)= X ,0Z.(2) 8)
Substituting by Eq. (8) in Eq. (6) it was getting:
dX, d’z
uZ, (z)% =k X, (X)T"z(z) ©)
Dividing Eq. (9) by _ ()X, (x)Z,(z) then:
u 1 dx,(x)_ 1 d°Z,(2)
k)X, (x) ax  Z,(z) & (10)
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— == 13
Z,(z) 4 A (13)
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Eq. (13) can be solved as following:

'z, (z)
dZZ +ﬁ:Zn(Z):O (18)
Eq (18) is simple harmonic equation has solution in the
form:

Z,(2)=a, sin(B,2) +5, cos(8,2) (19)

Equation (6) is subjected to the following boundary
conditions:

1-It is assumed that the pollutants are reflected at the
ground surface i.e

ac, (X,Z)

=0 at z=0 (20)
0z

The flux at the top the mixing layer can be given by

OCY (X,z)

=0 at z=h 21
% (21)

where h is the mixing height.
The mass continuity is written in the form:

uC,(x,z)=00d(z =h,) at x =0 (22)

where O is the source strength, O is Dirac delta

function and hs is the stake height.
solution becomes:

Then the general

B b (V'
c,(xz)= a”eTI" e (a” sin (3,z) +b, cos (ﬁnz)) (23)

Applying the condition (20), then Eq. (23) becomes:

ﬂf "k ('
g n b ai(an sin(B,2) +b, cos(8,2)) =0 (24)
4

a,B, cos(B,z)=b,B,sin(B,z)=0 (25)



114 Khaled Sadek Mohamed Essa et al.:

AtZ:Ojanﬁn:Ojan:O (26)
The equation (19) becomes:
Z,(z) =b,cos(B,2) 27
Then equation (23) is written in the form:
_—ﬂ"z k()
c, (x,z) =ae" Ji (bn COS(,BnZ)) (28)

Applying the condition (21) then Eq. (28) can be written

;ﬂ”zv x')dx'
om0 55 L)
¥4

At z=h=-b B sin(Bz)=0=-b,B,sin(B,h)=0
z=h=-b,B,sin(Bz)=0=-b,B,sin(Bh)=0

Zn(z)=bncos(%zj at n=0 =[=0 (29)

We can write the general solution in the form:

C,(xz)=X,(x)Z,(2) + i X,()Z,(2)  (30)

n=1

Eq. (30) can be written in the form:
C, (x.z)=a,M + ZXH(X)ZH(Z) (31)
¢, (x.2) =a,M +3 b, cos( ﬂnz)ane_Tﬁ"z 3

=l
Let R,=aM .,b,a, =R,

¢,(xz)=R, +§Rn cos (%Z}gﬂh(fﬂv' (33)

Using condition (22), one can get:

R0+iRnCOS(%T}hZ Jor e Qd’(z h) (34)

&ﬁi&cos[%z}h“ Jorteke Q5(z h) (35)

n=1
Integrating with respectto z from z=0 to z=h

JR dz+2R Icos[%zjdz j:gb_(z—hx)dz

n=1

o R+ SR sin(n) =2 [ 8- )
u

1 NTT 0

(36)
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But
Sin(nﬂ) =0:R0h:% (37)
Equation (35) becomes:
5’+ZR COS(TZJ QJ(z h) (38)

Multiplying by Cos(ﬂzjand integrating with respect to
z fromz =0 toh: h

o o 32 e -2t {8
Qi(g]z (1

uh nr

then,R"h =gcos ﬂhv = R, =£cos ﬂlg 4D
2 h uh h

]dz:Q_[é'z h)co{ﬂz]dz (40)

u

The general solution becomes:

JEC 2
_ 0 = [nnh ) (nﬂz) e A
c |x,z)==|1+2) cos| —= |cos| — | |e " **

The value of the crosswind integrated concentration at
ground put z =0 in Eq. (42), one can get:

¢,(x.0)= [1+ZZCOS( B SRR

The value of the crosswind integrated concentration at
ground source, put hs =0 in Eq. (42), one can get:

had -7 ox N
¢,(x.2) :u_Qh(l-l-ZZCoS(n_;zTZDe P oK

(42)

(43)

= (44)

Let the eddy diffusivity in the form:
k, (x) =Qux (45)
Where "u" is the mean wind speed in x-direction (m/s)

described in region 0 <z </, h is the mixing height and
&' is the turbulence intensity is taken in the form

a=(g, /u) (54) where

for vertical velocity. Then

0, is the standard deviation

(46)

Substituting from equation (46) in equation (42), then the
general equation becomes:

c,(xz)= th(l + 2; cos[ﬂhhsjcos (nhnzjje 2 47)

put z =0 inEq. (47), one can get:
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-n’alx?

c,(x,0)= %[1 + 22 cos (—m:l“ D e

3. Validation

The used data was observed from the atmospheric
diffusion experiments conducted at the northern part of
Copenhagen, Denmark, under neutral and unstable
conditions by [12] and [13]. Fig. (1) Shows that the
predicted normalized crosswind integrated concentrations
values of the present predicted model are good to the
observed data as the Gaussian predicted model. Fig. (2)
Shows that the present predicted data is nearer to the
observed concentrations data than the predicted Gaussian
model.
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Figure 1. The variation of the two predicted and observed models via
downwind distances.

From the two figures, we find that there is agreement
between the predicted normalized crosswind integrated
concentrations of present model with the observed
normalized crosswind integrated concentrations as the
predicted Gaussian model.
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Figure 2. The variation between the predicted models and observed
concentrations data.

4. Statistical Method

Now, the statistical method is presented and comparison
between predicted and observed results will be offered by

[14]. The following standard statistical performance
measures that characterize the agreement between
prediction (Cp =Cpred/Q) and observations (Co=Cobs/Q):

(Cp - Co)z

Normalized Mean Square Error (NMSE) = )
p“o

(€0 = Gp)
[0.5(C, + Cp)]
Correlation Coefficient (COR)

Z( 7y x & 1(1;;0—00)

Factor of Two (FAC2) = 0.5 <

Fractional Bias (FB) =

ﬁl_é'\

<20
()
Where 6, and o, are the standard deviations of C, and Co
respectively. Here the over bars indicate the average over all

measurements. A perfect model would have the following
idealized performance: NMSE = FB = 0 and COR = 1.0.

Table 1. Comparison between our two predicted models according to
standard statistical Performance measure.

Models NMSE FB COR FAC2
Present model 0.22 -0.19 0.60 1.38
Gaussian model 0.58 0.58 0.80 0.59

From the statistical method (Table 1), we find that the two
models are inside a factor of two with observed data.
Regarding to NMSE and FB, the present predicted model is
better good with observed data than the Gaussian model.
The correlation of present predicated model equals (0.60)
and Gaussian model equals (0.80).

5. Conclusions

The predicted crosswind integrated concentrations of the
two predicted models are inside a factor of two with
observed concentration data. One finds that there is
agreement between the present predicted normalized
crosswind integrated concentrations model with the
observed normalized crosswind integrated concentrations
than the Gaussian predicted model with respect to
normalized square error and fraction bias (NMSE and FB).
The correlation of present predicated model equals (0.60)
and Gaussian model equals (0.80).
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