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Abstract: This is to communicate a class of new exact solutions of the equations governing the steady plane motion of fluid
with constant density, constant thermal conductivity but variable viscosity and body force term to the right-hand side of
Navier-Stokes equations with moderate Peclet numbers. Exact solutions are obtained for Peclet numbers between zero and
infinity except 2, for given one component of the body force using successive transformation technique and a new
characterization for the streamlines. A temperature distribution formula, due to heat generation, is obtained when Peclet number
is 4 other wise temperature distribution is found to be constant. The exact solutions are large in number as streamlines, velocity
components, viscosity function, and energy function and temperature distribution in presence of body force exists for a huge
number of the moderate Peclet number.
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1. Introduction s X Yy U oV
X =— y =— u =— v =—
Theoretical study of fluid flow problem requires deriving Lo Ly Yo Yo
the equations for law of conservation of mass, momentum and
energy. The momentum equations are Navier-Stokes u - K P =r F -h Ey _H
equations (NSE). The way in which it is derived, allows us to Ho Po Fy £y

add body force term like centrifugal force, coriolis force,
constant gravity force etc. to the right-hand side of it. The
introduction of body force term is important for the study of
large-scale fluid flow. In the presence of unknown external
force the law of conservation of mass, momentum and energy v=—==0 (1)
in non-dimensional form for steady flow problem of fluid with
constant density, constant thermal conductivity, constant
specific heat but variable viscosity using following
dimensionless parameters [1]

in tensor notation, after removing the overhead “*”, are
following [2]

: . Ov;
( OLJ:F —0L+1 9 7 ai.pl (2)

v -2
¢ 0x;, ox; R, 0x;, 0x; Ox
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oT 1

Where F =F;(x;) is the body force per unit mass,
v= (u(xl-),v(xi)) is the fluid velocity vector, p = p(x;) is
pressure, o is constant fluid density and 4= (x;) is
viscosity, 7,j,k0{1,2,3} . The dimensionless quantity R, ,
P. and E, are known as the Reynolds number, the Prandt!

y o for) E o |dy O 3
kaxk R.P, 0x;\0x; ) R, Ox;|Ox; Ox;

e 1

number and the Eckert number respectively. The product of
R, and P. is Peclet number denoted by £, . For the plane

case i,7,k00{1,2} , =y,
F:(Fl(x,y), Fz(x,y)), reduces the equations (1-3) to
following

X=X, W=u v, =y,

v, =0 (4)
1
uu +viu,=F —px-i-R— (Quuy), +{pu, +v,)},] ®)
1
u VX+ A4 Vy: F2 _Py +R_ [(Zﬂvy)y +{iu(uy +vx)}x] (6)
2 T 1 T +T EC 2 2 2
ol Rt y:E(m w) + R—e[Zu(ux +v, 2+, +v,)*] (7

The solution of the equation (4) is a stream function
{(x,y) such that the velocity components are

v=(uv)=(v,.-y,) (8)

Like other mechanics, fluid dynamics also offers difficulties
due to nonlinear nature of the NSE and it is extremely difficult
to reach exact solutions. Therefore, theoretical scientists
invent techniques to achieve exact solutions of basic equations
of fluid dynamics. Those who are interested in solution
techniques for a given Peclet number please refer to [3-5] and
reference therein. Theorists have also devised some
coordinates transformation techniques and dimension analysis
methods for exact solutions to these equations. Readers
interested in these methods/techniques may refer to [1-2, 6-9]
and the references therein.

This discourse determines a class of exact solutions to flow
equations (5-7) using method of partial differentiation and
successive transformation technique as applied in [1-2] and
[6-8]. Firstly, the equations (5-7) are rewritten, through the

ds*=E(@y) dg +2 F(oy) do dp + G(@y) dy?

wherein

E:xé+yé,F:x¢ Xyt Yo Yy, G=(Xy V+H(Vy )

a(x,y)
a(@y)

such that the Jacobian J= of the transformation is

non-zero and finite.

Martin [10] defined the coordinate lines ¢ =constant as
streamlines and left the coordinate lines @ = constant
arbitrary in a study of fluid flow problem therefore the

curvilinear coordinate (¢¢/) . These curvilinear coordinates

partial differentiation technique, in terms of the vorticity
function w and the total energy function 7, the function
A and B defined as follow

W:vx_uy (9)

_ L 2. 2 1
T.=P+ E(u +v )—R—y,,,

e

(10)

A=Hu,+v.) B=4uu, (11)

Secondly, the resulting basic flow equations are
transformed into curvilinear coordinate system (@)
through transformation

x=x(@y),y =y(@y) (12)

in terms of the coefficients of the first fundamental form

(13)

(14)

system will be referred here as Martin’s coordinates system
(go,(//) . Let A be the angle between the tangent to the
coordinate lines {/ =comnst. and the curves ¢ =const. at a
point P(x,y) then it is easy to write the equations (4-7), the

function 4 , B and w into Martin’s system applying
differential geometric technique. Let us skip these equations
as they are already published in [1]. The arbitrary coordinate
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lines @=constant of Martin’s coordinates system (qo,t//)
can be defined in many ways. For example in the von-Mises
coordinates system (x,{/), the coordinate lines ¢ = constant
is taken along x—axis i.e. choosing function @=x and
stream function ¢ of Martin’s coordinates as independent
[11]. the

coordinates system (r,l//) considers the coordinate lines

variables instead of y and x Similarly,

@=constant as @=r(x,y) and stream function ¢ of
Martin’s coordinates as independent variables instead of y
[1-2, 6-8]. Rana Khalid Naeem,

Mathematician, suggested the coordinates system (r,zﬂ) for

and x a Pakistani

the study [2] and unfortunately expired just after the
publication [6] about the exact solutions of NSE in the absence
of body force. This communication, intending the exact
solutions of NSE in the presence of body force, is also

focusing on the coordinates system (r,t//) , therefore it sets the

coordinate lines @ = constant of Martin’s system, as follow

p=r(x,y) (15)
where
x=rcosf y=rsin@

(16)

Let the characterization of streamlines is through the
equation

~R,w=-R,JF,+R, Ly~ JA,+NE-14,+ B,

4,(2-E JE-
0=R,(F, +F2\/E—1)7R3Lr+%+/1p/g-1 Elew

I E
JTrr _Z\IE_l Tvrv +77;/V

Ez// E
J 2JE 1

{(Vf”ﬂ‘) 2/"5}( J (rg"+g") _2¢)’ ( ]+ ! J[2rg | v
rg g WV rg g W) Pg? g2 g Ny

A=#[rg[(rf”+f')+(rg"+g')l/)] {1 P +g'v)? ( j 2r(fT+g'v)rg' +8)]

B=

E= 142 [ £+ rv@)]
J =rg(r)V' @)

where the non-zero body force F =

4/'1 1 1 1
5 a2 {—(rg tg)tr(f'+g V)[ ﬂ
r g vV

G7I0 <y

2(r) an

where f(r) and g(r)Z0 are continuously differentiable

functions and r, @ the polar coordinates. The equation (17),
without loss of generality, implies

0=f(r)+grvy) (18)

When the streamlines are characterized by equation (18),
exact solutions in presence of body force are obtained for the

case when both g'(*)=0 and V"()=0 keeping the
function f(r) arbitrary in [1]. In [7], exact solutions in
presence of body force are obtained for the case when
g'(#)=0 but V'W)#£0 keeping the function f(r)
arbitrary. Similarly, [8] used the functions g'(r)#0 and
V') =0 in order to find exact solutions in presence of body
force. The aim in this communication is to achieve exact
solutions in presence of body force taking g'(r)#0 and
V') #£0 fora function f(r).

Utilizing (15-16), the basic flow equations are transform
from Martin’s coordinates system to the coordinates system
(r, @), the vorticity function w , the function 4 and B are

following [1-2]

19)
(20)
n2 E‘//
J, - -p, |1
R
[V—H Tvv'=_JE £ 2 (B2 +44?) @1)

'2 2 n
+g—[v v ] 2
] g vy 22)
(23)

24

(25)

(26)

(Fl(r,l,[/),Fz(r,(//)) in (r,i) coordinates.
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Differentiating equation (19) with respect to », differentiating equation (20) with respect to ¢ and the function L satisfying
the natural condition L, , = L, , following additional compatibility equation is constructed

- E E J,2-F) E VE-1B
JA,, — 2\/E—1A,,,,,_(2 E)A[M,+A, J,——w +A4y| - L+ w > )+—”” - Br——w =R, w, +
J 2WE-1 2WE-1 J J o,
R(F+ENE=) R (JF), @)
2. Exact Solution
w= (ij 1 (31)
The compatibility equation (27) involves functions A4 and A (&?)?
B which depends upon the viscosity function i, f(r),
g(r) and v(¢) which in general is difficult to solve 4= MU 2c 1- ce? (32)
analytically. The elimination of g from the function 4 and 32e¥ r
B found some time be helpful in solving the compatibility
equation, see [1, 6-7], and some time it may not see [8]. and
Luckily a relation between the function 4 and B is found
feasible for the class of flows under consideration. As the case B= 4u |- ce? ne (33)
under consideration requires V'()%0 and g'(r)%0 2 r e?

therefore setting
It is easy to eliminate the viscosity function g from
vyp)=¢’ (28) equation (32) and equation (33) and find following relation

between the function 4 and B
c

g="> (29) L,
B=—44 (34)
in equations (22-24) leads to ce
F(r) =Inr+b (30) Substituting equation (28-30) and equation (34), the

equation (27) reduces to

where ¢ and b are constant. Equations (22-24) on
utilization equations (28-30) provides

W 'z W 4 =2y 'z -y =24 '
w _ce’ re 2 ce 2¢e ™ 2re ce” 2re 6re _ 2e
ce"4d..— 2|1-——— A, +| ——+—+ + | — A+

rr ( B c J ryY ( B }”2 c 62 A¢/l// B c A A¢/

_2[// w
_AreV R,(F), +R€[(1-%)Fz) —Re(ce‘/j Fz)r (35)

Cz 17

The equation (35) involves three functions 4, F and F, intwo independent variables » and ¢ therefore, setting

v
ce
R, [(1 —T)FZJ -R, (ce‘/’ F2)r:° (36)
Y
implies
Y
R F=2 Q[e—+llnrJ (37)
v r C

Yol
for arbitrary function Q[e— +—In rJ . Equation (37) on substituting in equation (35) gives
roc
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Y B 2 e 2eY  2reY
R,(F), =ced,, — 2| 1-Z—-C g, +|-=+=+ -
( l)w rr [ - c ry r 7‘2 c 6'2 A¢/l//
w -y -2y -y -2
ce 2re 6re 2e 4re~2?
+ | —- A+ - - 38
( B c ] { 2 B }At/' 2 4 (38)

The following selection of the form of the function 4 is found helpful in finding the function /| from equation (38)

A(r, ) =R(r)SW@) (39)

The equation (38) on substituting (39) gives

RFl—cR”_[ ‘/’de—CR.[‘/’S+ st +(—2+2‘: w2 “/’JRS
r C

+(—£—%e‘/j +2—§e_2‘/’jRS +(i2e‘/’ s 2w —i;e‘zijS' +K,(r) (40)
r r C r c C

where K;(r) is a function of integration. Defining the

-1
functions F; and F, by equation (40) and equation (37) U= ce’r [1 _ce v ] R(r)SW) (41)
respectively the compatibility equation (27) is satisfied. 2 r
The viscosity from either equation (32) or equation (33) is
following The function L satisfying both the momentum equations
(19-20) is
R, -y 2b (R R.e™
RQL{—;]e W 2Ry | T peR () | +
c c r 2r
+h R+2b1.[R(r) R(r)” [xiyar 42)
2c

where 5 and b, are constants and the compatibility of momentum equation requires the arbitrary function Q to be a linear

Y W
Q(e—+llnrJ=[e—+llnrJ (43)
r c r c

Equation (21) on utilizing equation (28-33) simplifies to

v -y v w

ce 2e 2 ce ce

ce’ T, —2(1——r ) 71pr+[ ot JTwW(—‘Pe}Tr
V4 r

29 | Y
_[ze-wJ =2 EL,P,(re . —e—+——i]R( ) (44)

function that is

c c r r
c

Right hand side of equation (44) suggests searching for a solution of the form
T(r) =T+ Ty e +Ty(r)e™ +Ty(r)e™” (45)

Equation (44) on substituting equation (45) reduces to

-3y 1 r -y
127:‘8 +|:4T4r_8T4 _Pe’T4'+ﬂ:|e—21// +|:C]—;‘H_4cn +4C? +CZ& +(2—Per)T3'_2T36 :le_l//
r c r

c r v r
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cl; T,
_cly 23
r r

+c T3"

2T, T
21 o e-@rpn -2
r r

(46)

r r C C

T T. W 4 =2y
+{ch'+3€—2+6—22}2‘/’_—21;1 ECP,(I S RO
r r

Equation (46) on comparing the like coefficients on both side and solving the resulting equations simultaneously
concludes to

T,=0 @7)
R=1r® where @ =) e P22 48
=t,r" where 2-P) , when £, (48)
Eb
I =— —rR'+2J.[£]Jr +b; (49)
2R, r
n,=2 (50)
r
E.Pb
T,=-—L—rR (1)
2¢
where by, b, and ¢t are arbitrary constants and
_CEmty o1 5 _ B
PG =t @ a0 (52)
The solution equation (52) will be discussed on the choice of @ , when @ is zero and when it is not.
Forthe case a =0 (or P, =4) the equations (47-51) simplifies to
2cE, bt 2E b tylnr
R :tor” = b, :;IO’TI(F):%+[)3’
2¢E. bty 1 E.Pbt
TZ(I")z c 10_’ —_"c rlOrandT4:O
R, c
and from equation (45) the temperature formula due to heat generation is
E bty P o
T=b3+ c”l0 " r +Ce _ r (53)
2 r ce?

For the case a #0 (or P, #4 ) the equations (38-42)
simplifies to

by, =0, b, =0, R=t,",

I,(r)=by, T,(r)=0, I;=0,and 7, =0
and the temperature due to heat generation is constant as it is
obvious from equation (45)

T=bh, (54)

Thus viscosity from (41), pressure from (10) using (42) and
velocity from equation (8) for P, D(O, 00) except P, =2

and temperature form equation (53) when P, =4 and from

(54) when P, #4 is obtained.

3. Conclusions

In this communication, a class of new exact solutions of
the equations governing the steady plane motion of fluid of
constant density, constant thermal conductivity but variable
viscosity in presence of body force term for moderate

Peclet numbers P, EI(O, 00) except P, =2 for given one

component of the body force is obtained. The streamline
{ = const. for class of flows under consideration is found to
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Y
be @=b+Inr+<S in polar coordinates » , 6 . A
r
temperature distribution formula
E b t, P cé? r A .
T =b, +Ebbh Inr+ - is identified, due to
2 r ce?

heat generation, when P, =4 otherwise the temperature

due to heat generation found to remain constant. As,
streamlines, velocity components, viscosity function, and
the energy function and temperature distribution in the
presence of body force for all moderate Peclet number can
be constructed therefore this shows a large number of exact
solutions to the flow problem.

References

[1] Mushtaq A.; Naecem R. K.; S. Anwer Ali; A class of new
exact solutions of Navier-Stokes equations with body force
for viscous incompressible fluid,: International Journal of
Applied Mathematical Research, 2018, 7(1), 22-26.
http:/www.sciencepubco.com/index.php/[JAMR.
doi:10.14419/ijamr.v7i1.8836.

[2] Mushtaq A., On Some Thermally Conducting Fluids: Ph. D
Thesis, Department of Mathematics, University of Karachi,
Pakistan, 2016.

[3] B. Abramzon and C. Elata, Numerical analysis of unsteady
conjugate heat transfer between a single spherical particle and
surrounding flow at intermediate Reynolds and Peclet numbers,
2nd Int. Conf. on numerical methods in Thermal problems, Venice,
pp. 1145-1153,1981.

(4]

(3]

(7]

(8]

9]

[10]

[11]

Z. G. Feng, E. E. Michaelides, Unsteady heat transfer from a
spherical particle at finite Peclet numbers, J. Fluids Eng 118:
96-102, 1996.

Z. G. Fenz, E. E. Michaelides, Unsteady mass transport from a
sphere immersed in a porous medium at finite Peclet numbers,
Int. J. Heat Mass Transfer 42: 3529-3531, 1999.

Naeem, R. K.; Mushtaq A.; A class of exact solutions to the
fundamental equations for plane steady incompressible and
variable viscosity fluid in the absence of body force:
International Journal of Basic and Applied Sciences, 2015, 4(4),
429-465. http:/www.sciencepubco.com/index.php/IJBAS.
doi:10.14419/ijbas.v4i4.5064.

Mushtaqg Ahmed, Waseem Ahmed Khan ,: A Class of New
Exact Solutions of the System of PDE for the plane motion of
viscous incompressible fluids in the presence of body force,:
International Journal of Applied Mathematical Research, 2018,
7 (2) , 42-48. http:/www.sciencepubco.com/index.php/IJAMR.
doi:10.14419 /ijamr.v7i2.9694.

Mushtaq Ahmed, Waseem Ahmed Khan , S. M. Shad Ahsen : A
Class of Exact Solutions of Equations for Plane Steady Motion
of Incompressible Fluids of Variable viscosity in presence of
Body Force,: International Journal of Applied Mathematical
Research, 2018, 7 3) R 77-81.
http:/www.sciencepubco.com/index.php/IJAMR.
doi:10.14419/ijamr.v7i2.12326.

Naeem, R. K.; Steady plane flows of an incompressible fluid of
variable viscosity via Hodograph transformation method:
Karachi University Journal of Sciences, 2003, 3(1), 73-89.

Martin, M. H.; The flow of a viscous fluid I: Archive for
Rational Mechanics and Analysis, 1971, 41(4), 266-286.

Daniel Zwillinger; Handbook of differential equations;
Academic Press, Inc. (1989).



