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Abstract: Due to the rapid development of information technology and data acquisition technology, the model which only
considers the linear main effect can not provide accurate prediction results, and the interaction between the predictor and response
variables can not be ignored, so the variable selection problem of the model with interaction terms has become an important
research topic in the statistical analysis today. In this paper, we discuss the problem of variable selection for a partially linear
model with interaction terms using the profile forward selection method under high dimensional data. We propose the two-stage
interactive selection algorithm (iPFST) under strong genetic condition and the profile forward selection algorithm (iPFSM) under
marginality principle respectively. Theoretically, we use the consistency of profile estimators to prove that profile estimators have
uniform convergence rate, and use the screening consistency to prove that iPFST algorithm and iPFSM algorithm can uniformly
identify all important linear main effect terms and important interaction effect terms with probability 1. Seven regularization
conditions for the theorem are given. Numerical simulation shows the superiority of iPFST and iPFSM in variable selection,
and the two algorithms are compared, then iPFST algorithm is better than iPFSM algorithm. Finally, we give detailed technical
proof.

Keywords: Profile Forward Selection, Strong Genetic Condition, Marginality Principle, Screening Consistency,
Variable Selection

unknown parameter vector, U = (Uy,Us,---,UyL) is the
indicator variable, m(U) is the unknown smooth function,
XJQk(Z = 1,2,"' ,n,l < k=1 < pn) and XZlel(l =

1. Introduction

With the increasing complexity of data, the interaction

between predictors and response variables is difficult to ignore. 1,2,---,n,k <l=1,2,--- ,p,) are the quadratic terms and
Schwender and Ickstadt found that SNPs interactions play an  the second-order interaction terms respectively, and vz (k <
important role in cancer diagnosis [1], Assary et al. argue ! = 1,2,---,py) is the regression parameter vector of the

that interactions with multiple genes are crucial in molecular
analysis [2]. For the partial linear model proposed by Engle
et al [3], consider the following partially linear model with
interaction terms

Pn

Dn
Y= BaXia+ > XX +mU) +ei, (1)
=1 k=1

where Y = (Y1,Ys,--+,Y,)7T is the n-dimension response
variable, X; = (X;1, Xi2, -+, Xip, )" is the n x p,, order
main effects, 5 = (81, 82, , Bp,) is the p, x 1 dimension

interaction terms. ¢ is a random error independent of X;, U;,
and its conditional mean is 0, its variance is 02, and o2 is finite.

There have been many studies on the variable selection of
models with interaction terms. Hao, Feng and Zhang proposed
a two-stage regularization method for linear regression models
with interaction terms, and introduced sign consistency to
prove that the main effect and interaction terms satisfy the
hierarchical structure [4]. Yao and He proposed the two-
stage square root hard ridge method for high-order interaction
models, and provided the prediction and estimation error
bounds of the algorithm by using the overfitting hypothesis and
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the weak factorability hypothesis [5]. Radchenko and James
proposed a “Variable selection using Adaptive Nonlinear
Interaction Structures in High dimensions” method (VANISH)
based on the penalty least squares criterion for nonlinear
models with interaction terms, and demonstrated that VANISH
can select the correct model with probability 1 as n and p
approach infinity [6].

However, there is no research on variable selection for a
partially linear model with interaction terms at present. Wang
proved that the forward selection method can select all main
effects with probability 1 under high-dimensional data [7]. Fan
and Huang used the profile-least-square method to transform
a partially linear model into a linear regression model, and
obtained a consistent bound on the absolute difference between
the profile predictors and their estimators [8]. Based on this,
Liang, Wang and Tsai proposed a profile forward regression
algorithm for partially linear models, which can select relevant
predictors within a limited number of steps, even though the
dimension of the predictors is much larger than the sample size
[9]. In this paper, we use the profile forward selection method
to study the variable selection problem of partially linear
models with interaction terms. We propose two algorithms,
that is, iPFST and iPFSM, and prove that both algorithms can
identify all important interaction terms with probability 1 by
screening consistency.

The rest of the organization is as follows: The second
section introduces the profile forward selection method, iPFST
algorithm and iPFSM algorithm. Regularization conditions
and screening consistency are given in section 3. The fourth
section gives the numerical simulation results. All technical

Pn
Y, = E(Y; | Ui) =Y BalXia — BE(Xia | Us
d=1

Let X = X; — BE(X;|U;)) = (X}, X5, ,X],),
P o= Yi - BEYiU), ZF = Zi - E(Z|U) =
(Zi11,Zi12s s 27, ) then we can get

Y =X+ 2Ty +e. 4)

According to the solution path of PFS algorithm proposed
by Liang, Wang and Tsai [9], W (1 < k < n) represents the
selected variable at the end of step k. The PFS algorithm is
briefly described below:

Step 1(Initialize): Wy = &,

Step 2(Forward regression): In the kth(k > 1) step, given
Wi._1, for every d € Py \ Wy_1, construct a candidate model
Dix—1 = Wi—1 Ud, calculate the sum of residual squares
RSSd}k_l of each d, ap = argmindepl\wk_lRSSd7k_1,
update Wi, = Wj,_1 U ay, and repeat this step until it stops.

2.2. Two-stage PFS Algorithm for Partially Linear Models
with Interaction Terms (iPFST)

In this section, based on the PFS algorithm, a two-stage
PFS algorithm is proposed to select variables for partial linear
models with interactive terms. In the first stage, PFS only

proofs are given in section 5.

2. Variable Selection Method

2.1. Profile Forward Selection (PES)

Liang, Wang and Tsai proposed a profile forward selection
(PFS) method for variable selection in a partially linear
model with ultra-high-dimensional data [9], which can select
all relevant variables in a limited number of steps. Next,
consider a partially linear model (1) with interaction terms.
Write Z = (Xlg, XlXQ, ce ,XlXpn, X227 X2X3, cee 7X§n)

= (Z11, 212, Zap, s Zo2s Zo3s -+ s Zppn ) Y = (Y11, 112,
o Yipn V22,7235 s Ypnpn ) then equation (1) can be
written

Y =X"8+2Z"y+m(U) +e, )

Assume E(Xy) = 0,Var(Xy) = LE(Y) =0Var(Y) =
1,d=1,2,- ,pn.e ~ N(0,02),0? is finite. Let matrix X =
(X1, X2, , X)) and Y = (Y1,Ya,---,Y,)". The index
set of linear main effects is defined as P, = {1,2,--- ,p,},
and the index set of second-order terms is defined as Py =
{(k,1),1 < k <1 < pg}, the non-zero linear main effect
terms is defined as 7; = {d : B4 # 0,d € P1}, and the
non-zero second-order interaction effect terms is defined as
To = {(k, 1), vk # 0, (k, 1) € Pa}.

According to Fan and Huang [8], the profile-least-squares
method was used to transform the semi-parametric models
into the least-squares models, combined with local linear
regression technique [10], then Equation (2) can be written

P
)]+ Z Yikt[Zigt — E(Zi g | Us)] + €3, 3)
k=1

selects the main effect, and all the second-order terms are not
included in the model. In the second stage, the selected the
main effect set is represented by M, and the strong genetic
condition is automatically satisfied by expanding M by adding
all bidirectional interactions within M, and then performing
PFS on the expanded set while forcing M to remain in the
final model. The iPFST algorithm is briefly described below:

Step 1: define D = P;, implement PFS on D, the final
solution path is {(pil),t = 1,2,---}, and the main effect
chosen is M = {j1, jo, -, je, }-

Step 2: update D = M U {(d, ) : d,j € M}, implement
PFES on D by forcing M.

2.3. PFS Algorithm Based on Marginality Principle for
Partially Linear Models with Interaction Terms
(iPFSM)

iPFST algorithm regresses the response variable of each step
to the most relevant covariable, calculates the residuals as the
new response variable of the next step, after selecting the most
relevant covariable X, regresses all other covariables to X7,
and then replaces these covariables with the corresponding
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normalized residuals as the new covariable of the next step.

The iPFSM algorithm is proposed by combining marginality
principle [11] and PFS algorithm. The main idea of iPFSM
algorithm is to apply PFS algorithm to a dynamic candidate
index set C in the model (4), and in step ¢, use Sy, M; and C;
to represent all selected items, selected linear main effect and
current candidate index set respectively. Let C = P; represent
all linear main effects, and update candidate index set C by
adding interaction effect terms among existing linear main
effects in the model, that is, by defining C; = Py U {(k,1)
k,l € M;}. iPFSM algorithm allows interaction effect terms
to enter the model as soon as possible, so as to select weakly
correlation linear main effects. The iPFSM algorithm is briefly
described below:

Step 1: let So = 9, My = 9, Cy = P4,

Step 2: at step ¢, given S;_1, M;_1,C¢—1, PES algorithm
is used to select a predictor from S;_1,C;—1 (set as X7) into
the model, add X; to S;—; to get S, if the newly selected
predictor is an important linear main effect, update My, Cy,
otherwise M; = M;_1,C; = C;_1.

Step 3: Step 2 is iterated until the reasonable upper bound
D of the total number of important linear main effect terms is
reached, and a solution path {S;,t = 1,2, --- , D} is obtained.

3. Asymptotic Properties of Variable
Selection

For convenience, some notations are given. \,;,(A) and
Amaz(A) is used to represent the minimum and maximum
eigenvalues of arbitrary square matrix A, ©(!) and %(®
are used to represent the covariance matrices of linear

§ wnk

In the process of variable selection, Fan and Lv proposed
that the solution path has screening consistency [12]. Next, the
screening consistency of the iPFST algorithm is established,
as shown in Theorem 2 and Corollary 1, indicating that iPFST
can detect all relevant predictors within the step size Q with
probability 1.

Theorem 2 Suppose that the regular conditions (B1)-(B4)
hold, define K = 27,4, vC37T mmv 5 ~4 the first stage of iPFST
is a consistent screening of linear main effects, for ¢; >
Knbot4min then we have

max max | Gg(U,
0<d<p, 1<i<n

P(Ticell) = 1n— o (©6)

In the first stage of iPFST, iPFST reduces the dimension
of linear main effect from p to o(n3). Next, the asymptotic
condition of iPFST under strong genetic condition [13] is
studied:

Bri #0 < BrB # 0. (7

principal effect term and bidirectional interaction effect term
respectively, and X is used to represent the total covariant
matrix. Relabel Profile response variable Y*, linear main
effect X and interaction effect term Z . are P, L, respectively.
In addition, let Go(t) = E(Y|t),Ga(t) = E(Xq4lt).Gq;(t) =
E(Zglt), Ga(t) be the estimator of Gg(t),My(u) be the
generating function of V;;. Here is the regularization conditions
required for the proof:

(B1) The error ¢ is normal.

(B2) Suppose there are two constants 0 < Tpin < Tmazr <
00, then 275 < Amin (BM) < Mpaa(EW) < 27000

(B3) Assume || 8 ||< Cs, where Cg > 0, such that
Bmin > U,ﬁn_gmm, where 3,5, = minger | Ba |7 vg > 0.

(B4) There are constants &, &y and v, such that logp, <
vné, dy < vn and & + 6&y + 126, < 1.

(B5) G4(+),d = 0,1,2,--- ,p, is first order Lipschitz
uniformly continuous.

(B6) The weight function wy,(-) satisfies with probability
1:

(i) maxi<p<n Yiy wok(Us) = O(1);

(i) maxi<; k<n wnk(U;) = O(by,), where b, = n’é;

(111)rnax1<l<n Sory Wk (U)I(| U = Uy |> ¢n) = Olcy),
where ¢,, = n~ 2 log n.

(B7) maxo<d<p, E{exp(u|Vy)} < oo, where 0 <
u < Lo constants to > 0,02 > 0, generating function
Mgy(u),d = 0,1,2,--- , p, satisfies maxo<qg<p, SUPg<y <ty |

d?log{My(u)} 10%(%%‘1 Wt |< 0o, maxo<a<p, E | Va [*< o2k > 2.
First, the consistency of profile estimators is given, and it is
shown that profile estimators have uniform convergence speed
n1 log™ ! n.
Theorem 1 Suppose that the regular conditions (B4)-(B7)
hold, then we have

)Ga(Uy) |= op (n % log™ 1n) . )

Since the number of linear main effects is o(n?), under
strong genetic conditions, the interactive selection of the
second stage of iPFST no longer needs to deal with high-
dimensional predictors. The consistency of the determined
screening of the interactive selection of the second stage of
iPFST is given below.

Corollary 1 Under the conditions of (6) and (7), to >
Knbot4&min then

(TC gotlHQ) — 1,n — oo. (8)

Next, the consistency of iPFSM algorithm is established
under the condition that only (1) is related.

(H1): Assume there are two constants 0 < Ty,in <
1 < Tpmae < 00, then we have /Trin < Apin (S
)\max(z(l)> < %Tmaz~

(H2): There are constants &,&, and v, then logp,
vné,do < vn® and £ + 6&0 + 128min < 3

<

1
1
) <

IN
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Finally, we give the screening consistency of iPFSM
algorithm and show that iPFSM algorithm can identify all
important predictors with probability 1.

Theorem 3 Under the conditions of (B1), (B3), (H1), (H2)
and strong genetic condition, iPFSM is screening consistent,
for t > Kvn2o+4€min_ then

P(T Cyt) = 1,n— oo. 9)
4. Numerical Simulations

This section uses numerical simulation to verify the
validity of iPFST algorithm and iPFSM algorithm for variable
selection. In the whole simulation process, we use Chen and
Chen [14] extended Bayesian information criterion(EBIC),
data were generated by the model (1), each covariable followed
the standard normal distribution N (0, 1), and the model error
followed the normal distribution N(0,1) and the normal
distribution N(0,5). The correlation between covariable X;
and X; was Cov(X;, X;) = 0.5/7771 and the indicator
variable U followed the uniform distribution [0, 1]. The sample
size n was 100,200,400 respectively, let m(u) = 5sin(47u),
the coefficient vector of the linear main effect be § =
(1,3,2,-1,0,0,0,0,0,0), the coefficient of the interaction
term be 12 = Y13 = Y24 = 2, and the remaining 7y be zero
vectors.

The variable selection results and estimation accuracy of the
proposed method were evaluated by the following indexes.

The square root of the mean square error of nonparametric
components(RM SE):

n

RMSE = {iz (mu(uq) — mOl(uil))Q}

i=1

the square root of generalized mean square error of parameter
part(GM SE):

GMSE = (Ba— foa) E(227) (B — B

max 1max
0<d<p, 1<i<n

Gd Z wnk

The simulation results are shown in Table 1 and Table 2,
where CL represents the average number of zero coefficients
correctly identified as zero in the linear main effect part.
The average number of zero coefficients in the CI interaction
section that are correctly identified as zero.

Table 1. The numerical result ate ~ N (0, 1).

n Method RMSE GMSE CL CI
n = 100 iPFST 0.1135 0.0947 3.98 2.97
iPFSM 0.1088 0.0819 3.99 2.99
n = 200 iPFST 0.0976 0.0608 4.01 2.99
iPFSM 0.0764 0.0515 4.00 2.99
n = 400 iPFST 0.0616 0.0573 4.01 3.00
iPFSM 0.0549 0.0416 4.02 3.01

Table 2. The numerical result ate ~ N (0, 5).

n Method RMSE GMSE CL CI
n = 100 iPFST 0.1896 0.1016 3.95 2.95
iPFSM 0.1651 0.0756 3.97 2.95
n = 200 iPFST 0.1746 0.0994 3.96 2.96
iPFSM 0.1512 0.0445 3.99 297
n = 400 iPFST 0.1573 0.0766 3.98 2.94
iPFSM 0.1533 0.0374 3.99 2.96

5. Proof of Theorems

Let’s first give three lemmas to prove the theorem. Since
iPFST algorithm only focuses on the screening consistency of
linear main effect, the proof of Theorem 2 is similar to theorem
3, and theorem 2 will not be proved in this paper.

Lemma 1 Under the (B5) and (B6) of (i) and (iii), we have,

Gd Uk) O(Cn)

Proof: Given G4(U;),d =1,2,-++ ,pn,i=1,2,--- ,n, we have
ank d Uk)
—ank Ui) = Ga(Uk)]
—ank Ui) = Ga(U)] L (| Us = U [> cn)

+ Z wnk )

Ga(Uk)]

I(‘ Ui*Uk |§ Cn)
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by (B6) of (iii), we can get

ank Ui) = Ga(Up)I L (| Ui = Uy, [> ¢n)

max max
0<d<p, 1<i<n

< =

< 0,5, o, [ U0V > o) = Ol
by (B5) and (B6) of (i), we can get

olax max Z:Wnk Ui) = Ga(Up) I (| U — Uy, [< ¢cp)

< = .

< o, i Ym0 = )

This completes the proof of Lemma 1.

Lemma 2 : Let Wy, Wo, - -+, W, be iid with variance 02, R, = @, and M (u) = E{exp(uRy)} is generating function
of Ry, k = 1,2, ,n. Assume there is a constant to > 0, we have E{exp(t|W}|)} < oo, where 0 < t < . Let the constant
sequence Aj, Ao, - - - satisfy A,, > >°)'_, a?,0?, and constant sequence a,x, 1 < k < n satisfy A > W If

d3log M
M* = sup ogig(u) < 00, (10)
0<u<to dt
for0 < ( < %0, we have
P Zn: (Wi, — EWy)| > Cp < ¢ () L (11)
a, — , <exp< — - = .
2 ok (W k P17 24, 3

Proof Let t; = Ai, then | %‘JC |< AC < tg. Taylor expansion for log M (u) at u = 0, we can get

dlog M (u) u?  d?log M(u) u? d®log M (u)
log M (u) =log M(0) +t ———— — . = 22 e\
og M (u) =log M(0) + du ueo 2 du? wueo 6 du3 w—u.
where 0 < u, < u. Note that log M (0) = 0, C“Ogdijy(“) = E(Ry) = %{ZI(") =1and M < M*,
u=0 u=0 U=Ux
then
1 (ankoC\>  1|apso¢|? a?,o?¢? 1
1 M <= - M*< -2 > (1+-AM*C|.
After a simple calculation, we can get
n n
log P {Zank (Wi — EWy) > g} =log P {ZankaRk}
k=1 k=1
- 1
<logFE {exp <t< (Z anko R — C)) } = (tc + ZlogM (ankoC) < _|_ Z n;jp (1 + 3AM*<)
k=1 k=1

¢ ¢? ¢ [
<-—- it om <1+ AM<> 2An(1—3AM§>



International Journal of Statistical Distributions and Applications 2022; 8(1): 14-23 19

then,
log P En n ( E ) > (p <exp CQ 1 1AM*C (12)
0 a W, — EW _ _ = .
g Z k k k €x 24, 3
Similarly, we have
log P 3 ( - LK ) <—(p < - C2 1- flAM*C (13)
0, E ang (W W ex .
g 2 k k k p 24, 3

By the equation (12) and (13), this completes the proof of Lemma 2. R
Lemma 3 : Under the conditions (B2) and (B4)-(B7), let & = 1XTX, ¥* = IX*TX*. For any submodel F, set ¥ and

Ef}-) is submatrix of ¥ and ¥* respectively. If m = O (n250+45"”"), then

P {T’min S |‘/ITI‘HSI71% )\min{i(}')} S \.1732}7{77, /\mal{i(]—_)} S Tmaa;} — 1. (14)
Proof: Letr = (r1,r9,- - ,rpn)T € RP~ is any p,, dimensional vector, 7(r) is subvector of F. by the condition (B2), we

have

1
2Tmin < min inf T',&_—)E(]:)T(]:) < max sup TE"_;_—)E(;)T(;) < iTmam'

T FCPyIrm =1 FCPL||reml=1

So to prove that equation (14) is true, we just have to prove that

P{max sw |l (S~ ) ) 1| > 8¢ = 0 (15)
{f|<m|rm|—1 )

where € > 0 is any constant. Note that for any F,

F| < m, we have

S 1 ST *T ~r*
X(r) — B =, {X(F)X(f) - X(}')X(]—‘)}
1

n

> * Tre * 1 * T * 1 *T % *
{X(f) - X(]—‘)} {X(F) - X(]—‘)} + {X(F) - X(]—')} X + X&) {X(f) - X(]—‘)} :

According to conditions (B4)-(B7), Theorem 1 and Cauchy inequality, we can get

1

T «T (< * ilog™!
IS o 1 ‘r@) [X(f) (XUT) _X(f))} r(ﬂ‘ — o (W - n) (16)
=A==

Similarly, we can prove that equations (17) and (18) are hold.

1 T |: <5 * T * 1 lo, -1 n
— max sup |r (X - X ) X ]r ‘0 (n4 s ) 17
n IF ety (F) (F) (F) F | T p (17)
1 T N * T/ * Llog™1in
nIF oz | ) (e~ %1n) (K= Xin) | rem| =on (w2 77) (18)
— T(]_—) =
then by (16), (17) and (18), we have
P rfnzgg sup ’r(TJ_-) (f)(f) — E’f}-)> r(].-)‘ >, —0 (19)
IFIS ||r 2y | =1

So, next we only need to prove equation (20) is hold.
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P mz?g sup ’r(T}-) (E’("]_-) — E(}-)> r(;)‘ >, —0 (20)
IFIS e 2y | =1

Because for any F, we have

‘an) (E’{n - Z(f)) T(f)‘

< Y IralxIrnl x ot = on

fi1,f2€F
S 1<];1n?2x<p ‘U}lf2 - Uf1f2| Z |Tf1| X |Tf2|
B fL.f2€F
2
- lgﬁ}?j{gpn ‘O-flfz - Uf1f2| ;'Tﬂ
< £
<Vl o 17hs = onl
<7 o
=mo e 0Fts = Opisa

So we can get

Z P{ sup ‘r(T]_-) (Ezf) — Z(}-)) r(].-)‘ > é}
|FI<m

[l =) lI=1

5

< P a o — > —

= Z~ {1§frlr}f2xgpn|aflf2 O-flf2’ m
|[FI<m

< Z Z P{|0;1f20—f1f2’ >;’L}

|F|<m 1< f1,f2<pn

By the regularization conditions (B1)-(B2) and Lemma A.3 of Bickel and Levina [15], there are constants C; > 0,C% > 0,
we have P {’O’j}lh —Of fs
we can get

> é } < Cle*CZ”E;Q. Since the number of models satisfying | 7| < m does not exceed p*1, then

N 15
> 5 Pl 5
|[FI<m 1< f1,f2<pn
< pm+1p2 Cle—cznfs?m*"’
—_— n n
2

_ Cle(m+3) log p, —Cané?m ™
Since i = O (n2604¢min ) then for a constant C > 0, there is 7 + 3 < Cn*0+4min by the (B4), we can get
2

Cle(m+3) log pn—Cané2m™

§+280+48min ~ _ _ _ )
§C1€CW _02520 21480 —8&min

_ 01€Cvnf+250+45miﬂ (17C252C_2v_1n1_5_6£0_125"”'”)

)

Because of £ + 6&y + 12&,,i, < 1, when n — oo, CleC“”HZEOH{m"(1_0252072’”71”1757650712%”) — 0, so equation (20)
is hold. This completes the proof of Lemma 3.
Proof of Theorem 1
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It’s easy to prove in the case of j = 0, next let’s prove the case of j > 0. Since G;(U;) = Sorey wnk(Us) G (Ug) +
Z?Zl wnk (Ui) Vg, where Vjy, is the kth column of Vj, that is Vj;, = Xj’?‘k, then

G;(U;) — G;(Uy)

max max
1<j<d1<i<n

< max max

- + max max |wnk(Us) Vil
1<j<d1<i<n

1<j<d1<i<n

ank G;(Uk) — G;(Uy)

20+ I

By the (B5)-(B6) and Lemma 1, we have I; = O(c,). Let 4, = Co?b,, A > maxi<r<n “’"C’iéU) where C' > 0 is a

constant,then we can prove that 4,, > Y, a%ka2, A > maxy % where a,r = wnk(U;). According to equation (10),

(B4), (B7) and set { = ni log_1 n, we can get
> C}

o}

P< max max
1<j<d 1<i<n

§ wnk _]k

<dn max max P{ Vik

1<j<d 1<i<n

2

¢
n (1+ AMUC)}

CQ
<2dn exp {4b C}

=2exp {—n% log ™2 % + 1og(dn)} —0

<2dn exp {

Therefore

G;(Uy) - G;(Uy)

= 0p (7”fi log™! n) .

max max
1<j<d1<i<n
Proof of Theorem 3
Let K = 6TpazT, Cgv/;% L = KnSot4min dy < yno, note that |Sy| < doL < Knfot4émin  then the eigenvalues of

min

() are controlled by lemma 3. Next we only need to prove that n='Q(t) > 2L~ (14 0(1)),1 <t < L is hold. By the (B.2)
and (B.3) of Wang(2009), we can get

g

1 (t) ® N *
00} 25 e[ 1@ X 8| e [0 Q| e |1 @y (- ) @n
2 KT X “ler T T o 0 *
where Q(tpt) = In — H((pt), H(Apt) = X(tpt) (X(%)X(w)> X(Lpt)’ Yy = ) g = (51,62, s ,En) . Since max; Y; — }/1 =
1 o 2 1
op (n‘Z logf1 n), then ’ =n-o0p, (n‘?). According to Theorem 1, we can get
max ’)A(Zj - X5 ’ =0, (n*% log™* n) . (22)
i3
Since
Q0 {Kirber }|| = max |0 {Kisr o0}
jné?oif i Y(er) { (MP(T) = ?éi}; i Wle) 1 Deh) (‘Pf)}

X,

2) ! 2
J‘} [?é?ox {X?mﬁw}”’

> < max
JjET
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by the Cauchy inequality and (B3), we have

|0 {X?mﬁ(wi‘)}’r
=35 (X]TQW {X@m%?)})

Jjee;

1
2 2
2
2 T *
<| 25 > (Xj Qe {Xm)ﬁ(w:)})
S JjEp;

<Cp - |T|? - max XJ‘TQ(%) {X?ﬁ)ﬂ(“’z)}‘ ’

JjEp;

By the Bernstein’s inequality, we can get

5y —1 2 1
{Ijne%’—‘ ‘} [H%){X@:WW}H 'Cﬁl'm_z}

> b T Bin| TI 52

max 'min

-1 2 —2 4. —1_1—&—4&m;
ZTmaszinCB Vgt n ™y

. 2
X,

R 2
and HX;” > NTpmin, SO We can get

2
g H <7l x:T 2 2
H 3 QenEll < Toinh %’-ﬂj?ﬁﬁ( TQuwe) (23)

where m* = Knéot4€min ,X;TQ(H)s is a normal random variable with mean 0 and variance HQ(H)X}‘ ||2 < ||X;‘ ||2 So,we have

—1
Tmin

—1 «T 2 -1 -1 |2 2
n~ max max (X;  Q(,ne) <7 n  max|X:| max max x 24
JET Mt\ém*( 7w ) man jeT| J| GET |ul<m= "L 24)

2
’HJ('t)Q(tpt)EH < 3K vnétéot4€min ig

where x? represents a Chi-squared random variable with 1 degree of freedom. Then,
hold with probability 1, therefore,

n~ ()
>3 11 2 C72vév*1n*5°*45”’”" A{1+4o0,(1)}- {1 — 9KV ThnaaT 2 Cév;lnﬁ”&*se’”""*l}

max ' min™~' 3 min

=2L7" {1 +0,(1)}.
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