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Abstract: The input and output variables in fuzzy systems are linguistic variables. The base of the fuzzy rule represents the
central part of a fuzzy controller, and the fuzzy rule represents its basic part, and it has the following form: "if R then P", where
R and P represent the fuzzy relation, i.e. the proposition. Complex systems described by fuzzy relations generate a large
number of inference rules. Grouping the states into clusters on the basis of which we make conclusions about the value of the
output variable is performed by an expert based on his or her experience and knowledge. Ideally, the number of clusters should
correspond to the number of attributes by which the value of the output variable is classified, which, in reality is not the case.
In the absence of experts, we perform grouping on the basis of some of the criteria. One way of grouping descriptive states into
clusters is presented in this paper. It presents a construction of the method of grouping descriptive states of fuzzy models, with
the aim of drawing conclusions about the value of the output variable described by a given state. The presented method of
grouping descriptive states is based on defined characteristic values associated with fuzzy numbers by which the input
variables of the model are evaluated. They represent the basis for defining the characteristic value of the descriptive state of the
output variable of a fuzzy model. For the presented method, a mathematical logical argumentation of the application is given,
as an algorithm for the application of the constructed method. The application of the algorithm is demonstrated in measuring
the economic dimension of the sustainability of tourism development, measured by comparative evaluation indicators.
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framework of cognition of term X, if each element of term X
is associated with at least one fuzzy set with a non-zero
degree of affiliation.

In the theory of fuzzy sets, a characteristic function, y,(x),
affiliation of element x to set A,

w@={5 a4 M

1. Introduction

The meaning of a term is specified by the use of the
attributes. For example, the seasonality of a visit can be high
or low. Obviously, no definite value can be set in which the
benefit ceases to be low. and becomes high. The boundary
between these two attributes is elastic and mainly depends on
a personal assessment and the circumstances in which the
term is observed [14, 15]. If we want a more precise
specification of this term, then we can say, for example, that
the loyalty is: very low., low, medium, high, very high.
Obviously a larger number of attributes contributes to the
linguistic specification of the term, but the problem of limits
still remains open. Fuzzy sets can play a role of elastic limits
between individual attributes. We associate a fuzzy set to
each attribute individually and assign it a domain that has a
clear semantic meaning. Generally, we can say that a family
of fuzzy sets A ={4;,4,,45,...,A,} represents a

is generalized by a function of affiliation, i.e. u,. The degree
of affiliation of element x to a fuzzy set is given by the real
value from interval [0,1], i.e. u,(x): A = [0,1]. Fuzzy set A
is completely determined with the set of ordered pairs: [0,1],
i.e.

A={(x, ua())|x € U, pa(x) € [0,1]}, 2)

where p,(x) is the degree of affiliation of element x to set 4,
and U is a universal set. If u,(x) is greater, then there is so
much more truth in the claim that element x belongs to set A.
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Fuzzy sets written in a triangular form are the most
practical and most commonly used forms of the function of
affiliation, Figure (1). A triangular fuzzy set is written shorter
in the following form: A = trimf[l,m,n], and a function of
affiliation p,(x):U — [0,1] is given by the following

equations
0 n<x<l
Jx;_ll Jd<x<m
pa(x) =02, : (3)
m<x<n

Ln_m

In addition to the triangular fuzzy number, some other
forms are also used: e.g. L-function, I'-function, trapezoidal
form or I1- function, and others. [13] The value of variable x,
for which u,(x) = 1 holds, is called the center of fuzzy set
A . If there are more such values (as in the case of a
trapezoidal fuzzy set A = trapmf a4, a,, az, a,] (Figure 1))
then the set of all values of x, for which p,(x) = 1, is called
the nucleus of fuzzy set A-and it is denoted by

Ker(A) = {x|x € U A, (x) = 1} 4)

The supplier of fuzzy set A is the set of all values of x for
which p,(x) > 0, and it is denoted by supp(4) = {x|x €
UApy(x) > 03

For the practical application of the fuzzy logic in
managing systems, of special importance is the existence of a
fuzzy set along with one element, for which the value of the
function of affiliation is equal to 1. [4,7],

A given fuzzy set A, with ¢ €[0,1], A, ={x€
X|pua(x) = a}is called the a-section of fuzzy set A, Figure
(1). By using the a section, function of affiliation u,(x) of
fuzzy set A can be broken down into an infinite number of
functions of affiliation of the rectangular form a A y,, (x),
where y,,(x) is a characteristic function of set 4.

Definition 1 For fuzzy set A over a set of real numbers it is
said that it is a fuzzy number if:

1. A is a convex set,

2. There is exactly one x € R such that p,(x) =1,
Ker(4) = x,

3. Function of affiliation u,(x) for x € R is continuous at
least in parts [8].

It follows from the definition that a trapezoidal fuzzy set is
not a fuzzy number, but a segment, although this is often
neglected for practical reasons. Zadeh's principle of
enlargement is also important here. [8].

Definition 2. Let A4, A,,...,A, be fuzzy subsets of
classical sets X4, X5, ..., X, respectively, and let function f be
given as: f:X; X X, X...X X, =Y such that for every n-
number (xq,%y,...,%X,) € X3 X X, X...X X,, the following
applies: f(xq,x5,...,x,) =y €Y.

Then B = f(A4,4,,...,4,) is a fuzzy subset of Y whose
function of affiliation is the following:

_ {supymin{u,,l(xl) ..... Ua,(xn)}, ifthereisy = f(xy,..., Xn)
B 0, otherwise

If A and B are fuzzy subsets of universal sets U; and U,,
then the Cartesian product of A X B is a fuzzy reation R on
set U; X U, and we denote it as R = A X B, and for function
Ug: U; X U, = [0,1] the following is valid:

pr(x) = minfp, (x), ug (¥)] (5)

In general, if A4, 4,, ..., A, are fuzzy subsets of universal sets
U;,U,,...,U,, respectively, then their Cartesian product
Ay X Ay X... X A, is the fuzzy relation on set U; X U, X...X
U,.Letus denoteitby R = A; X A, X...X A, and, [4] applies:

MR (X1, Xg, 0, X)) = min{py, (x)|x; € Ui = 1,2,...

pa(®) foa(z
] A_:. (I, m,n] : A = lay, az, a, a4
________ : = ==7% ?
| | |
| | |
ag— — — — — — — £ — + -3 I I
| | | | |
| | | | |
| | | | |
. | | | | |
| . 0 | |
1 m n ay az as ay x
o— TAT —o
— == T e

Figure 1. Triangular and trapezoidal forms of a function of affiliation to a fuzzy number.

A structure P: x is A, where x € U is a linguistic variable,
A € A is the space of linguistic values that variable x can
take, that is, the space of fuzzy sets defined over the domain
U, is called a fuzzy proposition. If we put two fuzzy
propositions in a mutual relationship, then a fuzzy relation is
created. The fuzzy relation of two propositions, for example,

has the following form:
R:xis Aand yis B,

where x € U;,y € U, are linguistic variables, and A €
A,B € B are fuzzy sets. In a fuzzy relation there appears
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function ug(x,y): [0,1] X [0,1] = [0,1] which represents the
"truth" of relation R:
R = {(ur(x, ), x,y)|x € Uy, y € Uz},

yR(x) = p{pa(), us ()} (6)

where p{.} represents one of the operators which forms
function pg(x,y) and which then directly affects the
structure of the fuzzy controller [14,15].

The fuzzy rule base is the central part of the fuzzy
controller. The fuzzy rule as the main part of the base has the
following form: If R then P, where R and P represent the
fuzzy relation or fuzzy proposition. The fuzzy rule needs to
be given meaning in terms of the truth of proposition P, after
determining the affiliation function up(.) of relation R. In
fuzzy controllers, there are usually fuzzy implications of type
min and product which give the meaning pg_p =
min(ug, Up), Ursp = Ug * Up, to the rule "if R, then P"
where R = P is a rule. The min operation of the fuzzy
implication is also called the Mamdani implication and it is
one of the most commonly used implications in a fuzzy
controler. [14, 15]

2. A Fuzzy Process Modelling

A theory based on fuzzy sets allows for the reasoning with
non-specific information. The original idea of making
decisions based on imprecise data by combining linguistic
rules comes from Zade [5] who calls these reasoning
approximate or fuzzy reasoning.

Fuzzy reasoning is a procedure of inference based on
premises (lemmas) that contain linguistic expressions. The
central feature of this theory is a representation of
propositions as commands that join the fuzzy sets. The input
and output variables in fuzzy systems are linguistic variables.
We write a linguistic variable in the form of (x, F, U, M)[7],
where:

1. x is the name of the variable,

2. F is the space of linguistic values that variable x can

take, that is, the space of the fuzzy sets over the domain
U,

3. U is the quantitative domain of consideration of

variable x over which it assumes linguistic values,

4. M is a semantic function (rule) of connecting space

F with domain Ui.e. M: U — F [7]. All possible values of
the input and output variables are associated with the
appropriate degree of affiliation [6].

A FLC (Fuzzy Logic Control) technique of application of
fuzzy sets and fuzzy logic has a significant role in solving
various problems in the theory of decision making. It is
mainly based on if-then rules that describe complex and
insufficiently precise problems with the help of fuzzy sets.

Each FLC process has input and output values that are
given in the form of linguistic variables.

Let linguistic variable x be given by (x, A(x),U, M), and
classified in the domain of definition U = [0,a],a € R by a
family of p fuzzy numbers

A(x) = {(x, ug, (X)) |x € A A c Ui = 1,23,...,p}

and affiliation functions u,, (x), written in a triangular,
trapezoidal or I' form. Let us mark with B;,i = 1,2,...,p — 1
the points of intersection of fuzzy numbers A4;,4;,4,i =
1,2,...,p—1, and with a4,a,,.,a;_1,a;, Qig1yeer Opq their
projections on the Ox axis. Points a; divide segment
U = [0, a] into disjoint subintervals.

Definition 1. Let fuzzy number 4; € A(x) be defined in
domain U; € U. Interval [a;_4,a;] = {x|a;-1 <x < a;x €
A;} € U; is the interval of the dominant affiliation of variable
x to fuzzy number A; in relation to fuzzy numbers
A;_1,A;41 € A(x) defined (or partially defined) in domain
U;, if for all values of variable x € [a;_1, a;] the following is
valid:

ta,(x) = max {uy, (), a, (%), o, (0} (7)
x€la;_q,a;]

Points x = a; are the points of change of the dominant
affiliation in the domain U; of fuzzy numbers A;_;, 4;, A;41
(Figure 2) [11].

To show that [a,a,] S U; is the interval of dominant
affiliation of variable x to fuzzy number A as defined in
domain U, we write in short the following: Daf, (A4) .
Therefore,

Dafx(A) = [al'aZ]
={xla; <x < a,,x € A} c U,. ®)

If it is known which variable the interval of dominant
affiliation refers to, we can omit it in the record, so instead of
Daf,(A) we can write down Daf (A).

Definition 2. If fuzzy set A € A(x) is defined in domain
U, of the universal set, then the difference U,\Daf, (4) =
Daf,(A) is called the complement of affiliation of dominant
set Daf,(A) in universal domain U, of variable x, and we
define it as follows

Daf,(A) = Uj\Dy(A) = {x|x € AAX & Daf,(A)} (9)

3. Mathematical Logical Argumentation
for Clustering Possible States of the
Output Variable

Let the value of variable x be evaluated by family
A(x) = {A1, Ay, ..., Ap} of p fuzzy numbers, and variable y
by family B(y) = {By, By,..., B4} of q fuzzy numbers. A
Cartesian product

(10)

where i = 1,2,...,p;j = 1,2,...,q determins the set of all
pairs of fuzzy numbers for which the values of variables x
and y are evaluated. Each pair of fuzzy numbers represents
one state of evaluation of the output variable u in the fuzzy
model and generates one "if... then" inference rule. Let the
value of the output variable u of the model be evaluated by

A(x) X B(y) = {(4i, B))|A; € A(x), B; € B(y)},
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family U(u) of r fuzzy attribute.

In order to reduce the number of rules on the basis of
which we make inferences about states that describe the
possible classifications of values of the output variable in the
model, it is necessary to group descriptive states into clusters
(classes). Let us consider a method of grouping the output
states in which the value of an output variable has been
described.

The method is based on grouping states based on a unique
value that can be associated with each state that describes the
output variable. This value is called a characteristic value of
the state, and it is denoted as y(s;) € ¥ which assigns a real
number from set K € R to each state s from the set of all
states.

3.1. Characteristic Elements of a Fuzzy Number on the
Dominant Affiliation Interval

Let the value of input variable x given by (x, A(x), U, M)
be classified in relation to the average value, by the family of
fuzzy attributes

A(x) = {less than average, average value,
greater than average} = {A,A,, Az}

Let evaluation A; = less than average correspond to
unsustainable, A, =average value correspond to tolerable,
and Az =greater than average correspond to sustainable state
and let

Daf, (A1) = [0,a1), Daf, (A7) = [ay, a,],
Daf,(A3) = (ay,a]

be intervals of dominant affiliation of variable x for fuzzy
numbers, A,, A,, A3 respectively, (Figure 5), so that order
0<a <a,<1lisvalid.[11]

Let us now define function y,:A(x) = K € R which
associates one real value k from set K € R to each fuzzy
number 4; € A(x) on the interval of dominant affiliation of
the variable x, so that

1. Set K = {—1,0,1}, if the value of domain U of input
variable x is classified by a family of three fuzzy attributes,
according to the rule.

1, if A; describes sustainable state Vx € Daf (4;)

Xx(Ai) =

0, if A;describes tolerable state Vx € Daf (A;)
—1, if A; describes unsustainable state Vx € Daf (A;)

(11)

2. Set K ={-2,-1,0,1,2}, if the value of domain U of output variable x is classified by family A(x) of five fuzzy

attributes

A(x) {(x, uAi(x)) |x EALA C Ui = 1,2,..,5} = {Ay, Ay, A3, Ay, As}={A, = alarming state, A, =
intolerable state, A; = tolerable state, A, = good state, A5 = sustainable state} according to the rule

-2 ,if A; describes alarming state
—1 ,if A; describes unsustainable state
x:(4) =<0 ,if A; describes tolerable state
1 ,if A; describes good state
kZ ,if A; describes sustaianble state

where Daf,(4;) =[a;_;a;],i =1,2,3,45a, =0,Aa5 =q,
and Ule D;=U, U=1]0,a],a € R are the intervals of
dominant affiliation of corresponding fuzzy number A;
defined over domain U;.

3. In case the value of input variable x is classified by
family A(x) of p fuzzy numbers (atributes) and let p =

1(mod2),p € N then set K = {0, +1,%2,..., £}, ie. the
following is valid:yy (4;) € K = {0, 1, £2,..., £ 7=},

Definition 3. Function y,:A(x) = K € R is called the
characteristic function of fuzzy number A; € A(x) on the
interval of dominant affiliation Daf, (4;) of variable x, and
real number k € K is called the characteristic value of fuzzy
number A; on the interval of dominant affiliation.

Let A, A, € A(x) be two fuzzy numbers from the family
by which the values of variable x are classified.

Definition 4. Two fuzzy numbers A,, A, which describe
the values of variable x , and which have the same
characteristic values y(4;) = xy(4,) are considered to be
equal. Symbolically put:

VA, Ay € AX), xx (A1) = xx(4) ® A = A, (13)

Vx € Daf,, < Uy
Vx € Daf,, c U,
Vx € Daf,, © Us
Vx € Daf,, c U,
Vx € Daf,, c Us

(12)

Figure 2. Family of fuzzy numbers A(x) and intervals of dominant
affiliation.

Let us define another characteristic value of variable x
evaluated by fuzzy number A; on the dominant affiliation
interval, x € Daf (4;). This value is called a weight impact of
fuzzy number A; € A(x) in the quantification of variable x.

Let variable x be given by (x, A(x),U, M), and classified
in the domain of definition U = [0, a], a € R by family of p
fuzzy numbers A(x) = {(x, py,(X))|x € Ay A; C Ui =
1,2,3,...,p} and affiliation functions g4 (x) , written in
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triangular, trapezoidal or I forms. Let Daf(4;) =
[a;-1;a;],a0 = 0,a, = a,a € R be the interval of dominant
affiliation of fuzzy numbers A; € A(x). For the observed
fuzzy number A; let us notice the following values of
variable x in the interval of dominant affiliation Daf (4;) =
[a;_1; a;] in the following order:

_ Qi-1ta; _ Qi—1tmp mata;

m,=—"—m= ;. =0

(14)

and A = |A(x)] - the number of fuzzy attributes of family
A (x) be which variable x is classified.

Definition 5. The weight impact of fuzzy number 4; €
A(x) in the quantification of variable x, on the interval of
dominant affiliation Daf (4;) = [a;_1; a;], - let us denote it
by p,(4;),- represents the product of the characteristic value
X of fuzzy number A; and the values of the weighted means
of the dominant affiliation interval, 7,.(4;). Symbolically put:

px(Ai) = Xx(Ai) ' Tx(Ai) where

3
1 Zjaimypa(m))
A my+my+ms

T (4;) = A=A (15)
is the value of weighted means, and A = |A(x)| is the
number of fuzzy attributes of family A(x) by which the

value of variable x is classified. If variable x on its universal

Al Xx(A1)

AZ Xx (AZ)
M (AX)) =

Aol e4y) 7(4y)

3.2. Characteristic Elements of a Pair of Fuzzy Numbers on
a Rectangle of Dominant Affiliation

Let the output variable in a fuzzy model be impacted by
two input variables (x,A(x), U M;), ¥, B®),V,M,)
defined in domains U and V by families of fuzzy

Ax) = {(x, pg,(x))|x € Ay Ay c Uy c Ui =1,2,...,p}

By) ={(y, us;(¥))|y € B;,B;

respectively. With a Cartesian product: A(x) X B(y) =
{(A4;,B))|A; €U, B; € V} of the families of fuzzy numbers
A(x),B(y), defined in domains U[0,a],V = [0,b], a,b € R
all pairs (4, B;) of fuzzy numbers A; € A(x), B; € B(y) are
determined by which the values of input variables x and y
have been determined in the fuzzy model. Let points
0=ag,ay,...,0i_4,0...,a, = @, divide domain U = [0, a]

VicV,i=12,...,q}

Ap;j =

= pa;(x)} AVy € Daf (B;) = max{up, (¥),...

is called the rectangle of dominant affiliation of a pair of
fuzzy numbers (4;, B;) and it is denoted by Daf,, (A;, B;). If
it is known which variables it refers to, then we write
Daf(A;, B;) (Figure 3). The weighted mean of the pair of

7.(41)
T2 (42) [
or My(A(x)) =

[@i-1, a;] X [bj_1, bj] = {(x, y)|Vx € Dafi(4;) = max{py, (%), .

set is classified by fuzzy numbers so that it describes a more
favorable state Aj, then its value is ever so smaller, and we

replace the mean m; with a reciprocal Value —

In this way, to each fuzzy number A4; € c/l(x) there can be
assigned its characteristic elements on the dominant
affiliation interval that represent it in the evaluation of the
output variable of the model, which is called a feature of
fuzzy number A; in the evaluation of the model of variable x,
and that is:

1. xx(4;) - characteristic value of fuzzy number, y,(4;) €
KCcZ,

2. (TX(AL-))- value of weighted means of a fuzzy number
on the interval of dominant affiliation.

3. (px(4;)) - the value of the weight impact of fuzzy
number on the evaluation of the output variable.

The features of fuzzy number A; € A(x) can be
represented in the form of vector
V(4;) = (e (4D, (tx(A)))T. If variable x is classified by
family A(x) = {Aq,43,...,Ap} of p fuzzy attributes at the
intervals of the dominant affiliation of the feature of family
A(x) of fuzzy attribute, then we write it down in the matrix
form as follows:

px(AZ)

|px(4p)|

Ll

into p disjoint intervals [a;_4, a;] of the dominant affiliation
to fuzzy number A4;,i=12,...,p, and let points 0 =
by, by,...,bi_1, b;,. ..,bq = b, divide domain V = [0, b] into
q disjoint intervals [b;_q, b;] of the dominant affiliation to
fuzzy number B;,j = 1,2,...,q

Then lines x = a;, ¥y = b; divide domain

P ={(x,y)|x € [0,a] =Wy € [0,b]

into p - q rectangle Ap;; = [a;_1, a;] X [bj_q, b;] € U; X V;
where U;,V; are the definition domams of fuzzy numbers
A;, B}, respectively.

Definition 6. Let Dafy (x) = [ai_l,ai],DafBj(x)z
[bj-1, bj] be the intervals of dominant affiliation of fuzzy
numbers A; € U;, B; © V;. Rectangle

px(Al)}
(16)

=V}=UXV

" #Ap (X)
,#Bq(J’)} =#B)-(Y)}' 17

fuzzy numbers (4;, B;) on the interval of the dominant
rectangle is defined as follows.
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34

[
[
——— o=

(sAs 38) |
-1 Ap;; = Daf(A, B)
-ty |
I IR i
| | |
| ) |
[ |
= |
| | |
| |
1 Datay |
a, —
ﬁi,éisA lsA—l—sA U x
x

Figure 3. Interval of dominant affiliation of a pair of fuzzy numbers.

Definition 7. The weighted mean of pair (4; B;) €
A(x) X B(y) of fuzzy numbers on the rectangle of dominant
affiliation Ap;; = [a;_1,a;] X [bj_4,b;] is defined by a
relation
mDaf(Ai)Tx(Ai)+mDaf(Bj)Ty(Bj)

mDaf(Ai)+mDaf(Bj)

o (40 B) = (18)

ai

where m; = %Jra‘ is the mean of the interval of dominant

affiliation of fuzzy number 4;, i.e. of fuzzy number B;, and
7, (4;) is the weighted value of the mean of fuzzy number 4;
i.e. of B; on the interval of dominant affiliation.

If fuzzy number A; and (or B;) belongs to a family that is
classified on its universal set U in a such way that it describes
the more favorable state, and that is when the value of the
variable is smaller, then we replace the mean of interval m;
of the dominant affiliation with its reciprocal value.

Let us also define the function of the weight impact of the
pair (A;, B) of fuzzy numbers A;, B; on the description of the
state of the output variable of the fuzzy model.

Definition 8. Function p:A(x) X B(y) = R which for
each pair of fuzzy numbers (4; B;) € A(x) X B(y) by
which variables x € Daf (4;) = [a4,a;] and y € Daf (B;) =
[by, b,] are evalated - associates real number k according to
the following formula

px,y(Ai: Bj) = pe(4) + py(Bj)
= X (AT (4) + Xy (Bj)Ty(Bj) (19)

is called the function of the weight impact of a pair of fuzzy

numbers (A;, B;) on the interval of dominant affiliation
(x,y) € Daf (4;, B;),

Based on the calculated value of the weight impact
function and the wvalue of the weighted means, the
characteristic function of the pair of fuzzy numbers (4;, B;)
on the rectangle of dominant affiliation Daf,, (4;, B;) is
defined as follows:

Definition 9. Function Y, (A;, Bj):A(x) X B(y) = K
defined by relation

Xx(A))Tx(A))+xy(Bj)Ty(Bj) _ Px,y(ApBj)
Tx,y(Ai-Bj) Tx,y(AirBj)

Xx,y(Ai: Bj) = (20)

is called the characteristic function of the pair of fuzzy
numbers (A;, B;) on the interval of dominant affiliation,
Daf (A;, B;), and real number k € K is the characteristic
value of the pair of fuzzy numbers.

The characteristic elements of the pairs of fuzzy numbers
(A;, Bj) of the product of A; X B; of families A(x), B(Y) is
written in the matrix form:

[Tx(Ap B1) 1x(44,B7) Tx (A1, Bq)]

|7x(A2,B1) 1x(A2 By) Tx (42, Bq) |
Tey(A; X Bj) =] ... l @n

IM%%)u%ﬁﬁ M%&4

[Px(Ap B1) px(Ay,By) px(Aq, Bq)]

| px(A2,B1)  px(Az, By) px(Az, Bq) |
Pry(Ai X B) =|... | 22)

Pw&>M%m mw%4
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[Xx(A1:B1) Xx(A1, By) Xx(Aq, q)]

|Xx(A2:B1) Xx(Az, By) Xx(Az, q) |
Xuy(A; X Bj) =|.. [ 23)

[xx(Ap.Bl) XA B) - xx(Ap By )J

Theorem 1. Let there be that for the given fuzzy numbers
A; , B; the characteristic elements on the intervals of
dominant  affiliation are Daf,(4;) = [a;_1,a;] and
Daf,(4;) = la;_1,a;] , the means of which are m; =
Mpag(a) M2 = Mpay(s;) » Tespectively; Xx(4;),7,(4;) and

)(y(B]-),Ty(B]-). If ?Egi.)) = [ is the ratio of the weighted
y\=Jj

means of fuzzy numbers A;, B; then for the value of
characteristic function )(x‘y(Ai, Bj) the following evaluation
is valid;

Ift,.(4;) = Ty(B]-) then
Xxy (40 B)) = X:(4) (24)
If 7,(A;) < 7,(B;) then
¢ Xy (Ai B) > 1+ x(Ap) + x5 (B) (25)
T,.(4;) > Ty(Bj) then.
)(x_y(Ai'Bj) <l x (4) + x,(B)) (26)

Proof: From the definition of the characteristic value of the
function of a pair of fuzzy numbers (4;, B;) we have the
following:

Pry(A0B)) | 2(ADT(4) + 2y (B)) 7y (B)
Ty (A Br)  Mpapaytx(Ai) + mDaf(Bj)ry(Bj)
Mpas(a) T Mpag(s))

Xx(Ai)Tx(Ai) +Xy(Bj)Ty(Bj)
mDaf(Ai)Tx(Ai) + mDaf(Bj)Ty(Bj)

Xx(A)Tx (A7) Xy(Bij)Ty(B))
mlrx(Ai) + mZTy(Bj) mlrx(Ai) + mZTy(Bj)
Xx (A7)
B
mq + m, :’yEA g
Xy(Bj) )

mq ;;Eg g + m,

Xx,y(Ai'Bj) =

= (mDaf(Ai) T Mpay (Bi))

= (my +my)(

= (my + my)(

+

Tx (A7)

= 1,1 € R, then it follows that
Ty(Bj)

Let us assume that
1_w6p
l Tx(4)
easier to follow:

. The last equation transforms into a form which is

Xx (Al)

m1 +T'm2

Xy (B;)
m1 : l + mz

Xx,y(Ai'Bj) = (ml + mz)

m1+m2

= merm, L Xx(A0) + Xy (B)) (27)

Depending on the size of the | € R ratio, the following
cases can be observed:

1. If 7, (4;) = 7,,(B;), i.e. L = 1 for the characteristic value
of the pair (4;, B;) of fuzzy numbers, the following is holds

Xx(Ai)

+ xy(B;) )

Xx,y(Ai'Bj) = (m; +my) (

= Xx(Ai) + Xy(B]')

2. If 0 < 1,(4;) <71y(B)), i.e. 0 <1 <1, then a series of
inequalitiess 0<I<l1e0<m-l<m & m,<m,+
s - > 1A

(28)

my -l <my +m, is followed by inequality (

my+my

my, my, > 0). If we assume that =1+ hl, hl >0¢€

mq-
R*, then the latter equality can be wrltten in the following

form
Xy (A0 By) = (1 + ) (1 2:(A) + 2, (By) )
=1 Xx(Al) + Xy(Bj) + hl ( Xx(Al) +Xy(Bj))
> 1 Xx(Ai) +Xy(Bj)
3. If 7.(4) >1,(B)) , ie.
inequalities

(29)
l>1 then a series of

I>Tem - Il>m ©oml+m, >m +m,

is followed by 1nequa11ty
Mz _ - hz,hz >0 € R*, then for the
mq-l+m,

characteristic value of the pair of fuzzy numbers the
following evaluation is valid

1) (1 240 + 1, (B))

< 1 for my, m, > 0. If we

assume that

Xx.y(Ai' Bj) =@
=1 (4D + 1y (B}) = by (- 4 (4) + 1, (B)))

<l Xx(Ai) + Xy(Bj)-

Let variable x be classified by family A(x) of p fuzzy
numbers, and variable y by family B(y) of q fuzzy numbers
with values of characteristic functions,

(30)

Xe(A) E (0, £ 1, k(P

q—1
Xy(B]) e {iOJ i i 11" 'Ii(T)})

and let the product of
Ax) X B(y) = {sls;; = (4i, Bj), A; € A(x),B; € B(y),

i=12,...,p;j=12,...,q}

determine all the states of the evaluation of the output
variables marked with x,y. For each state s;; = (4;, B;)
there is one corresponding characteristic  value,
Xx,y(Ai'Bj) = Xx,y(si,j)'

Definition 10. For two descriptive states sy, s, from the set
of all states S, it is said that they describe the same value of
the output variable, if they have equal values of characteristic
functions, and we write it down as follows:s; = s, © ys; =
Xsye

Definition 11. Lets; j = (A;, B;) be the evaluated state of
the output variable, and x, , (s; ;) be its characteristic value.
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Integer k for which the following is valid:
k= Xx,y(si,j) = Xx,y(Ai' Bj) = xx(4;) + Xy(Bj) (€29)

is called the center of a base cluster corresponding to state s; ;.

2k-1 2k+1 . .
Segment [—; T+] ? ; is called a base cluster with center

2
in k corresponding to descriptive state s;; of the output

variable and it is denoted by [ki,j]o (Figure 4). In this case,
the lower limit of base cluster [k;;]° = [E;ZICH]0

2 2 dij
2k-1 o 2k+1
Ll = -5 and the upper limit is Ul = 2+ .

Example 1. For example, the limits of a base cluster [2]°
with the center in 2 are Ll = %, Ul = gtj. [2]° = [%,2]0.
Definition 12. Set

K° = {[kij1°1ki; = Xxy(Ai B)) = xx(A) + x,(B)),
i=12,....p;;j=12,...,q}

= {[0]°% [£1]°, [+2]°,..., [i(pzﬂ— 1% (32)

is called a family of base clusters corresponding to
descriptive states s;; = (4;,B;) of the output variable
generated by the Cartesian product of the families of fuzzy
numbers A(x),B(y) by which input variables x,y of the
fuzzy model are classified.

Example 2.

1. For families A (x) and B(y) classified by three fuzzy
attributes, 4;, B, i,j = 1,2,3 whose characteristic functions

have the following values x,(4;), xy(B;) € {—1,0,1}, the
families of the base clusters of the evaluated states of the
output variable represented with the following set:

[K1% = {[=21° [-1]°[0]° [1]° [2]°}.

2. For families A(x),B(y) classified by five fuzzy
attributes whose characteristic functions have the following
values x,(A4;), xy(B;) € {—2,-1,0,1,2}, the family of base
clusters of the evaluated states of the output variable is
represented with the following set:

[K1° = {[=41° [-3]° [-2]° [-1]° [0]° [11°, [21°, [3]°, [4]°}.

3. If families A(x), B(y) are classified by p fuzzy
attributes, the families of base clusters of the evaluated states
of the output variable generated by pairs (4;, B;) of fuzzy
numbers are represented with the following set:

(33)

[K]° = {0,+1,42,...,+(p — )} G4

4. Let families A (x) and B(y) be classified with an even
number of fuzzy attributes, e.g. 4;,B;, i,j = 1,2 whose
characteristic  functions have the following values
Xx(Ai), Xy (B;) € {—1,1} then the family of the base clusters
of the evaluated states of the output variable is the following
set

[K1° = {[-2]°[0]° [2]°}.

Let the output variable of the model be evaluated by the

set of all pairs (4;B;) €AX)XB() , and let
T (A1), X2 (A1), Ty (B;}), Xy(B;) be the characteristic elements
of fuzzy numbers A; € A(x),B; € B(y) , by which the
values of input variables x,y are evaluated. To each state
Sij = (A, Bj) of the output variable of the model there
corresponds a real number k* equal to the value of the
characteristic function, and the following is valid

kij = Xey(AuB) = C- (L xx(A) + xy(B})). (35)

Ap) -
= Zx(A) 1S a constant.
Ty(B]')

mi+m .
where € = ——=2,
mq-l+m,

Definition 13. Let [ki‘j]o,k € Z be a base cluster from the
cluster family of [K]° (Figure 4). We consider that state

sij = (A;, B;) belongs to base cluster [k; ;]° if and only if the
value of the characteristic function

Xiy(Ai, Bj) = [ki;]k €R (36)
belongs to the base cluster, i.e. if the following is valid
* * 2k—-1 2k+1
Xiy(sip) = kij € [ 5010 = [K]°. (37)

and we write it as s;; = (4;, Bj) € [ki.j]o. The states of one
cluster describe the equal value of the output variable.

Based on the above, we define the state clustering
algorithm which then describes the output variable.

4. Algorithm for Clustering the
Evaluated Values of the Qutput
Variable

Let us summarize the presented results in the form of an
algorithm. For a simpler understanding of the procedure, let
us consider a fuzzy model with two input variables and one
output variable. Let the input variable x be given by family
A(x) of p fuzzy attribute, and variable y be given by family
B(y) of q fuzzy attribute.

The product:

S = A(x) x A(x) = {(A4;, B;)|4; € A(x),B; € B(y)},

i=12,....p;;j=12,...,q (38)

determines a set of all states which can have their output
variable determined. The clustering algorithm of the output
state is obtained in the following steps:
1. For each input variable based on the defined terms
and formulas, let us determine the characteristic
elements as in the following Table 1.

2. Form a matrix of the descriptive states of the output
variable determined by the Cartesian product of the families
of input variables

M, (S) = [sijlpxqg Si,j = (A B)),

i=12,...,p;j=12,...,q. (39)
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Based on the results from step K1, we form a matrix of

base clusters

[K1° = [Tk 1Tpxq k5 = Xx(AD) + 2/(B);

i=12,..,p;j=12,...,q. (40)

*
k [IC]O
° 2.5 7
: 2 <
206 P — -
°- als
waitmvne e LD LD LD LD CELEEELEEE B 1
k= x"(siy) 15 p —
11 27
3 et |
0.3 a Lo
T I :
/7 1 [
7/ ! [
0 1 M
. .. ) 1 0 1 o2 3°°° X%s)
/7
i
O = = = == = == ——— -0 5 1
1 1
-1 —1]%”7
1 =17 :
7 1 1
/ 1 1
> T 1
-21°, ! :
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Figure 4. Construction of a cluster diagram of a characteristic function of a pair of fuzzy numbers.

Table 1. Characteristic elements of the input variables.

Input Variable Daf m, T X P

x Daf(A;) m; T (A1) Xx(A1) px(A1)
Daf(4;) mj T (42) Xx(42) px(A2)
Daf(d)) m) T4 xe(4)  pulAy)

y Daf(B)) my  Ty(B1) Xy(B1)  py(By)
Daf(B,) m% Ty(Bz) Xy(Bz) Py(Bz)
Eaf(Bq) m‘zl Ty(Bq) Xy(Bq) py(Bq)

3. Using the results from K1 and the formula for the
weighted mean and the weight impact of the pair of fuzzy
numbers, we then determine the matrices of the characteristic
elements of the state s, as follows:

Tx,y(‘s) = [Tx,y(si,j)]pxq; px,y(g) = [px,y(si,j)]pxq (41)

4. For the calculated characteristic values of state ., (s; ;)
we form a matrix [K*] = [x3y(Sij)]pxq = [k]]lpxq using
the following formula

mq+my

ki; = xxy(A;, B = (- xx(A) + x,(B))) (42)

mq-l+m,

5. By comparing matrix [K*] of state cluster s € § with
matrix[K]%of base clusters s, i.e. [K*] = [K]°, we determine

how the states are distributed in relation to the base clusters, that
is, we determine the elements of each base cluster [k]° € [K]°.

5. Characteristic Elements of n-Fuzzy
Numbers

The terms defined in the case of models with two input
variables are similarly defined also in the case of models with
n input variables. Let variables x4, x,, ..., X, be classified by
families A4, A,, ..., A, with corresponding intervals of
dominant affiliation Dafy, (A,), Dafy,(Az), ..., Dafy, (An),
then all states s = (4,45, ..., 4,) of the output variable are
determined by the Cartesian product A; X A, X ... X A,

The value of the weighted means of n-fuzzy numbers
(A1, 4,,...,4,) on n-dimensional square (simplex) of the
dominant affiliation is defined by the relation:

Tity Mty (Ap)

n_
Yiz1mi

LA = (43)

Txl,xz,...,xn (Al' AZ' .-

_ Gi-1ta;

where m; = is the corresponding mean of the interval

of dominant affiliation of fuzzy number 4;,i = 1,2,...,n,
and 7,(4;) is the weighted value of the mean of fuzzy
number A4; on the interval of dominant affiliation.

The function of the weight impact of the n-number of
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fuzzy numbers (A, 4,,...,4,) € Ay X Ay X...X A, by
which variables x;,x,,...,%, on the n-dimensional square
(simplex) are evaluated, with the dominant affiliation of
fuzzy numbers A4, A, ..., A,, is defined in a relation:

=1
= Z?:l Xxi(Ai)Txi(Ai)

The characteristic function of the influence of n-fuzzy
numbers (4, 4,,...,4,) € Ay X A, X...X A, is defined in
the following relation

(44)

T X (ADT, (4D pasxyxr (A Agndy
'An) — 1 X AT — Pxyx2,..xn(A1,4A2 ) (45)

7(A1,42,...47n) T(A1,A2,AR)

x(A1,4,,...

All other terms are also defined analogously, as in the case
of a pair of fuzzy numbers.

6. Application of Classification Algori-
thm in Evaluating the Economic
Dimension of Sustainability of
Tourism Development

A sustainable model of tourism development is a model
that is considered to be sustainable in every segment of its
impact, from economic, socio-cultural and environmental
impact to the impact on tourist satisfaction. To evaluate the
impact of tourism on individual segments of activity, we use
indicators that represent this impact. Let us analyze how the
impact of tourism is measured by comparative indicators
from the aspect of optimizing the goals of sustainable
tourism development in a given destination. For each of the
proposed comparative indicators, we introduce symbols and
express them in a certain relationship, when possible, in
order to formulate a simple mathematical model that would
express the dependence of the sustainability of tourism
development in a given destination on the goals that are the
basis for its implementation. [1, 9, 10, 12]

6.1. Economic Effects of Tourist Activity on a Given
Destination

The following indicators have been proposed to measure
the economic effects of tourism in a destination:

1) Seasonality of traffic - the percentage of visits to a
destination in the full tourist season (lasting 3 months) in
relation to the annual visits,

2) Relation between the number of overnight stays and
accommodation capacities of a destination or the ones
available in its surroundings (rural households),

3) Coefficient of local tourist increase not yet determined.

In relation to the value of the visit rate - seasonality of the visit
to a destination realized during the season (three months)

n .
(calculated by the formula; s = n—s, where ng is a number of
g
visitors in a season, 1y is a number of visitors during the year)
the economic effects are evaluated as follows

sustainable if 0<s<04
g = tolerable if 04<s<05 (46)
unsustainable if 05<s<1

Similarly, based on the value of the indicator of the ratio of
the number of overnight stays and accommodation capacities

(calculated by the formula; k = I where n, is a number of

ng
overnight stays in the season, ny is a number of
accommodation capacities of the destination and its

surroundings), we measure the utilization of these capacities.
If the value of this ratio is less than 120 of overnight stays
per bed per year, it is considered that the degree of utilization
of accommodation capacity is economically unsustainable; if
the value of ratio k is between 120 and 150 overnight stays
per bed, the degree of utilization of accommodation capacity
is considered to be tolerable; and for the value of ratio greater
than 150 nights per bed per year, the accommodation
capacities are considered to be economically viable. The
dependence of the state of economic viability on the degree
of utilization of accommodation capacities expressed as a
percentage can be written as follows:

sustainable if k>0.42
k = tolerable if 033<k<0.42 (47)
unsustainable if k <0.33

The indicator of the evaluation of the impact of tourism on
local economic growth - let us mark it with [ - does not have
a precisely defined threshold value. Due to the complexity of
the criterion itself, it is not easy to precisely determine the
limits of significance of its impact, but it is left to the expert
to assess the value of the flow indicator, depending on the
goal and the need for measurement. Let us leave the value of
coefficient [ as an open question, as it is, and for this
occassion of quantifying the economic effects of tourism
development, let us assume that the importance of the
development of tourism in the local economy can be
evaluated as follows

impact is significat and growing if 1>0.67
| = impact is tolerable and changing if 033<1<0.67 (48)
impact is insignificant and declining if [ < 0.33

Based on the obtained values of the indicators s, k, [, we
monitor the economic benefits achieved by tourist entities at
the destination and the local community and the local
population from the development of tourism. Let us express
this relationship by the following relation, E = f;(s, k, 1) +
U1, where E denotes the value of economic benefit from the
development of tourism in the destination, and f; is the
functional relationship of indicators and economic profits,
and p, is the error of assessment of the expressed economic
benefit as assessed by indicators s,k,l. Every economic
activity, including tourism, aims to maximize its economic
effects. Therefore, the goal of the tourism industry,
accompanying economic entities at the destination and in the
surroundigs is to maximize the economic effects of tourism,
that is to maximize the function, which can be written in the
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following form

maxE = MaXs<oank>0.42n12067/1(S, k, 1) + e;.

6.2. Fuzzification of Input Variable Models

The input variables in the process of evaluating the
sustainability of tourism development are indicators for
assessing the value of the dimensions of the impact of
tourism development, which we have marked with
E,SI,KI,SR,Z, and the output variable is the assessed
sustainability of tourism development, which we have
marked with Op . In order to quantitatively assess the
economic viability of tourism development at a given
destination, let us establish a link between the fuzzy numbers
and indicators of the evaluation of the impact of tourism
development. [9, 10, 12]

All values of indicators by which we evaluate the impact
of tourism are expressed by a certain ratio. Let us denote this

relation by P, and let us put that P = %and P € [0,1], where

M, N are the measured quantities, which we have defined in
the previous part. Note that the recommended limit values in
which the values of the measured indicators need to be found
divide segment [0,1] into disjoint subintervals. In relation to
the determined value of P, the state of sustainability of
tourism development in relation to the observed dimension,
as measured by the appropriate indicator is described with
the following attributes: sustainable, unsustainable, tolerable
which represent one indicator, over the quantitative domain
U = [0,1] divided by points a,, a, into disjoint intervals, and
evaluated by the family of fuzzy sets (Figure 5).

A(x) = {state is unsustainable, state is tolerable,
state is sustainable} = {N, P, 0}

where N = state is unsustainable,

P = state is tolerable, and O = state is sustainable
with domains of value Uy, Up, U, € U = [0; 1] respectively.

Using the defined limit values of comparative indicators
by which we measure the sustainability of tourism
development, let us now form the functions of affiliation of
the given fuzzy numbers by which the indicators were
evaluated.

For indicators evaluated by three triangular fuzzy numbers
N,P,0 and whose fuzzy number has the following
designations: P = state is tolerable , segment [a,,a,] =
[0.33;0.67] interval of dominant affiliation, there are two
possibilities of ordering the indicator evaluation based on the
corresponding intervals of dominant affiliations, namely:

1. when Daf,(N)=1[0,a,] =[0;033]cUy fuzzy
number N =state is unsustainable, and Daf, (0) = [a,, 1] =
[0.67;1] c U, and the interval of dominant ffiliation to
fuzzy number O = state is sustainable, and the case when

2. when Daf,.(0) = [0,a,] € U, the interval of dominant

affiliation to fuzzy number O = state is sustainable, and
Daf,(N) = [a,, 1] c Uy is the interval of dominant
affiliation to fuzzy number N = state is unsustainable,
(Figure 5). Hence, the functions of affiliation to fuzzy
numbers MP = less than tolerable,P = state is tolerable
and VP = higher than tolerable , where fuzzy numbers
MP,VP correspond to fuzzy numbers MP =N =
state is unsustainable , ie.
VP = O = state is sustainable, depending on whether it is
the case of (1) or case (2) according to the defined limit
value of indicator x, and they read as follows (Figure 5)

1, x=0
”MP(X)={1—x, 0<x<?
2x, 0<x<05
pp(x) = {2(1 —x), 05<x<1 (49)
1, x=1
we@={ <1 (50)

For indicators evaluated by three fuzzy numbers:

1. trapezoidal fuzzy number P = state is tolerable, with
interval of dominant affiliation Daf,(P) = [cy,c,] € Up ,
kernel Ker(P) = [by; b,] and supplier supp(P) = (aq,a;)
and fuzzy numbers

2. MP = less than tolerable, with interval of dominant
affiliation Daf,(MP) = [0;c;], kernel Ker(MP) = [0,a,]
and supplier supp(MP) = [0, b;) and

3. VP1 = higher than tolerable , with intervals of
dominant affiliation Daf, (VP) = [c,, 1], kernel Ker(VP) =
[a,,a] and supplier supp(VP) = (b,, 1], depending on
whether it is the case of (1) or case (2), the functions of
affiliation are ordered as follows (Figure 5)

1, 0<x<q
X = bl—x ,
tup (%) L = g <x<bh
by —a,
1, a, <x<1
= x_bz
kvp( = 2 p<x<a
a, — b,
x—a1 <b
, a4 <x<
bl_al 1 1
,U.P(x) = 1, bl <x< bz
az_x b < <
, <x<a
az_bz 2 2
L

where b, = Ta and b, = 2 — ai are the limits of the kernel
—41 2
of trapezoidal fuzzy number P, i.e. segment Ker(P) =
1
[b1, b2] = [1‘_1_21: 2——]

az
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Figure 5. Construction of triangular and trapezoidal fuzzy numbers and their basic elements.

When the limits of kernel Ker (P) = [by, b,] of trapezoidal
fuzzy number P are known, then the limits of its supplier and
the intervals of dominant affiliation are calculated by the
following formulas

by 1 _ a;+bq

ap+b,
'aZ = -, 1= = ——
1+bg 2-b,

y L2 =

a1=

(51)
6.3. Modeling the Input-Output Variable Models

6.3.1. Modeling the Input Variable Model

Based on the constructed fuzzy numbers and limit values
of indicators for measuring the sustainability of tourism
development, let us complete the fuzzification of
comparative indicators as input variables in the fuzzy model
using their recommended limit values.[6-8]

1. Let us denote the linguistic variable of seasonality of
visit by x and write it in the form of (x, S (x), Uy, M;). The
domain of values that variable x can take is defined by the
family of fuzzy sets:

S(x) = {state is sustainable, state is tolerable,
state is unsustainable}

= {(xi us;(x))|x € 8§, S; € Uy € [0;1],0 = 1,2,3} = {So, Sp, Sn},

where the functions of the fuzzy numbers S,, Sp, Sy are written
in the form of a triangular, trapezoidal or I' fuzzy number;

The functions of affiliation to fuzzy sets Sy, Sp, Sy, with
intervals of dominant affiliation, by which the indicator of
the seasonality of visit is evaluated, are written in the
trapezoidal form, and they are:

a) For fuzzy number S, = state is sustainable, a shorter
record of the function of affiliation is S, =
trapmf[0,0,0.286,0.4] and Daf,(Sp) = [0,0.34]

b) For fuzzy number Sp = state is tolerable, a shorter
record of the function of affiliation is

¢) Sp = Trapmf[0.286,0.4,0.5,0.667] and Daf,(Sp) =
[0.34,0.58]

d) For fuzzy number Sy =state is unsustainable, a shorter
record of the function of affiliation is Sy =
trapmf[0.5,0.667,1,1] and Daf,(Sy) = [0.58,1].

2. Let us denote the linguistic variable of ufilization of

accommodation capacities by y and write it in the form of
(7, KX (y), Uy, My). Let K be a set of all fuzzy numbers which
will describe the linguistic variable wfilization of
accommodation capacities through the ratio of the number of
overnight stays and accommodation capacities available at a
given destination. The domain of the value of variable y is
defined by the family of fuzzy sets

K (y) = {state is sustainable, state is tolerable,
state is unsustainable}

= {0k, )Ny €Ki, Ky « U, S [0;1],1 = 1,2,3}
= {Ko, Kp, Ky}

where fuzzy numbers K;, Kp, Ky are defined as follows:

a) fuzzy number Ky = trapmf[0,0,0.25,0.33]
Daf,(Ky) = [0.0.29]

b) fuzzy number K, = trapmf[0.25,0.33,0.42,0.63], and
Daf,(Kp) = [0.29,0.53]

c) fuzzy number K, = trapmf[0.42,0.63,1,1]
Daf,(Ky) = [0.53,1].

Let us denote the linguistic variable of impact of tourism
on the local economy by z and write it in the form of
(z,L(z), U3, M3). The domain of the value of variable z is
defined by the family of fuzzy sets L(z)={the impact is
significant and growing, the impact is tolerably variable, the
impact is insignificant and declining}

and

and

= {(ZiJ /lLi(Z))lz € LivLi c u3 c [0, 1]!" = 1,2,3} = {Lo,Lp, LN}J

where fuzzy numbers Lg, Lp, Ly are defined by triangular
functions of affiliation, as follows
a) fuzzy number Ly = trimf[0,0,1], Daf,(Ly) = [0,0.33].
b) fuzzy number  Lp = trimf[0,0.5,1], Daf,(Lp) =
[0.33,0.67],
¢) fuzzy number L, = trimf[0,1,1], Daf,(Ly) = [0.67,1].

6.3.2. Modeling the Input Variable Models

Let the linguistic variable of the economic value of tourism
development be denoted (e, €, Uy, Mg) and let it have the
values on universal set Uy = [0,1] and let it be evaluated
with five qualitative states, i.e. the values that variable e can
take, and let us now define it by the family of fuzzy sets
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E(e) = {state is alarming, state is intolerable,
state is tolerable, state is good, state is sustainable} =
{Ea En, Ep, Ep, Eo}

={(e,ug;(e))le = (x,y,2) € E;, E; € Ug € [0;1],i = A, N, P, 0}.

KE,

where fuzzy numbers individually have the meanings as in
Table 2.

The functions of affiliation to fuzzy sets

E4, En, Ep, Ep, Ep with intervals of dominant affiliation, by
which the economic value of the sustainability of tourism
development were evaluated are shown in (Figure 6).

0.1 0.25 04 05

06 0.5 0.9 .

Figure 6. Functions of affiliation to a family of fuzzy numbers of the variable economic value of tourism development.

The functions of affiliation of fuzzy numbers, by which the
quantitative state of the economic effects of tourism
development was described, are given by the following
equations, and with the interval of dominant affiliation, as
follows:

1. For fuzzy number E, it is

1 for 0<e<0.1

0.25—e

1<e<0.
015 0.1<e<0.25

MEA(e) = for
we write it shorter in the following form:
E4 = trappf[0;0; 0.1; 0.25], Daf (E,) = [0; 0.156].

2. For fuzzy number Ej, it is

e

— for 0<e<0.25
0.25
Hey(€) =92° for 025<e<05
we write it shorter in the following form:

Ey = triangf[0; 0.25; 0.5], Daf (Ey) = [0.156; 0.344].
3. For fuzzy number Ej it is

=32 for 0.25< e < 0.40
pg,(e) =4 2 for 04<e<06
P 0.75—e for  0.6<e <075
0.15
we write it shorter in the following form: Ep =

trappf[0.25;0.4; 0.6; 0.75], Daf (Ep) = [0.344; 0.656].
4. For fuzzy number Ej, it is

T for 0.5<e<0.75
Hep(e) = 1;2; for 075<e<1

we write it shorter in the following form:
Ep = triangf[0.5;0.75; 1], Daf (Ep) = [0.656; 0.844].
5. For fuzzy number E, it is

e—0.75

0.15
1 for

for 0.75<e<0.90

Hep(€) = 09<e<1

we write it shorter in the following form:
E, = trappf[0.75;0.9; 1; 1], Daf (E,) = [0.844; 1].

Table 2. Quantitative significance of fuzzy numbers which describe the
assessed state of the impact of tourism development on the local economy.

Significance of the economic effects of tourism
development is:

completely unsustainable

weak and change is needed

tolerable and can be improved

good and show tendency towards sustainability
sustainable

Quantitative state

E, = alarming
Ey = intolerable
Ep = tolerable
Ep = good

E, = sustainable

6.4. Clustering the States of the Output Variable Model

The domain of features which describe the impact of
tourism activity on the economic dimension E is determined
by the product of the domain of features of the measured
indicators. Thus, the product E = § X K X L represents a set
of all fuzzy sets which describe all possible states of the
tourism development economic impact evaluation measured
by indicators S, K, L. That is, the possible states are:
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E=SXKXL={Sy,Sp,Sn} X {Kyn,Kp, Ko} X {Ly,Lp, Lo}
= {(S0, Kn, L), (So, Kn» Lp), (S0, Ky, Lo)
» (S0, Kp, Ln), (So, Kp, Lp), (So, Kp, Lo)
, (S0, Ko, L), (S0, Ko, Lp), (So, Ko, Lo)
» (Sp, Kny L), (Sp, Ky, Lp), (Sp, Kn» Lo)
»(Sp, Kp, L), (Sp, Kp, Lp), (Sp, Kp, Lo)
» (Sp, Ko, Ly), (Sp, Ko, Lp), (Sp, Ko, Lo)
» (Sn Ko L), (Sns K, Lp), (Sy Ko Lo)
» (Sn, Kp, L), (S, Kp, Lp), (Sn, Kp, Lo)
» (Sn: Ko, L), (Sns Ko, Lp), (Sn: Kp, Lo)}-

We write the product in the short form as follows
E=SXKXL=/{s|s=(5,K;, L)}
where s is the evaluated state of the economic dimension i,
S;€S,K,€X, Ly € L,i,j,k €{N,P,0}.

6.5. Matrices of Features of Input Variable Models

Using the defined features of the input variables in the
fuzzy model and the rules by which they are determined, let
us calculate the characteristic values of indicators which
evaluate the economic effects of tourism activities and the
obtained values, as shown in Table 3, and let us determine the
characteristic values of the states determined by ordered
triples (S;, Kj, L). Let us first determine the matrix of the
weighted means of these states, and then the matrix of weight
impacts, using the the stated rules.

Table 3. Characteristic elements of fuzzy numbers indicators for evaluating the economic sustainability of tourism development.

Designation Fuzzy number Daf (Aj) X (A) T(A) pP(A)
So Trapmf[0,0,0.286,0.4] [0,0.34] 1 033 033
S, trapmi[0.286,0.4,0.5,0.667] [0.34,0.58] 0 0.32 0
Sx trapmf]0.5,0.667,1,1] [0.58,1] -1 033 033
K trapmi[0,0,0.25,0.33] [0,0.29] -1 033 -0.33
K, trapmf[0.25,0.33,0.42,0.63 [0.29,0.53] 0 026 0
Ko trapmf]0.42,0.63,1,1] [0.53,1] 0 033 0.33
Ly trimf[0,0,1] [0,0.33] -1 0.32 032
L, trim[0,0.5,1] [0.33,0.67] 0 0.29 0
L, trimf[0,1,1] [0.67,1] 1 0.28 0.28

7(So, Kny Ly)  T(So, Ky Lp)  T(So,Kn.Lo)1 10338 0327 0.324-

7(So, Kp, L) (S0, Kp,Lp)  T(So,Kp, Lo) 0.325 0.340 0.346

7(So0, Ko, Ly) (S0, Ko, Lp)  7(S0.Ko,Lo) | 10.330 0.327 0.324

7(Sp, Ky, Ly)  T(Sp, Ky, Lp)  T(Sp, Ky, Lo) 0.321 0.314 0.309

T.(E) = 17(Sp, Kp, Ly) ©(Sp,Kp,Lp) T(Sp,Kp,Lp) |=10.311 0.307 0.303

©(Sp, Ko, Ly) t(Sp,Kp,Lp) 7(Sp,Kp,Lp) 0.303 0.318 0.314

T(Sy, Ky, Ly)  t(Sy, Ky, Lp)  7(Sn, Ky, Lo) 0.344 0.319 0.311

T(Sn, Kp, Ly)  ©(Sn,Kp,Lp)  T(Sn, Kp, Lo) 0.340 0.329 0.321

-T(SN' KO'LN) T(SN'KO'LP) T(SN'KP'LO)- -0.351  0.396 0.333-

The matrix of weight impacts of individual states on the output variable calculated on the basis of the defined rules reads:

P(So, Ky, Lo)T

—0.34 —0.02 0.26 1
p(So,Kp, L) p(So,Kp,Lp)  p(So,Kp,Lo) 0.01 0.33 0.61
p(So, Ko, Ln)  p(So, Ko, Lp)  p(So0,Ko,Lo)| (034 0.66 0.94
p(Sp. Kn,Ly)  p(Sp,Kn,Lp)  p(Sp.Kn,Lo) | |-0.67 —035 —0.07
pe(E) = p(Sp,Kp,Ly)  p(Sp,Kp,Lp)  p(Sp,Kp,Lo) -032 0 0.28
p(Sp, Ko, Ly)  p(Sp, Ko, Lp) p(Sp, Ky, Lo) 0.01 0.33 0.61
p(Sn, Ky, Ly)  p(Sy, Ky, Lp) p(Sy, Ky, Lo) —-098 —-0.68 —0.04
pP(Sn,Kp, Ly)  p(Sn.Kp,Lp)  p(Sn,Kp, Lo) —-0.65 —033 -0.07
p(Sn, Ko, Ln)  p(Sn. Ko, Lp)  p(Sn, Kp,Lo)l  +—032 0 028 -

[0(So, Kn, Ly)

p(So, Ky, Lp)

Based on the matrix of the calculated values of weighted
means and the matrix of weight values of the state of the
output variable e of the economic effects of tourism
development, defined by ordered triples (S;, Kj, L), using the
Cartesian product § X K X L of the family of fuzzy numbers
with input variables x, y, z which are classified respectively,

and using the following formula:

Pxy,z(SiKjLk)
Tx,y,z(Si.Kj.Lk)

Xxy.z (S Kj' L) = (52)

let us calculate the matrix of characteristic values of output
states
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—0.99 —-0.06 0.8 —1 —0 1 7

X(So,Kp, L) x(So,Kp, Lp)  X(So,Kp, Lo) 0.03 0.97 1.76 0 1 2
X(So, Ko, Ln)  x(S0,Ko,Lp)  X(S0,Ko,Lo)| [1.03 201 29 1 2 3
X(Sp, Ky, Ly)  x(Sp.Kn,Lp)  x(Sp,Kn,Lo)| |-2.09 —-1.13 -0.23| [-2 -1 -0
Xe(E) = | x(Sp, Kp,Ly)  x(Sp,Kp,Lp)  x(Sp,Kp,Lo) [=]-1.03 0 092 |=|-1 0 1
x(Sp, Ko, Ly)  x(Sp, Ko, Lp)  x(Sp, Ko, Lo) 0.03 1.04 1.94 0 1 2
xSy, Ky, Ly) xSy, Ky, Lp)  x(Sn, Ky, Lo) —-2.85 —-2.13 -1.3 -3 -2 -1

X(Sn, Kp,Ly)  x(Sn.Kp,Lp)  X(Sn.Kp, Lo) -191 -1 0.22 -2 -10

L (Sw. Ko, L) X(Sn. Ko, Lp)  X(Sn,Kp, L)l +—0.09 0 084 4 =0 0 1

X (So, Kny Ly)

An Algorithm for Clustering Input Variables in a Fuzzy Model in a FLC Process

X(So, Ky, Lp)

X(So, Ky, Lo)T

Comparing the corresponding values of the matrix of the
cluster of states [K*] and the matrix of base clusters [K°], let
us group the states into base clusters. Thus, the states that
belong to the base clusters are the following:

[—31° = {(Sw, Kn, LD},

[—21° = {(Sp, Ky, L), (Sn> Kn» Lp), (Sny Kp L), }
[—11° = {(So, Kn, L), (Sp, Kn, Lp), (Sp, Kp, Ly)
»(Sns Ky Lod, (Sn, Kp, Lp), (Sw: Ko, L)}

[01° = {(So, Kn, Lp), (S0, Kp, L), (Sp, K, Lo)

X X

S(x)

X X

Kly)

i

» (Sp, Kp, Lp), (Sp, Ko, L), (Sn, Kp, Lo), (Sn, Ko, Lp) }
[11° = {(So, Kn) Lo, (S0, Kp, Lp), (So, Ko, L)

, (Sp.Kp, Lo), (Sp, Ko, Lp), (Sw, Kp, Lo)}

[21° = {(So, K, Lo), (S0, Ko, Lp), (Sp, Ko, L)}

[31° = {(So, Ko, Lo)}

From this we can conclude that we have grouped 27 possible
evaluations of the value of the output variable into 7 clusters,
namely:

[K°] = {[-3]°[-2]° [-1]°[0]° [1]° [2]° [3]°}. (53)

Efe)

Figure 7. Evaluation model of the economic effects of the impact of tourism developme.

7. If... Then Rules of Inference

After modeling the input variables and clustering the
values of the output variable, let us apply the if-then rules to
linguistic variables S, K, L using the Mammadi's inference
rules,(Figure 7), based on the minimum operator ([6, 15]).
Let us mark the propositions in the following order

pi="xisS;",q;="yisK;", . ="z is L,"
e, ="eisE,"
then, the if-then rules can be written in the form of
Pi A qj AT A ey = min(us, (x), tx; (¥), e, (2), g, (€)) (54)

where e, = €ijks and i,j, k = 1,2,3, and triple of variables
(,y,2) c (XK XL)c U XU, X Us.
Example 3. Rule R1 according to our designations reads

pAqAT Ae=min(usy(x), kxy V), Uiy (2), b, (W)

or [(x is Sy) and (y is Ky) and (z is Ly)] then e is E, which
we read as follows:
If the rate of seasonality of overnight stays is unsustainable,

and the coefficient of overnight stays is unsustainable and the
impact of tourism development on the local economy is
insignificant and declining, the impact of tourism
development on the local economy is alarming.

As the output variable of the model is classified by a
family of five fuzzy numbers, let us add the state from cluster
[—3] to cluster [-2], and state from cluster [3] to cluster [2],
then for each fuzzy number from family E(e) there is a
corresponding base cluster with states, as follows:

1. the states from the base cluster

[—2]" = [—2] U [—3] correspond to a fuzzy number: state
is alarming,

2. the states from the base cluster [—1] correspond to a
fuzzy number: state is intolerable,

3. the states from the base cluster [0] correspond to a fuzzy
number: state is tolerable,

4. the states from the base cluster [1] correspond to a fuzzy
number: state is good,

5. the states from the base cluster [2]' =[2] U [3]
correspond to a fuzzy number: state is sustainable.

We can now define the rules of inference:

1.1F (x is Sy and y is Ky and z is Ly)

OR (x is Sp and y is Ky and z is Ly)

OR (xis Sy and y is Ky and z is Lp)
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OR (x is Sy and y is Kp and z is Ly) THEN e is E,
2.1F (x is Sp and y is Ky and z is Ly)

OR (x is Sp and y is Ky and z is Lp)

OR (x is Sp and y is Kp and z is Ly)

OR (xis Sy and y is Ky and z is L)

OR (xis Sy and y is Kp and z is Lp)

OR (xis Sy and y is Ky and z is Ly) THEN e is Ey
3.IF (xis Sp and y is Ky and z is Lp)

OR (xis Sp and y is Kp and z is Ly)

OR (xis Sp and y is Ky and z is Ly)

OR (xis Sp and y is Kp and z is Lp)

OR (x is Sp and y is K, and z is Ly)

OR (x is Sy and y is Kp and z is L)

OR (x is Sy and y is Ky and z is Lp) THEN u is Ep
4.1F (x is Sp and y is Ky and z is L)

OR (xis Sp and y is Kp and z is Lp)

OR (x is Sp and y is K, and z is Ly)

OR (x is Sp and y is Kp and z is Ly)

OR (x is Sp and y is K, and z is Lp)

OR (xis Sy and y is Kp and z is Ly) THEN e is E}
5.1F (xis Sp and y is Kp and z is L))

OR (xis Sy and y is K,y and z is Lp)

OR (xis Sp and y is K, and z is L)

OR (xis Sp and y is K, and z is Ly) THEN e is E,

8. Aggregation and Defuzzification

Let the measured values of the input variable-indicators of
the model be the following; xg,¥q,Zo . By coding, we
transform the obtained input values into the corresponding
values of linguistic variables. The rule

x=x €U =[01y =y, €U, =[0,1],
z =z, € Uz = [0,1] determines the singleton
s (Xo), Msy,, (Xo); e, (Vo) bic ., (Vo)
B (Z0)s Mry,, (20), 1), k = 1,2,3.

respectively. The strength of the rule is:

Ele)

S(x) 1 0

apjr = ts;(x0) A #Kj(J/o) A, (20)
= min(,usi(xo),ukj (o), #,.(20)))

Qi jjerii+r = Hs;(Xo) At ; (Vo) A iy, (Z0)
= min(ys, (xo)'#l{]- Vo), iy, (20))

Qv jatiert = sy, (o) A, (Vo) A by, (Z0)
= min ('“Si+1 (%0), Mk o) Higyq (20))-

For each rule there is one control output variable
determined by the conjunction of the strength of the rule and
fuzzy sets of the output variable, e.g. for the first case it is

@ik N Ug, (€0) = min(a;jk, Hg, (€0))-

From these control output variables, using the aggregation
technique based on the maximum operator, we obtain one
output variable.

Kagg (o) = max{a; j, A ﬂEi‘j‘k(eO)r @i jie+1 NUE; jjpr (e0), -~
s i1 i1t NHE; g s (e0)}
= max{min(ay . ks, , (€0)) MIn(@, s,
ﬂEi‘j,kH(eo))' sy min(ai+1,j+1,k+1' HE; 1 jihee1 (eo))}:

In order to obtain a single unique output variable in the
form of economic effects of tourism development, it is
necessary to complete the defuzzification, i.e. to decode
function p,44(€).

There are several methods, and the mostcommonly used
one is the gravity center method [13] for continuous fuzzy
sets,

_ JeSiouc,(e)de

ep = 55
En = [ SR, ucy(e)de (53)

Kiy)

Figure 8. Economic sustainability of tourism development in relation to S(x) and L(z).
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Figure 9. Economic sustainability of tourism development in relation to S(x) and K(y).

Graphic representation of the dependence of economic
sustainability of tourism development in relation to the
seasonality of visits S(x) and the impact of tourism on the
local economy L(z) is shown in Figure 8, and the
dependence of economic sustainability on seasonality S(x)
and coefficient of the utilization of accomodating capacities
K (y) is shown in Figure 9. [15]

9. Conclusion

In this paper, we deal in a new way with the problem of
grouping fuzzy attributes that describe the state of input values
in the fuzzy model. It is known that complex systems
described by fuzzy relations generate a large number of
inference rules, which is a major problem in determining the
unique value of the output variable. In order to reduce the
fuzzy rules we group descriptive states of input values into
clusters according to certain rules that usually rely on expert
experience and acquired knowledge. Ideally, the number of
clusters would correspond to the number of attributes by which
the value of the output variable is classified, which is not the
case. In the absence of an expert, grouping should be realized
on the basis of some criteria. One way of grouping descriptive
states that define the input values in the fuzzy model into
clusters is presented in this paper. The constructed model is
based on the interval of dominant affiliation of the variable to
the fuzzy set by which the input variable was evaluated, and on
the values of the characteristic function defined on the interval
of dominant affiliation and on the weight impact of the fuzzy
number in the quantification of the input variable. They
represent the basis for quantification of the defined
characteristic value of the output variable descriptive state in
the fuzzy model. For the presented method, the mathematical
logical argumentation of the application is given, as well as the
algorithm of the constructed method application. The
presented grouping algorithm facilitates the formulation of
conclusions based on the reduced number of fuzzy rules

generated by the attributes for estimating the values of input
variables in the fuzzy model and provides the possibility to
conclude about the output variable attribute value, in the
absence of an expert, based on the quantitative value of
characteristic elements of input variables. The conclusion we
derive from such an algorithm is based on quantitative
indicators of the input fuzzy numbers in the model and does
not require the presence of an expert. The method can be
applied very easily in cases when it is possible to compensate
for the descriptive states of the input values when estimating
the output variable. This compensation is based on equal
values of characteristic functions of input fuzzy attributes,
which describe the situation, and on the basis of which the
unique characteristic value of the fuzzy model output variable
attributes is determined, which is shown in the example of
assessing the economic sustainability of tourism development
based on the comparative sustainability indicators.
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