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Abstract: There is no minimal uncertainty in position measurement in the Heisenberg uncertainty principle is to be
considered as the minimum of space resolution, whereas numerous theories of quantum gravity predict the existence of a lower
bound to the possible resolution of distances. The minimal length is considered commonly by a modification of the Heisenberg
uncertainty principle into the generalized uncertainty principle (GUP). The application of GUP modifies every equation of
motion of quantum mechanics and consequently, a new window of research has opened to study quantum mechanical problems
under the framework of GUP. In this article, we present an exact solution of the Dirac equation with a combined static electric
and magnetic field under the framework of GUP and obtain exact energy spectrums. The spectrums manifest a super-symmetry
for the sufficient large magnetic field intensity compared to the electric field intensity. The methodology of the solution is
designed for convenient implementation of the key property of the harmonic oscillator, the kinetic and potential energy parts of
the Hamiltonian are of equal weight. An obligation for the existence of the solution is found that the magnetic field is stronger
than the electric field. Our obtained result is confirmed by rendering energy levels of a relativistic electron in an external
normal magnetic field, found in the literature.
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has a small positive value. This reformed commutation

1. Introduction

A fundamental length in the Planck length scale has
appeared in the perspective of the string theory through the
observation that a string cannot probe the distances that are
smaller than its length [1-6]. The holographic principle [7],
black hole physics [8] and non-commutative geometries [9]
all strongly support the appearance of the fundamental
length. From the viewpoint of quantum mechanics, this
fundamental length has shown up as an extra uncertainty for
measurement in a position [10-13]. Therefore, the ordinary
canonical commutation relation between the operators of
position and momentum turns into a modified form,

[x, p] :ih(1+,3p2) , where the deformation parameter [

relation leads to a modification in the Heisenberg uncertainty

7
relation as AxAp = E(l + ,8Ap2) . This adjusted uncertainty

product obviously implies the lower bound of uncertainty in
a position measurement Ax ;. =h\/z . This modified
uncertainty product is typically known as the generalized
uncertainty principle (GUP) [14], or minimal length
uncertainty relation. Consequently, in configuration space
2
momentum operator becomes p = —1'7/“1i 1+£ —1'7/“1i
Ox 3 Ox
and the position operator persists the same as ordinary
operator x [11] due to GUP.
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The perception of the GUP provides a suitable framework
for the unification of quantum mechanics and general
relativity under the dominion of quantum gravity [15].
Besides, this framework of GUP could be of excessive
attention in both relativistic and non-relativistic quantum
mechanics. An astonishing aspect of the conception is that
this minimal length can regularize unexpected divergences in
the quantum field theory [16]. The notion of GUP can
moreover offer a best latest framework for an effective
narrative of complex systems for example several collective
excitations in solid or composite particles and quasi-particles,
for example, nucleons, nuclei, and molecules [13]. In fact, it
is conjectured that this fundamental length may be
interpreted as an intrinsic gage depicting the finite size of the
measured system and its structure under revision [16]. A
minimal length is obviously found to be operative in each
quantum system when the non-pointness of the constituent
parts of the system like an electron, nucleon, etc. whose
positions are determined is accounted for within the
framework of quantum measurement [17]. One of the
significances of the GUP is that it represents the fascinating
UV/IR mixing: when Ap is large (ultraviolet (UV)), Ax is
proportional to Ap and hence is also large (infrared (IR)).
This kind of relationship is found in non-commutative
quantum field theory [18] and in Ads/CFT correspondence
[19]. The meaning of UV/IR mixing is physics of short
distance can be probed by the physics of long distance.

The framework of the GUP has caused new implications in
solving quantum- mechanical problems from the beginning
of the present century. A great amount of work has been
devoted to study the effect of the GUP on quantum-
mechanical problems: The implications of the framework of
GUP on the equation of motion for simple harmonic motion
have been discussed in [20]. The exact solution of harmonic
oscillators Schrodinger equation in D-dimensions has been
presented in [21]. Some features of a bouncing particle in
Earth’s gravitational field under GUP are studied in [22]. The
modification to the quadrupole moment of deuteron brought
by the generalized uncertainty principle is calculated and an
estimation of the minimal length is found in [23]. The
approximate energy levels for hydrogen in presence of
nonzero minimal length in coordinate space have been gained
in [24]. The elastic scattering problem for the Yukawa and
the Coulomb potential is studied in [25]. The classical limit
of the motion of a particle in a central force potential is
investigated in [26]. The modification of quantization of the
electromagnetic field for GUP has been analyzed in [27]. The
amendment due to GUP to the energy ground state of the
deuteron, where Yukawa potential is the binding force
between the nucleons, is estimated in [28]. The implications
of the GUP on cosmology have been discussed in [29]. The
(2 + 1)-dimensional Dirac oscillator under a magnetic field in
the presence of a minimal length is investigated in [30]. The
free particle Dirac equation through GUP is solved in [31].
The minimal length framework is inserted in the Dirac
equation in [32], where an exact spectrum of a one-
dimensional Dirac oscillator has been deduced. Dirac
oscillator in momentum representation has been solved in

[33]. An approximate leading influence of the GUP on the
energy spectrum of 1D Dirac equation with a linear scalar
potential has been obtained in [34]. The exact scenario of a
Dirac particle confined by a mixed vector-scalar linear
potential in [35] and a linear scalar potential in [36] has been
explored. The wave equation for a relativistic electron in
two-dimensional electron gas with a normal external
magnetic field has been solved exactly in [37]. The
compatibility of noncommutative algebra with GUP for
graphene is discussed in [38]. Construction and exploration
of the observable consequences of GUP in relativistic
quantum field theory are exposed in [39]. A quantum field
theoretic toy model built on GUP is formulated in [40].

In this article, we propose an exact solution of the Dirac
equation with a combined static electric and magnetic field in
the context of the GUP and along in the context of the usual
Heisenberg uncertainty principle. The task expresses a
relativistic electron that moves in the x-y plane in the
presence of a mutual perpendicular electric and magnetic
field, where the electric field is in the y-axis and the magnetic
field in the z-axis. The uniform electric field is implemented
by a scalar potential and the uniform magnetic field is
executed by a right selected of the gauge field. The
performance of the exact solution depends on the knowledge
of the energy spectrum of the harmonic oscillator with GUP.
The fundamental property of the harmonic oscillator, kinetic
and potential energy parts of the Hamiltonian are of equal
weight is used. The solution of the Dirac equation with a
combined static electric and magnetic field within the
framework of GUP shown here is of curiosity since it gives a
model of a two-dimensional electron gas system in presence
of a mutual perpendicular static electric and magnetic field
and has various applications in advanced solid-state physics.
The present work is of much interest since it offers a suitable
framework for the exploration of phenomenological aspects
of quantum gravity proposals.

The arrangement of the article is as follows: In section 2,
we formulate Dirac equation for the electron in presence of a
combined static electric and magnetic field by an appropriate
choice of the scalar and vector potential giving rise to an
electric and magnetic field respectively and two coupled
differential equations are obtained. We then solve the
differential equations in the context of the ordinary
Heisenberg algebra in sub section 2.1 and of a modified
algebra for the GUP in sub section 2.2, where the energy
spectrums are obtained exactly. The ending section 3 gives a
brief conclusion.

2. Exact Solution of the Dirac Equation
with a Combined Static Electric and
Magnetic Field

In the presence of an external electromagnetic field, the
Dirac equation for an electron of mass m, charge —e(e > 0)

moving with linear momentum p is [41]
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where, @ and [ are Dirac matrices, @scalar potential, A the
vector potential, ¢ the speed of light and ¢(X,¢) is a four-
component spinor. In the case of stationary states, we can write

Et

WED=WEe @)

Using this in equation (1), we obtain
[cﬁ’ [ﬁ P +£;1j — e+ fmc’ }/x(fc) =EY(E). ()
c

We consider that a relativistic electron is moving in x-y
plane with a uniform velocity. A uniform electric field is
applied in y-axis and a uniform magnetic field normal to the x-
y plane that is along z-axis. The scalar and vector potentials are

p=-€y “)
and
A, =-Byy, 4y =4, =0, (%)

where € and B, are electric and the magnetic field strength

respectively.
For the electron, we can write the equation (3) as

(ca’xpx +ed,p, ted A, +te€y +,Bm02) ¢ (x.y)=Ep(x.y), (6)

A standard representation of Dirac matrices for two spatial
dimensions is

[ czpf —20eBOpr+e2B§y2 +c2pf, —iceBO[y,py] } Y, (x,y) = (E—eﬁy)2 —m2c4] Y, (x,y)

and

[ czpf —2ceBOpxy+e2B§y2 +02p§ +iceByly,p,] } Y, (x,y) = (E—eﬁy)2 —m2c4] Y, (x,y).

N
a,=o,= (7)
and
1 0
=g = R 8
ol ) o
where 0 (i =X, y,z) are the 2x2 Pauli matrices and a two

component form for ¢ is

W
= s 9
v=(y'] o)

which is a spinor mixing spin-up and down-components with
positive and negative energy. Using the representation of
Dirac matrices and the spinor, we obtain the following
coupled equations:

(cpx —icp, —eBOy) v, (x,y) = (E —e£y —mcz) w, (x,y) , (10)
and
(cpx +icp, —eBOy) U, (x,y) = (E —e&y +mc2) v, (x,y) -(11)

Putting the value of ¢, from equation (11) in equation
(10) and putting the value of ¢, from equation (10) in

equation (11), the following two coupled equations can be
obtained:

(12)

(13)

In deriving stages of the equations (12) and (13), we have assumed that [p,,p,]=[y,p,]=0.

2.1. Perspective of the Ordinary Heisenberg Uncertainty Principle

Now we focus to the problem of solving equations (12) and (13) in the framework of ordinary Heisenberg algebra. Using the

Ox

. 0 0 S .
Heisenberg algebra [y, p,1=ih, p, = ~ih—,p, = —iha— and considering the solutions as
v

and

\/ﬁeh lﬂ1 (y) (14)
! e?‘"-*wz (»), (15)
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equation (12) and (13) can be cast into

2({p2 _ 2
e (BO € ) _cByp, —¢E 1(y)_ E? 5 z_eBOh_p2+(CBopx_5E)2

2
Pyt y —Tmc . oy (16)
g c? e(Bj —52) ¢’ c c? (Bj —52) )
and
(B -¢2)| cp £| E? Byh (cBypy —€E)
0 cByp, — € _ e Chy Py ~
p§+ 2 Y- 02 2 1//2(}’)— _Z_mzcz+ . —pf+ 2O 2 _ 2 ‘/’z(y)- (17)
c e(BO - ) c ¢ c (Bo -& )
. , Byp, —€E . . . 0 ., 0 , .. .
Let us write y' = y—L. Under the variable conversion p,, = —ii— =—ih— = p, . We divide both sides of
(8 -¢*) o oy
0
equations (16) and (17) by 2m, then we have
12 2 2 2 2
P 1 ' ' E mc*  eByh  p>  (cByp, —€E )
Y +—ma)2y2 (/Il(y)= >~ -9 _p_+—( 0 ) wl(y), (18)
2m 2 2mc 2 2em 2m el (Bg _52)
and
12 2 2 2 2
p 1 ' ' E mc*  eByh  pr  (cByp, —€E ,
v —maty? g, (V) = | -+ S0 AN ) w, (v, (19)
2m 2 2me 2 2em 2m Qme? (Bg _52)
eBy -€ | . . . o
where w| =———— |is an angular frequency in e.s.u. Both equations, (18) and (19), are the simple harmonic oscillators

mc

Schrédinger equations having frequency . Hence for equation (18), we have

2 2 2 2
B, 7 Byp, —€E
E° mc” _eB _p_X+(C 0P ) =(2n+1)h—w. (20)
2me* 2 2em 2m et (302 _52) 2
This equation gives the following quadratic equation for energy
3
B&E2 —2¢Byp,.EE + ceB0h£2 —ceth - (2n + l)ceh (Bg -&? )2 —B&mzc4 +&7m*ct + czé‘zpf =0. (21)
From this quadratic equation, the spectrum of ¢ is given by
3
I3 I3 2|2 I3 : I ?
E =cp.—=* | | (2n+1){1-| = +1|heByc +m*c*{1-| = | }—heByc| — | ,
"R Gr) [BOJ ’ (BOJ ’ [BOJ 22)
n=0,1,2....
For equation (19), we have
E? me? | eByh p2 (cBOpX —‘EE)2 how
- + D L2t S S =(2n'+l)T. (23)

2me? 2 2em 2m 2m02(33_52)

This equation gives the following quadratic equation for energy
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2.2 4

3
BIE* -2cB, p £E —ceByhe* +ceth—(2n'+l)ceh(Bg —6‘2)2 -Bim*ct + e2mPt + Pt p? =

From this quadratic equation, the spectrum of ¢/, is given by

N | W

2
E, :chBii (2n' +1) 1—[i]
0 0

2 2
=1 |heByc+m*c* {1- £ +heBc £ ,
B B, B
n'=0,1,2....

0

The exact form of ¢, (x, y) and ¢, (x, y) are

e(Bg - 82) ,
and

1w, ¢Byp, —€E
(/IZ(XLV):\/?Teh l//Zn' y_L

e(Bg —82)

respectively, where ¢, ( y’) and ¢, ( y’) are the wave functions of simple harmonic oscillator.

2.2. Perspective of the Generalized Uncertainty Principle

+c'e"p; =0.

29

24

(25)

(26)

27)

In this section, we will focus to the problem of solving Equations (12) and (13) under the perspective of the generalized
Heisenberg algebra. Using the generalized commutation relation, [y, p, ] = ih(l+,8 pi) in equation (12) and (13), we obtain
respectively

[ czpf —2ceByp,y+ engy2 +c2pi + ceBoh,Bpi] Y, (x,y) = (E? =2ecEy +&*e*y? —m?c* —ceByh) Y, (x,y)
and

(28)
[czpi —2ceByp.y+ ezli’gy2 +02p; —ceBOh,Bpi] Y, (x,y) = (E2 —2ecEy + 62£2y2 —m?ct+ ceByh) Y, (x,y) . (29
Let us assume the solutions as
L
R S , (30)
x,y)= e

W ( J’) ,—27_[ W (y)

and
L
R T (31)
X, - e s
Y, ( J’) ,—27_[ W, (y)

. ol Bl oY a|. B
U =—ih—|1+ —ih— d =—jh—|1+=
sing p. i ax[ 3( i axj }m Dy i ay[

easily can find that

2
3 [—ihaij } and performing some algebraic operations, one
y
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“xp
1 X
p (x,y)=(px+§p§j ,—Meh () (32)
2 i‘xp
1 X
pil/ﬁ(x,y):(px +§pij \/ﬁeh ¢’1(y)’ (33)
L
1 x 34
P == i 0) .
L
1 X
pxw2(x9y):(px +€pij ,—zﬂeh l/lz(y)’ (35)
.y
1 X
Pfé”z(x,y):(l?x‘“gpij \/;Teh l/’z(y)’ (36)
and
LI
P, (x,y)=J;—7Teh ks (). (37)

Using these, equation (28) and (29) can be cast into

c 02 & e(Bg —52) “ (y)
. (38)
E? B (B 5) {CB{p*{piJ_gE}
| £ _ 2 2 _ebyn P 3
[CZ m c ( x+3pr + 02(33_82) l/jl(y)
]
and
B 2
2 p2 2 cB +2 3 |—¢E
eB e (Bo -£ ) 0(px 3pxj
1- 8 —2 | p? -
( b c j r ¢ g e(Bg—gz) v:02)
, ) (39)
L 3 —
_|E*_ 55 eByh B Y {CB‘)(""UP") gE}
T + too |t 22 > ‘ﬂz()’)
c ¢ 3 c (Bo —5)
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cBo[pﬁ'gpij-fE

2) .Under the variable conversion

2 2
UL 1SV T S AT D I
Y dy 3 dy ' 3 o' Y

After dividing both sides of equations (38) and (39) by 2m, the equations are turned into

2
12 2 2
N By —&
(1+ﬁheB0jpy +lm e 0 y!2

Let y'=y-

e(Bg -&

c )2m 2 mc ¢ (y)
2 : (40)
2 2 px+£p)?; CBo(px""BPij‘fE
_| E° _mc” eByh 3 + 3 w (y')
2me* 2 2em 2m 2mc? (Bg —52) :
and
2
eB,\P, 1 |eyBy-€ | |, ,
[l‘ﬁhﬂ—;*a’”{—mc )
2 2
41
. . pe+2 p: CBo(pﬁﬁpij-fE @b
_| E mc® | eByh 3 3 .
“2me 2 +20m_ 2m ¥ 2 2(2—2 ‘//2(y)-
mc By —& )

e /Bé—é‘z

Let us set ——;—— = w (an angular frequency in e.s.u) which imposes a requirement for the existence of the solution that
the magnetic field intensity must be greater than the electric field intensity,

2
B .Y B
+= B +— —&E
Ez _mcz_eBOh_(px 3px .\ Chby | Py 3px

=F' 42
2mc® 2 2cm 2m 2mc’ (Bg —52) “2)
and
2
ﬁ 3 ’ ( ﬁ 3 j
+= cB +— -¢E
E*  mc | eByh (p" 3 Px o\ .

- + - + =E". (43)

2mc® 2 2cm 2m 2mc’ (Bé - 52)

Then equations (40) and (41) can be turned into the form as

eB p,2 1 I T T !

H”ﬁ”f’)ﬁ*zmw}% (v)=En () )

and

B, \ Py 1 ., , . .
Kl—ﬁh%’]ﬁjmw :lllfz(J’)=E w, (y'). (45)
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. . eB . .
It is noticeable that 1+ B7i— are dimensionless factors
c

and both factors occur as a multiplication of kinetic energy
2
p . . .
operator (zy] , one is in equation (44) and other in
m

equation (45). Obviously, equation (44) and (45) both are
deformed Harmonic Oscillator apart from the dimensionless
factors. Therefore, we can make use of the aspect of
harmonic oscillator, the kinetic and potential energy parts
of the Hamiltonian are of equal weight, for obtaining

energy spectrums. The property also retains classically. To
find the energy levels of ¢, and ¢, , the aspect can be

applied in the following method [36]: Divide the harmonic
oscillator energy spectra due to GUP into two halves and

multiply the one half by 1+ ﬁhﬂ for equation (44) and
c

B . . .
1- ,Bhe—o for equation (45). The harmonic oscillator
c

energy levels due to GUP are [21]

2
E, :[n +%jha}+[n2 +n+%JM, n=0,1,2... (46)
Using the treatment as stated, the following equation is found for equation (44):
Byh’w 2 *meByh’ &’
E, =(2n+1)h—w+(2n+l)&+(2n2 +2n+l)M+(2n2 +2n+1)ﬁme—°. (47)
2 4c 4 c
Up to 1* order in B, E, is given by
Byh*w 2
E, = (2n+1)h—w+(2n +1)&+(2n2 +2n+l)M. (48)
2 4c 4
Replacing E, and Wby their values, we get the following quadratic equation of energy
3
2BjE* —4cB +B 3 ) ep v 2ceB ne —2ceBin-2(2n+1)cen( B - 2 )7 —(2n +2n+1) g (B2 -2’
) cBy| P, 3px£ ceByhe ceBy (n )ce ) —E n n+l1|Be Y — &
. , (49)
2p 32(p2 _ 2\2 2 2 4 2 2 4 2.2 3=
- (2n+1) BBy (B - 2 )7 —2Blm*ct + 267w +2c%e (px+?pxj—0.
From this quadratic equation, the spectrum of ¢ is given by
B 3) ¢ g2 )2 & e Y
E =clp +=p_ |—=% (2n+1) I-—— | +1 erBoc+mzc4 l—— |—heByc| —
X 37X)B, B: B; B,
| n=0,1,2,.... (50)
2 32
o2 +n+d) 2B I N Sile* B ]
2 ‘U B 2 ‘U B ’
Again using the treatment as stated, the following equation is found for equation (45):
Byl w 2 *meByh’ o
£y = (20 +1) 12 (2 41) BB @ +(2n w2 1) B2 22 —(2n'2+2n'+1)—ﬁ e &)
2 c 4 8¢
Up to 1" order in B, E, is given by
Byh*w 2
E, = (2n'+l)h7w—(2n'+l)’ge++(2n'2 +2;¢+1)M. (52)
c

Replacing E, and @ by their values, we get the following quadratic equation of energy
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X

3
2B2E> - 4cB, [px +§p3 ]SE - 2ceByhe’ +2ceByh=2(2n+1)ceh(B] - £ )2 = (2n” +2n+1) g’ B} - & )2

3

(53)

+(2n41) By (B - &2 ) ~2B}m’c* +267m?ct +2c% ( P, +§ pfcj =0.

The quadratic equation (53) gives the spectrum of , as

ﬁ 3 S ’ 2
En’:C<px+§px>B_oi 2n +1) 1_B_§

2

+ (n'z +n'+ %),theng (1 —;—22) - (n'

0

The equations (50) and (54) give the exact energy
spectrums of the Dirac equation leaded by GUP with a
combined static electric and magnetic field. The spectrums
(equation (50) and (54)) manifest a broken super-symmetry.
We see that a remarkable significance of the minimal
observable length is the attendance of a square of quantum
number in the energy spectrums, since it is a feature of a

3
e%\2 - € £\2
—1;heByc +mec*| 1 5z + heBoc<B—>

+2)Bh2e?BE (1 - ;—;)g]

2

0 0

N

, n'=0,1,2.. (54)

particle in confined potential. If the GUP parameter =0 is

set in the equations (50) and (54) then they reproduce the
equations (22) and (25) respectively.

In absence of electric field, that is, when only magnetic
field is presence, the expression of energy spectrum of ¢,
cuts to

E, = i\/2(n +1)heBOc+rr12(:4 +(n +1)2 Br*e*B;, n=0,12...

and the expression of energy spectrum of ¢/, cuts to

(35)

E, = £\/2n'heByc + m?c* + n2Bh%e2BZ, n' = 0,1,2...

which fully coincide with the expression of the energy
spectrums of a relativistic electron in an external uniform
magnetic field under the perception of the nonzero minimal
length [37].

When magnetic field intensity is large enough compared to
the electric field intensity i.e., B, >>&, we can neglect the

(56)

. £ L .
terms of higher order of — containing in both equations
0

(50) and (54). In this case, therefore, the spectrum of ¢, is
given by

E,=c (px + ng)Bi +/2(n + DheByc + m2c* + (n + 1)2Bh%e?BZ, n =0,1,2...
0

and the spectrum of {/, is given by

(57

E =c (px + gp,%)Bi + /2n'heByc + m2c* + n?2fh2e2BE, n' =0,1,2...

e

Now, the E,, given by equation (57) is exactly the same as
E, ' given by equation (58) except that E, - holds an additional
level, the ground state with »' =0 . Therefore, ¢, & ¥,
form a super-symmetric partner, where magnetic field

intensity is sufficiently large compared to the electric field
intensity.

3. Conclusion

In this article, we have formulated the problem of the
Dirac equation for an electron in presence of a combined
stationary electric and magnetic field by an appropriate
setting of a scalar potential for the electric field and a gauge
field for the magnetic field, leading to two coupled

(58)

differential equations. These equations have been solved
through analogy with quantum harmonic oscillator under the
ordinary Heisenberg uncertainty relation and under the
minimal length uncertainty relation separately, although the
chief attention of this article is to do solve the coupled
equations within the GUP framework. The coupled equations
can be cast into the form of the harmonic oscillator under
GUP with an additional dimensionless factor that occurs as a
multiplication of kinetic energy operator. Implementing the
property of harmonic oscillator, the kinetic and potential
energy fragments of Hamiltonian are equal in weight, we
have gained the energy spectrums of the coupled equations
under GUP. The energy levels can be reduced correctly to the
ordinary result by setting the deformation parameter is zero.



34 Md Moniruzzaman ef al.: Exact Solution of the Dirac Equation with a Combined Static Electric and
Magnetic Field in the Context of Generalized Uncertainty Principle

The accuracy of the obtained result is confirmed by rendering
the energy levels of the relativistic electron in presence of
normal magnetic field by putting the electric field intensity
£=0. A requirement for the existence of the solution is
found that the magnetic field intensity must be greater than
the electric field intensity. Unlike the traditional case without
GUP, the exact energy spectrums of the electron show n’ -
dependency as the spectrums of the particles in confining
potentials that is a remarkable significance which is a result
due to the existence of a lower bound of uncertainty in
position. The spectrums reveal a manifestation of broken
super-symmetry. When magnetic field intensity is large
enough compared to the electric field intensity, the spectrums
reveal a manifestation of super-symmetry.

In brief, we have explored a solution of the (2+1)
dimensional Dirac equation with a combined stationary
electric and magnetic field under the influence of the
Generalized Uncertainty Principle and obtained the exact
energy levels. This article thus describes a relativistic
electron in a combined external stationary electric and
magnetic field under the GUP scenario.
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