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Abstract: This paper investigates the effects of heat and mass transfer on unsteady MHD Nanofluid flow (silver-water)
through convergent-divergent channel. The governing equations of this study are non-linear partial differential equations and
these partial differential equations were reduced to ordinary differential equations. The resulting non-linear ordinary
differential equations have been reduced to a system of first order of ordinary differential equations and solved using
collocation method via the bvp4c in MATLAB. It is found that the nanoparticle volume fraction reduces the velocity of the
fluid for silver nanoparticle in the case of divergent channel. For a convergent, the increase in the volume fraction increases the
velocity. Stretching divergent channel increases the flow near the walls of the channel. Shrinking convergent channel reduces
the velocity of the fluid near the walls of the channel. The Grashof number increases the temperature in divergent channel and
reduces the temperature in convergent channel. The Eckert number increases temperature of the fluid for all the cases. The heat
generation parameter increases the velocity and temperature for both convergent and divergent channel. The heat generation
parameter decreases the concentration of Nanofluid flow for both divergent and convergent. This kind of Nanofluid flow has a
variety of applications such as the transportation of chemotherapy drug directly to cancerous growth as well as to deliver drugs
to areas of arteries that are damaged in order to fight cardiovascular diseases.
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of variable viscosity.

Makinde [4] investigated the effects of buoyancy force
convective heating, Brownian motion, thermophoresis and
magnetic field on stagnation point flow and heat transfer due
to Nanofluid flow towards a stretching sheet. He found that
there exists dual solution for shrinking case. The skin
coefficient and the local Sherwood number decrease while
the local Nusselt number increases with increasing intensity
of buoyancy force. A large number of Nanoparticle drug
delivery system have been developed for cancer treatment
and various nanomaterials have been explored as drug
delivery agents to improve the therapeutic efficacy and safety
of anticancer drug [5]. Nanoparticle is small particle that
ranges between 1 to 100 Nano metres. Most Nanoparticles
are made up of a few hundred atoms [6].

During the circulation, the blood carries the heat transfer

1. Introduction

Magneto hydrodynamics is the study of interaction of
electrical conducting fluids and electromagnetic forces. The
field of MHD was initiated by Swedish Physicist, Hannes
Alves [1].

Hartmann [2] investigated the influence of transverse
uniform magnetic field on the flow of viscous incompressible
electrically conducting fluid between two infinite parallel
stationary and insulating plates. Nanotechnology has assisted
in engineering and bio-medical sciences.

Elli [3] investigated the magneto hydrodynamic flow of
non-Newtonian Nanofluid in pipe. He discovered that MHD
parameter decreases the fluid motion and the velocity profile
is larger than that of temperature profile even in the presence
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coefficient of the blood, the density of the blood flow, the
velocity of the blood flow, radius of the artery and
temperature of the tissues that surround the artery [7]. The
importance of radioactive heat transfer in blood vessels, the
radiation effect in blood is of great importance to bio-medical
experts in the therapeutic procedure of hyperthermia, which
has a well-recognized in oncology. Its effects are attained by
overheating the cancerous tissues by means of
electromagnetic radiation [8].

Mburu [9] investigated magneto hydrodynamic Nanofluid
flow through converging-divergent channel under weak
magnetic field. They found that the nanoparticle volume
fraction increases the thermal transportation of the fluid
without affecting its velocity profiles. They observed that as
the channel converges there is a pressure decrease but as the
fluid passes through the throat of the converging-diverging
channel the pressure increases.

Muhammad [10] studied a fluid flow and heat transfer of
blood with nanoparticle through porous vessels in the
presence of magnetic field. The blood flow is assumed to be
non-Newtonian and collocation and least squares techniques
were used and they found that the thermophoresis and
Brownian movement perform an essential part on the
temperature and Nanoparticles focus conveyance.

Virginia [11] did control volume analysis of MHD flow of
Nanoparticles as results of stretching surface and suction. It
was found that the velocity profiles decrease when
Nanoparticle volume fraction increases, temperature profiles
increase with addition of amount of Nanoparticles. Increased
in temperature is caused by slow movement of particles
which increase thermal conductivity. It was discovered that
the concentration profiles decrease when Nanoparticle
fraction increases and when the stretching parameter is
increased the velocity profiles of the Nanofluid increase.

Onyango [12] carried out a study on heat and mass transfer
of MHD Jeffrey-Hammel flow in the presence of inclined
magnetic field. They found that the temperature profiles
increase with the increase in the suction parameter, Eckert
number, Grashof temperature number, Hartmann number,
wedge angle and Prandtl number but decrease with the
increase with the injection parameter. The concentration of
the fluid increases with the increase in the unsteadiness
parameter and the angle parameter. Magnetic induction and
velocity increase with the increase in the Grashof
temperature and concentration numbers. The temperature
decreases with time while the magnetic induction increases
with the increase in the Reynolds number.

Nidal [13] did investigation on controlled drug delivery
using the magnetic Nanoparticle in non-Newtonian blood
vessels. They numerically examined the movement of
magnetic nanoparticles in the non- Newtonian blood vessels
under the influence of magnetic field. The magnetic field was
applied perpendicular to the direction of the transport of
nanoparticles. They discovered that considering non-
Newtonian parameter of the fluid was crucial.

Ashish Mishra [14] investigated the roles of Nanoparticles
and heat generation/absorption on MHD flow of Silver-water

via porous stretching/shrinking converging/diverging. The
results show that the thermal boundary layer thickness of the
stretching/diverging and shrinking/converging channel enhance
by increasing the value of Eckert number while the opposite
tendency is scrutinized on the momentum boundary layer
thickness by increasing the value of porosity parameter for the
stretching /diverging and the shrinking /converging channel.

For the best knowledge of the researcher, the effect of heat
and mass transfer on unsteady MHD Nanofluid flow through
converging-diverging channel is new area of interest for
study.

The study is aimed at developing governing equations,
determining the effects of Nanoparticle volume fractions,
heat and mass transfer, unsteadiness time parameter, heat
generation parameter, Eckert number on velocity,
temperature and concentration of unsteady MHD Nanofluid
flow through convergent-divergent channel.

2. The Effect of Heat and Mass Transfer
on Unsteady MHD Nanofluid Flow

2.1. Nomenclature (Abbreviation)

Y : Unsteadiness Time Parameter

A : Heat Generation Parameter

W: Volume Fraction of Nanoparticles
Ag: Silver

By: Magnetic Field

D,,: Concentration Mass Diffusivity
D¢: Dufour Number

E.: Eckert Number

G,: Grashof Number

Ha: Hartmann Number

K: Thermal Conductivity

K., Nanofluid Thermal Conductivity
Kr: Thermal Diffusion Ratio

Re: Reynolds Number

Sc: Schmidt Number

MHD: Magnetohydrodynamics

2.2. Mathematical Formulation

In this paper, we consider unsteady two dimensional MHD
Nanofluid flow in convergent- divergent channel. The
velocity of the Nanofluid is given by

G=4q(6,0 M

When the angle of the channel is greater (less) than
a > 0(a < 0) the channel will be divergent (convergent).

From Figure 1. The fluid flow is two dimensional,
incompressible, at the walls the temperature and
concentration of Nanofluid are constants. At the centre the
velocity is maximum. The temperature and concentration of
Nanofluid far away from the walls are maximum. The
temperature and concentration differences in the Nanofluid
flow give rise to buoyancy forces. The equations governing
the effect of heat and mass transfer of an unsteady MHD
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Nanofluid flow in the
conservation of the mass,

cylindrical coordinates are:
momentum equation, energy

equation and concentration equation. We outline these
equations as follows;

Put [ 3 (rar) + 25 (o) + 5= (a,)] = 0 @
d%ar | dar dar 9%ar | g0 (9ar) _ 94 _ Bnr[1 9 (Oar) , 0 (9%ar) _dr 1 (9%r)_de 294r 229 (dar
otoe 96  ar T'900r r(aez) 8 ar _pnf[rae(ar)+06(6r2) r2+ 2(063) r2+r2 L) rar(ﬁe)]+

onf 0 (B B? Opf 0 B
oo (a0 — %) — guilBr(T — T) + Bo(C — C)] = 227 (b2, — b?qq) 3)

oT _ _Knf [li( "_T) 1
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2.3. Thermophysical Characteristics

Nanofluid enhances the effectiveness of heat transfer
fluids. Thermo-physical properties of the Nanofluids are
essential for determination of the heat transfer behavior. For
instance, the thermal conductivity of Nanofluids depends on
particle volume fraction, particle material, particle size, base
fluid material and temperature. In this study we considered
the following Thermophysical characteristics of silver-water
Nanoparticles [15]. Table 1.

In this paper, we consider the MHD Nanofluid flow, the
walls of the channel make an angle 6 between them. The
angle becomes maximum when 8 = 2a so that a represents
the upper wall and - a for lower wall. That is—a <0 < «a.
The boundary conditions for Nanofluid flow are given below

9:=0,q =V, T=T,,C=C,atd ==+a
qr = Q'QS = 0'T=

Where T,, and T, are wall and free stream temperatures
respectively. Q, C,, and C,, are free stream velocity, wall and
free stream concentrations respectively.

Tw,C=Cxatb =0

2.4. Thermal Conductivity and Viscosity of the Nanofluid

Einstein [16] discovered the effective viscosity of
suspension of spherical solids as a function of volume
fraction wusing the phenomenological hydrodynamic
equations. Brinkman [17] discussed a viscosity correlation
equation of suspensions with moderate particle volume
fraction, typically less than 4 percent. Xuan and Roetzel [18]
explain the density of the Nanofluids as a function of the
particle volume concentration and show the density of the
base fluid and the specific heat at constant pressure.

_ KS+2Kf+2L|J(Kf—KS)
Kne = ( Ks+2Ke+(Ks—Kp) ) Ky (6)

ny’)
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2.5. Similarity Transformation of Specific Equations

2.5.1. Similarity Transformation Relation
Similarity transformation is applied to reduce the governing
non-linear differential equations (3), (4) and (5) into ordinary

differential ~ equations. The relations for similarity
transformation of velocities are expressed as follows;
Qf (m)
q:(r,0,t) = L (10)
Qg(m)
q0(r,0,0) = (11)

While those of temperature and concentration are
expressed as

o) _ T-Te

sm+1 - Tw—Too (12)
() C—Coo
sm+1 = Cw_coo (13)
Where
0
n=2 (14)

2.5.2. Transformation of Governing Equations

To transform the governing equations, relations (10) to
(14) are used. We start by showing the conservation law is
satisfied, that is;

19 Q Q
Pnf (;g(l‘%)) = Puf (—rzsmf'l'rzsmf) =0 (15)

Using (10), (11) in (3) yields

ReAl(l - IIJ) 25\) ff + aVO Re(f" + (Xf) (5a2 _ a_Z(Ha)Z) £y ((X3 _ #) f4

r our 2@ 2 463G (T) + a3Gr (OO (16)
Hpf 8™
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Using (10), (11), (12) and (13) in (4) yields

(m+1)rm+1 2
sm+1

Using (12), (13) in (5) yields

—(m+1)rm+i Qar

sm+1

Where the Schmidt number is represented by S. = %, the

. Dp(Ty—T
Soret number isS, = %,
w— “oo

defined by R, = Q, the Hartmann is defined by (Ha)? =
Inf .2 2
H r (BO) s

the Reynolds number is

the Grashof number for temperature and

concentration is defined byG,(T) = £ B (T, — Tw),

G.(0) = %(CW — Cy), the Prandtl number is defined

C .
as P. =“—KP, Eckert number is represented as E. =
2
ZQ—, the heat generation parameter is defined as
r“Cp(Tw—Teo)
Tyw—T .
7\=Q°(W—2°°), the Dufour number is defined as D¢ =
K1(Cw—Coo) . . .
———————, the unsteadiness time parameter is defined as
HCp(Tw—Too)

=i = [ (2) 40 -] = [ (65 +

Ay = [‘IJ (Z—i) +0- llJ)]ag =Vy

The transformed boundary conditions are as follows;
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for
n —>O:f=68m+1,¢)= 0,y=0,f=0,¢'=0,y'=0

Noowof=0,¢=06" Y= =1¢ =1 =1

2.6. Numerical Method

The laminar two- dimensional unsteady MHD Nanofluid
flow in the convergent-divergent channel is studied. The
collocation method is a method for numerical solution of the
ordinary differential equations. In this method a finite
dimensional space of solutions and a number of points in the
domain known as collocation points and the solution is
evaluated at the collocation points by integration of a system
of differential equations of the form.

z' =F(n,z2) (19)

Specified by ordinary differential equation function,
subject to the boundary conditions described by the boundary
condition function and the initial solution guess. Equations
(16), (17) and (18) are re-written as

(20)

Unf sm+1

m+1 Z
¢”=—% P¢+a VOPd) — DeP " — [ 8m+1f2 r—ocz(vo)z—Z voocf’ 5m+1(f) ] r’a®E.PAd +
E (1 - )leuf(Ha)zEcPrf_ E (1 - lIJ)Z'Sp-f ’u_anaEcPrfm~ 21)
n _ =(m+n)rm Q 1 _ RScRea .,
P = i @Sy + G AL =) O ugSy’ = SS9 = = (22)

Equations (20),(21) and (22) are higher order of non-linear ordinary differential equations and to get the numerical
simulations, the higher orders are reduced to first order ordinary differential equations to achieve (32) by letting

z=fiz=fz3=f" 2 =25 =526 =52, =Y’ (23)
From equation (23), we get
z'i =12, (24)
z'y =24 (25)
Zy=f"=—-(m+1) (r:;(:z y) 5m+1 ReA1(1 — )25 z217, + a2 Re(z3 +az,) — ( a? — 0‘—Z(Ha)z) Z, — (a3 - @) zZ; —

vy — oG (T)z, — a3G,(C)z, — Ha ’anrgm—ﬂ[ZEiZZ + 2,29 +— Zgzl] + (Ha)2Z

onf 2Qvpa® 2.
2+u_nf sm+1 ( 8) U

(26)
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z'y = Zs (27)

zZ'c=¢" = —W:i)n:#yﬂz‘} + ai—:voPrZS — D¢P.z', — E.P, [48:]—11 (z)? + crz—zzocz(vo)2 — Z%VOOLZZ + sm%(zz)zl -
r2a?E.P Az, + % (1 — §)25(Ha)E Pz, — %2 (1— )25 \/z:n: HaE P,z,2¢: V (28)

z'e =127, (29)

2y =" = SO 02 g T AL (L= ) P uSezy — oS5 — B g (30)

Z'g =274 31)

The equations (24) to (31) yield the following systems of equations.
z' =F(,z) (32)

[ |
I [ zs |
z= Z F = (33)
Zg Z7
Zy w
Zg Zy

Table 1. Thermophysical Characteristics of Silver and Water.

<& cH N

3. Results and Discussion

Nanoparticles Cp K P [
Water 997.1 4179 0.613 0.06
Silver 10500 235 4291 6.3 X 107

Table 2. Values of Physical Parameters.

Re G, E, Y A Y

15 5 0.02 0 0 0.2
20 20 0.06 0.5 2 0.5
25 35 0.1 1 5 0.7

Stretchable wall

Magnetic Field@

tretchable wall

Nanopanicles @
Magnetic Field

Figure 1. Flow Diagram of Unsteady MHD Nanofluid Flow Through convergent-Divergent Channel with Heat and Mass Transfer.
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Figure 2. Effect of nanoparticle volume fiaction on velocity(f (1)), temperature (¢ (1)) and concentration (y(n)) profiles for a divergent (Left panel) and a

convergent (Right panel) channel.

We present the results of parameters variations
(Unsteadiness time parameter, the Eckert number, Reynolds
number, Grashof number, heat generation parameter) and
effects of nanoparticle volume fraction on the velocity,
temperature and concentration profiles. The Prandtl number
is fixed as 6.2 due the base fluid that is water. The different

values of physical parameters are given in the table 2 that are
used to generate the Graphs. Results and discussions on
unsteady MHD Nanofluid flow are presented below. The
divergent channel is represented by solid lines and
convergent channel is represented by dashed line.

Studies on MHD Nanofluid Flow through convergent-
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divergent channel have been done before. Ashish Mishra [14]
carried out a study on the roles of Nanoparticle and heat
generation/absorption on MHD via porous
stretching/shrinking convergent/divergent channel. They
determined the effect of nanoparticle volume fraction,
Hartmann number, Grashof number, Eckert number, Heat
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1.025

o(n)

1.015

1.01

generation parameter, Reynolds number on velocity and
temperature profiles. In the current study, a researcher
contributes on the effect of the unsteadiness time parameter
and extends the investigation on the mass transfer of the
Nanofluid flow that were not considered in the previous
study.
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From Figure 2(a). The velocity of the Nanofluid decreases ~ with the increase in the nanoparticle volume fraction.
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Viscous effects can be considered as responsible for this
result. From Figure 2(b). The rise in temperature due to
thermal conductivity of the nanoparticles reduces the effect
of viscous drag force hence increased velocity. From Figure
2(c) and 2(d). The reduction in the temperature is due to the
fact that the thermal conductivity and thermal boundary layer
thickness decreases with the increasing values of the
nanoparticle volume fraction. From Figure 2(e) and 2(f). The
concentration of the Nanofluid increases with the increase in
the nanoparticle volume fraction. As nanoparticle volume
fraction increases, the thermal conductivity and thermal
boundary layer thickness reduce which in turn leads to low
kinetic energy that reduces the distance between the
Nanofluid molecules hence increased concentration.

From Figure 3(a). The increase in the Grashof number leads
to a decrease of the viscous forces and this reduces the effect
of the drag forces in the Nanofluid flow; hence the increased
velocity. From Figure 3(b). The velocity decreases with the
increase in the Grashof number. This is due to the effect of
viscous forces that increases the drag forces which lead to
reduction of velocity. From Figure 3(c) and 3(d). The increase
in the values of the Grashof number leads to the rise in
temperature due to the fact that the viscosity and temperature
have the inverse relationship, then the temperature increases
when the viscous forces decrease. From Figure 3(e) and 3(f).
The concentration of the Nanofluid decreases with the increase
in the Grashof number. This is due to the rise in temperature
that causes the increase in the kinetic energy which in turn
leads to the increase in the space between the molecules of
Nanofluid then resulting in decreased concentration.

From Figure 4(a). The Eckert number denotes the effect of
viscous dissipation on thermal field. When the Eckert
number increases, the Nanofluid friction plays dominant role
to increase the amount of heat and Nanofluid flow rate along
the maximum point of the channel becomes faster, hence
increased velocity. From Figure 4(b). The velocity decreases
with the increase in the Eckert number. This is due to the
thickness of the thermal boundary layer, hence reduced
velocity. From Figure 4(c) and 4(d). The temperature of the
Nanofluid increases with the increase in the Eckert number.
The rise in temperature is due to stronger viscous dissipation
in both channel. From Figure 4(e) and 4(f). The
concentration of the Nanofluid decreases with the increase in
the Eckert number. As the values of Eckert number increase,
the temperature will rise and the kinetic energy increases,
which lead to the increase in the space between the Nanofluid
molecules, hence the reduction in concentration on the
Nanofluid in both channel.

From Figure 5(a). The velocity increases with the increase
in the unsteadiness time parameter. The increase in the
unsteadiness time parameter leads to widening of the
boundary layer thickness, hence increased velocity. From
Figure 5(b). The velocity decreases with the increase in the
unsteadiness time parameter. The boundary layer is reduced
due to no-slip condition and viscous drag forces which leads
to the decreased velocity. From Figure 5(c) and 5(d). The
temperature increases with the increase in the unsteadiness

time parameter, this is due to the fact that viscosity and
temperature are inversely related. A decrease of viscous
forces leads to an increase in temperature. From Figure 5(e)
and 5(f). The concentration of Nanofluid decreases with the
increase in the unsteadiness time parameter due to the mass
diffusion within the concentration boundary layer region.

From Figure 6(a) and 6(b). The velocity increases at
constant speed with the increase in the heat generation
parameter. This is due to the rise in the temperature that
reduces the viscous forces. From Figure 6(c) and 6(d). The
temperature of the Nanofluid increases with the increase in
the heat generation parameter due to the widening of the
thermal boundary layer, the heat generation increases the heat
transfer and the maximum amount of heat leads to rise in
temperature. From Figure 6(e) and 6(f). The concentration of
Nanofluid decreases with the increases in the heat generation
parameter. The rise in temperature leads to an increase in the
energy that widen the distance between Nanofluid molecules
hence reduction in concentration of Nanofluid.

From Figure 7(a). The velocity increases with the increase
in the Reynolds number. The viscous drag force is reduced as
the viscous forces decreases hence increased velocity. From
Figure 7(b). The velocity increases with the increase in the
Reynolds number. This is due to the effect of viscous force.
From Figure 7(c) and 7(d). The temperature profiles increase
with the increase in the Reynolds number. This is due to the
fact that viscosity and temperature have inverse relationship,
then a reduction in viscous forces lead to rise in temperature
in both convergent-divergent channel.

From Figure 7(e) and 7(f). The concentration decreases
with the increase in the Reynolds number. The rise in
temperature is associated to the rise in the kinetic energy of
the Nanofluid which enlarges the distance between the
molecules that leads to reduction in concentration.

4. Conclusion

1) The nanoparticle volume fraction decreases the velocity
of the Nanofluid in the case of divergent channel. For a
convergent channel, the increase in the volume fraction
increases the velocity. Temperature decreases for
increasing the values of nanoparticle volume fraction
for both stretching and shrinking channels. The higher
amount of nanoparticle volume fraction, higher value in
the concentration of Nanofluid for both divergent and
convergent channel.

2) The Grashof number increases the velocity in divergent
channel due to temperature differences and reduces the
velocity in convergent channel due to viscous forces.
The Grashof number decreases the temperature in
divergent channel and increases the temperature in
convergent channel. The Grashof number increases the
concentration from the walls to the centre and reduces
the concentration at center line in divergent channel. It
decreases the concentration.

3) Eckert number increases temperature of the Nanofluid
for all the cases. The unsteadiness time parameter



22

Felicien Habiyaremye ef al.: The Effect of Heat and Mass Transfer on Unsteady MHD Nanofluid Flow
Through Convergent-Divergent Channel

increases the velocity in divergent channel and
decreases the velocity in convergent channel. It
increases the temperature for both divergent and
convergent channel. The concentration of Nanofluid
decreases with the increase in the unsteadiness time
parameter for both divergent and convergent channel.

4) The heat generation parameter increases the velocity and

temperature for both divergent and convergent channel.
The heat generation decreases the concentration of
Nanofluid for both divergent and convergent channel.

5. Recommendations

Further research can be carried out by considering the

following;

1) Effect of heat and mass transfer on unsteady MHD

Nanofluid flow via convergent-divergent channel under
strong magnetic field.

2) Effect of heat and mass transfer on unsteady MHD

Nanofluid of compressible flow through convergent-
divergent channel.

3) Effect of skin friction coefficient, Nusselt and Prandtl

number on unsteady MHD Nanofluid flow through
convergent-divergent channel with heat and mass transfer.
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